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Fig. 1. Phase plane (a) and dynamics of the activator (0)
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Fig. 2. Case I: dynamics of the activator (a) and the action functional (6)
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CUCTEMHbIVN AHANUS,

YMNPABNEHUE U OBPABOTKA MHO®OPMALIUA

YK 685.5.037 DOI: 10.17587/mau.22.283-290

A. P. FTanpayk, a-p TexH. Hayk, npod., gaiduk_2003@mail.ru,
OrAQY BO KOxHbI hepeparnbHblil yHUBEpCUTET, . TaraHpor

YucneHHbIN MeTOA CUHTE3a
KBa3uNUHEeUHbIX Moaenen HerMHenHbIX 00 bLeKToB*

boavuiuncmeo coepementbix Memoooe cunme3a HeAUHeUHbIX CUCeM YNPAGACHUS HeAUHEHbIMU 00beKmamu npeonoiazaom npe-
obpazosanue UcX00HOU Modeau 006eKma K HeKOmopbim cneyuanrvivim gopmam. Ipu smom yeaecoobpasHo ucnoab308amo K6aA3uAU-
HeliHble MoOeaU, MaK KaK OHU Moeym ObiMb CUHME3UPOBAHbL NPU YCA0BUU AUWb OUupdepenyupyemMocmu HeAuHeUHOCmel UcCX00HbIX
Mmooeneti 006eKmos. Dmu Mooeau NO360AAI0M HAUMU YAPABAeHUe AHAAUMUYECKU, M. e. 8 Pe3YAbMame PeuleHUs HeKOMOopPOU CUCMeMbl
ypasHeHuil, ecau 006eKm, ecmecmeeHHo, y008.1emeopsiem yca08uro ynpaeasemocmu. Tpaouyuonno KeasuruHeinvie Mooeiu Heau-
HeliHbIX 008eKM06 CUHMe3UPYIOMC AHAAUMUYeCKU NYMeM 83AMUsl YACMHbIX NPOU3BOOHBIX OM HeAUuHelHOCmel UCX00HOU modeau u
nocaedyoue20 UHMeZpuposanus SMux NPOU3E00HbIX N0 6CROMO2AMEAbHOU NePeMEeHHOl ¢ NPUMEHEeHUEeM U36eCMHbIX (Popmy upghe-
peryuposanus u ukmeepupoganus. OOHAKO 60 MHO2UX CAYYASAX HEAUHEUHOCMU 006eKma UMelom HACMOAbKO CAONCHbIU Xapakmep,
umo onepayuu duggepenyuposanus u, 8 0COOeHHOCMU, UHMeSPUPOBAHUSL 0080AbHO MPYOHO BLINOAHUMb YKA3AHHBIM CHOCOOOM.

Dma caoxucnocms modcem Obimb NPE0doseHa nymem NPUMEHEHUs HOB8020 HUCACHH020 Memood CUHMEe3a KEA3UAUHEUHbIX Mooe-
Aetl, Komopuli UCKAI04aem Heo0X00UMOCMb AHAAUMUYECK020 Oup@epenyuposanus u UHMe2pUposanus, Ho mpeGyem 6biNOAHeHUS
3HAYUMENbHO20 Yucaa apugpmemuueckux onepayui. O0HaKo 6 Hacmosuee epems SMo He A6Asemcs 60AbUOU nPobaeMol, MaK KaK
COBpeMEHHble MHO20NPOUECCOPHbIE KOHMPOALEPbl MOZYM 8bINOAHUMb 6Ce HeoOX00uMble onepauuu 3a Kopomkoe épems. Paspaboman-
HbLU Memo0 n036045em NOAYHUMb OOCMAMOYHO MOUHYIO NPUOAUNCEHHYIO KYCOUHO-NOCMOSHHYIO K8A3UAUHEUHYI0 MOOenb 006eKmoé co
CAOACHBIMU HeauneliHocmamu. Takue modeau yO0OHO NpuMeHAMb NPU UUGPOBOM YNPABACHUU HeAUHEUHbBIMU 00beKkmamu. Dpgpexmue-
HOCMb YUCACHHO20 Memo0a NOKA3aHA nymem CPAGHEHUs (PaA306biX NOPMPEMOE KYCOUHO-NOCMOAHHOU K8A3ZUAUHEUHOU U HeAUHEUHOU
Modeneli npocmoeo 00seKma, a maKdice Nymem CpAGHeHUs 3HAYEHUL NEPeMEeHHbIX COCMOSHUS Smux moodeael. TIpedroxcennoviii memoo
MOJICem NPUMEHSIMbCsl NPU CUHMe3e HeAUHEUHbIX CUCeM YNPABAeHUs HeAUHEUHbIMU, 001a0aioWUMU CAOICHBIMU XAPAKMePUCIUKAMU
obsexmamu 6 KopabaecmpoumenbHol, A8UAUUOHHOU, XUMUHECKOU, CeAbCKOX03AUCMBEEHHOU U OpyeUx Ompacsx.

Karoueevie caosa: neaunelinviii 06sekm, cA04CHAS HEAUHEUIHOCMb, K8A3UAUHEUHAS MOOeAb, PYHKUUOHAAbHbIU KOIPpUuyU-

enm, aHaAumu4ecKui memoo cuHmesa, YUCACHHBLT Memo0 cunmesa

Bsenenue

MareMatuyecKkue MOAENIN HEIMHEHMHBIX O00b-
€KTOB OUEHb YacTO SIBJISIIOTCSI CUCTeMaMU HeEJIU-
HeWHBIX JuddepeHIInaIbHBIX YPaBHEHU MEPBOTO
nopsiaka, T. €. umeroT popmy Komum [1—3]. Beuny
O4YeHb OOJILIIOrO pa3HOOOpasus HEJIMHEWHOCTEH
CUHTE3 CUCTEM YIpaBJeHUsI Ha OCHOBE 3TUX MOJIe-
JIell CUJIbHO 3aTPYOHEH JaxKe B TeX Clydasx, Korma
HEJIMHEMHOCTU SBISIOTCS IUPPEepeHINPYeMbIMUI
0 BCEM CBOMM apryMeHTaM. 3HauMTeJIbHOE pa3-
HOOOpa3ue HeJIMHEWHOCTEH MpUBeJo K pa3padoT-
Ke psila MeTOIOB CUHTE3a CUCTEM YIpaBJICHUS He-
JIMHENHBIMU O0OBbeKTaMU. Kak mpaBmjio, 3T Me-
TOOBI SIBJISIIOTCSI aHAJIUTUYECKUMMU, T. €. MCKOMBbIE
MAaTEMATUYECKUE MOAECINA HEJIMHEUHBIX YCTPOMUCTB
yIIpaBJ€HUSI HAXOASITCS C IMPUMEHEHUEM HEKO-
TOPBLIX TMPeoOpPa3OBaHUIN MCXOOHBIX HEIMHEWHBIX
nuddepeHnanbHbIX ypaBHeHU (AY) 00BEKTOB

*Pabota BoinonHeHa B ODY npu nonnepxke POPU, npoekr
Ne 19-08-01226.

ynpasiaeHus [4—12]. HekoTopsie U3 3TUX METOIAOB
paccmoTpeHbl B padoTe [13]. [Ipu 3ToM KaxXablit U3
METOJIOB CMHTEe3a, KaK MpaBUJI0, OpPUEHTUPOBAH Ha
npeobpa3zoBaHue MCXOOHBIX JIY 0oO0BeKTa yrpaB-
genus (OY) k omnpeaeneHHoi ¢opMe, YTO TpeOyeT
COOTBETCTBYIOIIETO HEIUHEWHOTr0, B3aMMOOOpar-
HOTO TIpeoOpa3oBaHUsSI MEPEMEHHBIX COCTOSTHMSI.
OCHOBHOI TPYyAHOCTbIO TIPUMEHEHUSI OOJbIINH-
CTBa 3THUX METOJOB SIBJISIETCSI CIOKHOCTb KaK Mpo-
BEPKM YCJIOBMI CyIIECTBOBAHMWS PEIIeHUs 3a1a4u
CHHTE3a TeM WJIM MHBIM METOIOM, TaK M TOMCKa
MOAXOMSIIEer0 HeJIMHEHOTO MpeoOpa3oBaHu S,

OnHuM 13 HanboJiee MPOCTHIX, AHATUTUYECKUX
METOJIOB CMHTE3a HEJIMHEHHBIX CUCTEM YMpaBJe-
HUSI SIBJISIETCS METOJ KBa3WJIMHEWHBIX MoJesein
[11, 13]. YcaoBusiMM BO3MOXHOCTU €TI0 ITPUMEHE-
HUS SIBASIOTCS yrpaBiaseMocTb monaeau OY, nud-
(epeHLIMpYyeMOCTh €€ TpaBbIX 4YacTeil 10 BCeM
MepeMeHHBIM ¥ M3MEPUMMOCTh BCEX MEPEMEHHBIX
COCTOSTHUS C MOMOIIbIO AaTYukoB. EcTecTBeHHO,
€CJI TIOCJIEAHEE YCJIOBHWE HE BBIMIOJTHSETCS, TO,
KakK OObIYHO, TPUMEHSIOTCS HabjaomaTeau mnepe-
MEHHBIX cocTosgHUS [1, 14].
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M3BecTHBINT aHATUTHUYSCKUUA METOH CO3TaHUSI
kBasuauHelHbIX Moaeneir (KJIM) HeauHeHbIX
00BEKTOB Ha OCHOBE MX HeauHelHbIX 1Y npen-
nojaraeT omnpenejeHUEe MEepPBbIX YACTHBIX ITPOU3-
BOIHBIX OT ITPaBBIX YaCTEH 3TUX YpaBHEHUH U I10-
clienyloniee MHTErpupoBaHUE STUX MPOU3BOAHBIX
1o BcrioMoraTebHol repeMerno [11, 13]. OmHa-
KO B HEKOTOPBIX CIIyYasiX HEIMHEHHOCTH OOBEK-
TOB YIIPaBJICHUS OMMCHIBAIOTCS OUYEHB CIIOKHBIMU
BBIpaXXEHUSIMU, TaK YTO OIpemesieHrue MX YacT-
HBIX ITPOU3BOMAHEIX C UCITOJIb30BAHNEM M3BECTHBIX
dopmyn muddepeHINPOBAHUS IIPEACTABIISIET CO-
001 JocTaToOyHO CHIOXHYI0 3agauy. Ele Oonee
CJIOXHOM 3a/layeil B ATHUX CJIyyasX OKa3bIBACTCH
MHTETPUPOBAHNE TIOJIYUYEHHBIX BBIpAaXEHUI IIO
BCIIOMOTATEJIbHOMU TTIEPEMEHHOM.

Paspabotka HoBoro Metoaa cuHte3za KJIM, uc-
KJTIOYAI0IIEero HeoOXomuMocTh nuddepeHIInpoBa-
HHUS W WHTECTPUPOBAHUS CJIOXHBIX HEIWMHEHHBIX
(GyHKIOMI ¢ WMCIOJIb30BaHWEM W3BECTHHBIX (op-
MYJ, SIBJISIETCS LEJbIO JAHHOU pabOThI.

ITocTanoBka 3agaum

YT1o0Obl MOJIHEE MOKA3aTh OCHOBHBIE OCOOEHHO-
ctu cuHTe3a KJIM m3BecTHBIM aHAJIUTUYECKUM
METOAOM, PaCCMOTPUM IOAPOOHEE €ro OCHOBHBIE
aransl [13]. Oty Moaenu onHoMepHbIX (SISO) He-
JIMHEHBIX OOBEKTOB B BEKTOPHO-MaTPUYHOM
¢dopMe UMEIOT BU

X =Ax)x +b(xX)u, y = c"(x)x + d(x)u, (§))

rae x =[x; X, ... x,]" — BEKTOp COCTOSIHUS, U —
yIIpaBJIeHUE, y — YIpaBisieMas IepeMeHHast; A(x) u
b(x), c(x) — pyHKIIMOHAJIbHBIC MAaTPHULIA U BEKTOPHI:

aln(x)
aZn(x)

a;H(x)
ay,(x)

ay(x)
ay(x)

A(x) =

5

()
c(x)
¢,y (x)

anl(-x) anZ(x)
by(x)

by(x)

)

b(x) = c(x) =

b,(x) ¢, (X)
d(x) — ckansp.

DyHKUMOHANbHbIE KO3PDOUIIMEHTHl MaTPUIIbI
1 BEKTOPOB (2) u ckangp d(x) onpenenstioTcs II0
HEJIMHEMHBIM MOJESIM 00bEKTOB, KOTOPhIE B 00-
1LIEM cliyyae MMEIOT BUJI

©)

[MoguepkHEM, YTO OCHOBHBIM YCJIOBUEM CYIIIE-
CTBOBAaHMS1 KBa3WJIMHENHBbIX Moaeneir tuma (1),
(2) HeauHEeHBIX 00BbeKTOB (3) sABaAseTcs AUPbe-

xi :(p,-(x;u), i:1523'~'n; y:W(x;u)‘

PEHIIMPYEMOCTh HETUHENHBIX GYHKIUN AX, U) U
y(X, ¥) IO BCEM apTyMeHTaM.

TakuM o0OpaszoM, JIs1 AOCTUXEHUS LEIU padbo-
Tbl HEOOXOAUMO HAWTHU COCOOBI OMpeAcIeHUS KO-
s duIneHTOB MaTpUIEl A(X), BeKTOPOB b(X), c(x) 1
ckanspa d(x) KJIM HennHeHBIX 00BEKTOB, 3aJaH-
HBIX YpaBHEHUSIMU (3) C CYIIECTBEHHO CJIOXHBIMU
HEJTMHEHHBIMM TIPaBBIMK YacTaMu. [Ipm 3TOM He
JOJIKHBI  MCTIOJIb30BaTbCs M3BECTHBIE (DOPMYIIBI
nuddepeHIIMpoBaHUS U MHTETPUPOBAHMUSI.

Anaaurnyeckuii Mmeroxa cunresa KJIM

B naHHOM ciyyae B COOTBETCTBUU C pabOTOM
[13] ompenmenstioTcsl ¢ IIPUMEHEHHUEM M3BECTHBIX
dbopmyn nmuddepenunpoBanus [15, 16] yacTHBIC
MPOU3BOAHbBIC

, op;(x;u) . .
cp,«j(x;u)=%,l,j=l,n;
/ “@
oha i) = 2280 T
ou
, oy(x,u) . —
wj(x;u)=%,1=l,n;
/ )
, oy(x;u
\Vu(x;u)=M-
ou

HpI/I 3TOM OYCHDb YaCTO MOI'YT BBLIIIOJHATLCA
CJICAYIOUIUE YCIIOBUA:

(P,iu(xﬂ u) = (p’iu(x: 0),! =1, m
vy, (x,u) = v, (x, 0).

Kak BuaHO, IpU BBLINOJHEHUU YCJIOBUML (6)
MPOU3BOJHBIEC IO YIPABIECHUIO QYHKUUHU (X, U)
u y(x, ¥) U3 COOTHOLIEHUN (3) He 3aBUCIT OT
yIIpaBJaeHUS 4. DTOT MOMEHT BaxKeH C TOUKMU 3pe-
HUS pellieHUs 3aaul CMHTe3a HelnnHeinHbIX CAY
st 00bekToB (3).

Hanee onpenenstorcst GyHKIIMOHAIBHBIE KO-
GUIMEHTBI a;(x) U ¢{x) MaTpulbl A(x) ¥ BEKTOpA
c(x) u3 ypaBHenus (1) no creayiomum GopMmynaaM:

(©)

1
a;(x) = [ @} (%, Xp,...,X;1,0x,,0,...,0;0)d6,
0 (7)

i,j=1, n
1

c;(x) = [ (x,Xp,..., %, 1,0x,,0,...,0;0)d6,
0 (®)

j=1 n.

31ech M HUXe 1pu j = | mepeMeHHBbIe Xy U X
OITYCKAIOTCS U3 COOTBETCTBYIOIIMX BhIPAXKCHMIA.

[Mopsinok onpenenenuns KoahGULUEHTOB b,(X) U
ckajsipa d(x) 3aBUCUT OT TOT'O, BHIIIOJIHSIIOTCSI YCIIO-
BUs (6) niau He BeIONHSIIOTCS. Eciiu 9TH yenoBus
He 8bINOAHAIOMCS, TO UCTIOIb3YIOTCS BEIPaKEHU S
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-

bi(x) = }(p’l-u(x; 0u)do, i =1, n;
N €)
d(x) = [, (x; 6u)de.
0

Ipu evtnoanenuu yciosuii (6) BexkTop b(x) u
ckausp d(x) oka3blBalOTCSI He 3aBUCSALIUMU OT
VIIpaBJCHUS U U HAXOASATCS 3HAYUTEIBHO IPOIIIE:

bi(x) = 0,(x;0), i = 1, 1, d(x) = v, (x,0). (10)

Omnpenenenre Ko3dp@UUUEHTOB b;(X) U cKays-
pa d(x) o cootHoweHusiM (9) unu (10) Ha cBOM-
crBax KJIM (1), (2) He cka3pIBaeTCsI: U B TOM, U
B APYTOM cllyyae KBa3uJimHelHas moaenb (1), (2),
(7)—(10) sBasIeTCS TOYHBIM MPEACTABIEHUEM He-
JTMHeHoN Momenu (3).

[ns1 6oabliieil SICHOCTU MJEU U OCOOEeHHOCTeH
yucjeHHoro Metona cuHrte3a KJIM cHawyana mo-
KaxeM TIOpSAA0K MPUMEHEHMS aHAJUTHYECKOIo
metona cuHTte3da KJIM Ha npumepe ciaeaymooluei
CKaJsIpHOW (DYyHKIIUU:

o(x,X,) = 3x{ +4x7x3 +5x3 + 6sinx; + 7. (11)

B manHoM ciyyae ¢GyHKLUSI MMEET ABa apry-
MEHTa, ITI03TOMY €€ KBa3MJIMHEWHAsA MOJEIb TUIIA
(1) umeeT BUn

exam(X) =la1(x) a;(X)]-x+¢0),  (12)

roe x =[x, Xx,]" — BekTOp cronbew; + — 37€Ch U
JIajee 3HaK CKaJIsSpHOIO IIPOU3BEICHUSI BEKTOPOB.

Hng nonyuenuss KJIM (12), oueBuaHO, q0CTa-
TOYHO HAWTU ABa (PyHKIMOHAJBHBIX KO3 DUIIM-
eHTa a;(x) U a,(x). B cooTBeTCTBUM C NMpPUBELEH-
HBEIMU BHILIE BbIPaX€HUSMU, IPEXIe BCEro, Ha-
XOHASTCS YacTHbIE TIPOU3BOAHBIE OT GyHKIUU (11)
10 €€ apryMeHTaM:

@} (x) = 6x; +12x7x3 +6cos x;; (13)

05 (x) = 8x7'x, +10x, = (8x; +10)x,.

Hanee, onyctuM B BbIpaxeHuu (7) MHIOEKC i,
MOJIOXUM j = | M MOACTaBUM MEPBOE BbIpaKEHUE
(13) B (7) c 3aMeHOI1 mepeMeHHOI x; Ha 6x;, a Te-
peMeHHO# x, — Ha 0. B pe3dynbraTe, uHTErpUpys
10 TIEPEMEHHOM 0, UMeeM:

1
a,(x) = [ (8x} +10)0x,d0 =
0
. (15)
= (8x} +10)x, 5] = 4x7 %, +5x,.
0

B nannom cinyuyae ¢(0) = 7, mo3TOMY U3 BbI-
paxenus (12) ¢ yuerom (14) u (15) BbITEKaeT cie-
OVIOIIasd KBa3WJMHEHHAs MONCIb HEJIMHEHHON

bynkuum (11):

oxmm(X) =

X1
BreinosHuB B (16) ckansipHOe YMHOXEHHE BEK-
TOPOB, MBI MOJYYUM TOYHOE BBIpaXeHHE pac-
cmarpuBaeMoit ¢pyHkuuu (11), 3a UCKIIIOUEHUEM
MopsIIKa 3alMCU ClaraeMbiX. DTO MOATBEPXKIAET,
yto Jrobas KJIM, nocTtpoeHHass aHaJIMTUYECKUM
meTonoMm [3, 11, 13], ABaAsIeTCS TOUHBIM MpeaCTaB-
JIEHUEM COOTBETCTBYIOLIEH HeJIuHeHou audde-
peHLuupyeMoil QYyHKIIMU.

(16)

4x7x, +5x2]x+7.

Yucaennslii Meton cuaresa KJIM

Kak BUIHO, B OCHOBE aHAJIUTHUYECKOIO METO-
na cuHTe3a KJIM fexXuT Heo0XOAUMOCTb, MPEXe
Bcero, n1uddepeHIupoBaHUs HEJIMHEMHBIX PYHK-
LU ypaBHEHUI HeJMHEHHBIX 00BbeKTOB. [lanee
OyneM MMeThb B BUAY Clydyad, KOraa 3TU HEJTMHEN-
HOCTHM HACTOJIbKO CJIOXHBI, UTO HalTU MPOU3BOA-
Hble (4), (5), c IpUMEHEHHUEM U3BECTHBIX (POPMYII,
a 3aTeM BBITIOJIHUTb MHTErpPUPOBaHUE B BbIpaxKe-
HUsx (7)—(9), Takxke ¢ NIprUMEeHEHHEM M3BECTHBIX
dopmyi [15, 16], oueHs TpyaHo. UMeHHO B ciy4ae
TaKMX OOBEKTOB C CYILIECTBEHHO CJIOXHBIMMU He-
JIMHEMHOCTSIMU PEKOMEHAYETCS MPUMEH ST Mpe-
JlaraéMblii B TaHHON paboTe YMCIEHHBIA METO..
Ero ocHoBHass 0COOEHHOCTh COCTOUT B TOM, YTO
OIpPEACISIIOTCS HE caMM 4YaCTHbIE HPOU3BOIAHBIC
4), (5) HeaAuHeHOoCTel, a AUCKPETHbIE 3HAYEHUS
5TUX MPOU3BOAHBIX B TOM BHJE, B KOTOPOM OHU
UCIoAb3yI0Tcs B BhipaxeHusix (7)—(10).

ITpuMmeHuTenbHO K ypaBHeHUSIM (3) 3HAYEHU S
COOTBETCTBYIOIIMX YaCTHBIX MNPOU3BOAHBIX, Clie-
nys JI. Diinepy, MOXXHO HaiTu no (gopmynam

(P,ij(x) =[o;(x, ... X(joys Xj+ Ay, 0,...,0;0) -

1 . .
a,(x) = [ (60x; +6c0s0x,)d0 = = @i(xy, - Xy X5, 0,..,0,0)]/A 7)
0 . e (e
ol o . (14) 0 (1) = 25U AAM) i),
= 6x, —| +6202N) 3y o3 u
2 0 X1 o X V() = [w(xy, ..o Xy, X+ AL, 0,...,0;0) —
AHaJIOTMYHO, MOACTAaBMB BTOPOE BbIpaXKeHUE (X, e Xy X5 0,..,0;0) /A (19)
(13) B cootHomeHue (7) mpu j = 2, T. €. HE U3Me- (=12 *
HAA X, 3daMEHUM IEPEMEHHYIO X, Ha Ox, 1, MHTE- v (1) = v, u+A,)—y(x,u) (20)
TpUpYys TI0 TIEPEMEHHOM 0, TOJYUYNM: uee A, ’
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3necw i,j =1, n; A, # 0, A, # 0 — Maznble npupa-
LIEHUS.

OTMeTUM, 4TO ecliu 1o BeipaxeHusaM (17)—(20)
OCYLLECTBJIATh BbIUMCIEHUs Nipu A, — 0 u A, — 0,
TO, KaK U3BECTHO, Pe3yJbTaThl OyayT MPUOIMKATHCS
K TOYHBIM 3HAYeHMSM YaCTHBIX MPOU3BOIHBIX [15].
KoHneuHo, peanuzauus BbluucieHui npu A, — 0,
A, = 0 gBisieTcsl HOCTaTOYHO 3aTPYIHUTETBHOA.
OnHako Ha MpakKTUKE 3TO U He TpedyeTcsl, TaK Kak
OOBIYHO JTOCTATOYHO HAWTH 3HAYEHUST HEKOTOPOU
BEJIMUMHBI C HEOOXOAMMOI TOYHOCTHIO. B HacTo-
silee BpeMs, KOraa pellleHue HeJIUMHEWHBbIX Aud-
(bepeHIMANBHBIX  yPaBHEHMI  OCYIIECTBISETCS
¢ nomompio OBM, BrmosHe BO3MOXHO MOJy4YaThb
JOCTAaTOYHO TOYHBIE MPUOJMKEHHBIE 3HAYCHMS
npou3BoAHbIX O (popmynam (17)—(20) mpu MaJIbIX
npupauieHusx A, u A,. B 3ToM ciyyae BbIpaxXeHMsI
(1), (2) oynyT npeacraBasaTh, KoHeuyHo, KJIM ¢ He-
KOTOPBIMHU TMOT'PEITHOCTSIMU.

Haiinem tenepp Ko3hOUIMEHTH a(X) U a,(X)
n3 KJIM (12) 4UCIeHHBIM METOAOM, T.€. C MpHU-
MeHeHueM cooTHoweHuin (17)—(20). Tak kak
dyukmsa ¢(x) (11) ckangpHas, TO IJIsI 3TOU LEaU
JOCTaTOYHO BOCIIOJb30BaThes Gopmynoit (17),
onyckas i u nojarasa n = 2. [IpubaunxxeHHoe 3Ha-
YeHue Mpou3BOAHON ¢)(x;,0) 1o atoii dopmyie
uMeeT BUJ

$1(x,0) = [3(x; + A, )? +6sin(x; +A ) —
— 3(x;)? - 6sinx;]/A,
NnJin
P1(x1,0) ~ 6x; +3A, +

+ 6[sin(x; + A,) —sinx]/A,. 1)

Bocnonb3oBaBIINCh pa3sIoXXeHUEM B psII PyHK-
uuu sin(x; +A,) [16, c. 79; 415.07]:

sin(x; +A,) =sinx; + A, cosx; —
—(A2sinx; /2! + A3 cosx,;/3)) +...

W OrPpaHUYMBASICh B 9TOM DsiJie YEThIPbMS cliarae-
MBbIMU, U3 BbIpaxkeHus (21) nmoayuyum

01(x1,0) = 6(x; +cosx) +
11X . 1 ) 1 22)
+3A, (I -sinx;) — A§ cos x;.
CoBepllieHHO aHaJIornyHo 1o ¢opmyse (17) mpu
j = 2 HaxomuUTCS BhIpaxKeHUE IJIsl TPOU3BOIHOI

Pr(x,x5) = 8x) +10)(x; + A, /2).  (23)

N3 nepBoro Beipaxkenus (13) npu x, = 0 cieny-
eT: ¢}(x,0) = 6(x; + cosx;). CpaBHUB 3TO BbIpa-
xeHue ¢ (22), a Bropoe Bbipaxenue (13) — c (23),
MpUIEM K 3aKJIIOYEHNIO, YTO TTOIPEITHOCTU COOT-
HomeHUs (17) 1 aHAJIOTUMYHBIX €My COOTHOIICHUI
(18)—(20) ymeHbIIAIOTCS C YMEHbIIEHUEM Mpupa-
WEHUI A, 1 A,. 1715 KOJTMYECTBEHHOM OLIEHKH IO~

Tabnuna 1
Table 1
3HavyeHHs MPOU3BOTHBIX
Derivatives values
AX
X 9(x,,0) 0,1 0,01 0,001
$1(x,0) | §1(x,0) | $7(x;,0)
0 6 6 6 6
0,5 8,2655 8,1229 8,2511 8,2641
1,0 9,2418 8,9940 9,2166 9,2393
1,25 9,3919 9,1141 9,2166 9,3891
/2 9,4248 9,1348 9,2166 9,4218

IPELIHOCTU W BJIMSIHUS Ha Hee MPUpPALICHUN A,
B Tabj. 1 mpuBeaeHbl 3HAUEHU s TOYHON TTPOU3BO-
oHoi ¢}(x;,0) (13) m ee mpuOIMKEHHBIE 3HaYe-
HUA ¢)(x;,0), BbIYMCIAEHHBIE TTO Gopmyie (21),
¢ moMotibio MATLAB 1npu HEKOTOPBIX 3HAYEHM-
X x; U A,. VI3 IpuBEIeHHBIX B 3TOW Tabiule gaH-
HBIX CJIeAYET OYeBUAHBINA BBIBOI: AJIS MOJYUYEHUS
JOCTAaTOYHO TOYHBIX 3HAYCHUI MPOU3BOJHBIX He-
00X0IMMO TpUpaALLEHUs A, U A, BHGI/IpaTb MaJbl-
mu. B nanHom caywae npu A, = 0,001 owrndka
8¢ = [l@}(x;,0) - (~P1(x130)]/(P1(x1,0)| 100% e npe-
Boitaet 0,032 %, a npu A, = 0,01 He mpeBbilLIaeT
0,32 %.

Hnsa onpeneneHuss KOdPPUUUEHTOB aix), i =
=1, 2, u3 KJIM (12), kak BUAHO 13 BeIpaxkeHU (7)
unu (14), (15), HeoO6X0MMMO 3aMEHUTH MEPEMEHHYIO
X; Ha 0x; 1 IPOMHTErpupoOBaTh MOJIYYEHHBIE BbIpa-
>keHus 1o 0 B mpeaenax ot 0 go 1. YuutsiBasg, 4to
no ¢opmynam (17)—(20) BbIYMCISIIOTCS TUCKPET-
Hble 3HaYEHU S TTPOM3BOAHBIX, JOTUYHO OMepPaLHNIO
WHTETPUPOBAHUS 3aMEHUTh CyMMHUpOBaHuEM [15].
B pesynbsrare npu Ay = A, = 1/N 13 BbIpaxXeHUM
(7), (11) m (17), kaK ¥ BBILIE, OMyCcKas i U moJjaras

Jj=1,2, nonyunm nipu x; = 0, i = 1, 2:
ay(x) ~ 1x
X
N-1 +1,5 +0,5
{58 0] o509
u=0
1 24)
ay(x) ~ —X
X2
1 +0,5
XZ { ( @+15) | 5 j (p(xb(u . )xzﬂ.
3,[[er N — yucno noablHTEpBaJIoB A, = 1/N, Ha

KOTOpbIe pa30MBaeTCsl MHTEpPBaJl MHTErPUpPOBa-
HUS B COOTHOIIEHU X (7)—(9). OTMeTuM, 4TO IIpu
x;=0,a(x)=0,i=1, 2, 4TO AONYCTUMO B COOT-
BETCTBUMU C omnpeaeneHueM KJIM.

IToacraBuB BeipaxkeHus1 (24) B (12), moaydyum
npubauxeHHyio KJIM HenuHeliHOW QyHKUMU
(11), HaliAEeHHYIO YMCJIEHHBIM METOIOM, 0e3 "B3sI-
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TUS" YaCTHBIX MPOM3BOAHBIX WU MHTErPUPOBAHUS
no dopmynaM nuddepeHIIMPOBaHUS U UHTETPU-
poBaHus. [logpoOHBINF BBIBOA BbipaxkeHUil (24)
npuBeaeH B [IpunoxeHun.

BepHeMcst K CMHTE3y KBa3UJIMHEWHBIX Moaeei
(1), (2) HeanHEHBIX 00BEeKTOB (3) mpeaiaraeMbIM
YHUCIeHHBIM MeTonoM. 1o aHamorum ¢ mocTpoeHu-
eM BbIpaxkeHuil (24), 3ameHsis1 B paBeHCTBax (7)—
(10) yacTHBIE TPOM3BOMHBIE MX MPUOIVMKEHHBIMU
BoipaxkeHussmMu (17)—(20), a onepaiiio UHTErPUPO-
BaHUS — CyMMUpOBaHueM [15] mpu Ay = A, = A, =
= 1/N, npugeM K CAeAYIOIIUM BbIPaKEHUSIM:

- 1
aij(x) = )E_x
J

N-1 . . +1,5) .
Xy {@i(xl,...,x(j,),(“N—)xj,o,...,o;oj— (25)
p=0
- - +0,5) .
—(Pi(xl,---,x(j1),(MN—)XI-,O,~-:0;OHQ

- 1
Cj(x) :)Z_X

J

N-1 - - +1,5) .
xz{w(xl,...,x(j1),%)9,0,...,0;0)— (26)
u=0
- - +0,5) .
—\u(xl,...,x(j1),%%,0,...,0;0)}.
3mece X; 20, j= IMpu x;=0 a;(x)=

b
=c;(¥)=0, i,j=1n Onpenererue kodddu-
LUMEHTOB b;(X) W ckansgpa d(X), Kak U B clyyae
AHAJIMTUUYECKOr0 METOAa, 3aBUCUT OT BHINOJIHU-
MocTHu ycnoBuid (6). Eciiu 5Tu ycioBus He ébinon-
HAMCS, TO UCIIOJb3YIOTCS BhIPAXKECHUS

bt = Nil{m,(i <u+N1,5>u]]_
U1y Q7)
x,('“o ,5) ‘H;
d(fc)zLNz[ ( B+l 1]
U_y u=0 N (28)

e i =1, n, u_; #0;
npu u_; =0 b;(x)=d(x)=0.

Ecnu xe ycnoBus (6) esinoanstomes, TO BMECTO
(27), (28) ncnonb3yl0TCs BhIPAKEHUS

b(®) =
d(%) =

[(Pz(fca U+ Au) - (Pz()z'a u—l)]/Aua i = 1,_71,

- g (29)
[W(xi u+ Au) _W('xﬁ u—l)]/Au, Au = 0.

DTOT BEKTOp, KaK OTMEUaJIOCh BBIIIE, OTIMYACTCS
OT BeKTopa x(f) MCXOmMHON HEJIMHEHHONH MOIEIN;
U_y — 9TO 3HAYEHWE YIPABJICHUS, TMPEILIECTBY-
IOLIEE €ro TeKyUIeMY 3HAYeHUIO ;. BO3MOXHOCTB
€ro MCIOoJIb30BaHUs O0YCIOBIEHA TEM, UTO MPU UC-
noab3oBaHuu DIBM dopmupyroTcs TOIbKO auc-
KPETHBIE 3HAYECHUS YIIPABICHUST: Uy, Uy, Uj—y, ...

[TonyyeHnHble cooTHoineHust (25)—(29) saBns-
IOTCS PAaCYeTHBIMU COOTHOILIEHUSIMU YWCJIEHHOTO
Metona cuHte3a KJIM (1), (2) HenuHEHHBIX O0B-
€KTOB C CYyIIECTBEHHO CJIOXHBIMU HETMHENHOCTSI-
mu. ®opmanbsHo Momens (1), (2), (25)—(29) saBas-
€TCsl HEMPEPBIBHOM, TaK Kak ee (hyHKIIMOHAJIbHbBIC
KO3 GUIIMEeHTH! OompeneseHbl IPU BCeX 3HAYEHUSIX
BekTOpa X. OmHAKo MpakTU4YeCcKW 3T Ko3apdu-
LIMEHTBl MOTYT OBITh BBIYMCJIEHBI TOJBKO JIMIIb
MpU AUCKPETHBIX 3HaYeHUsIX BekTopa X. [loaTomy
KJIM »atoro tumna, (pakTU4eCKH1, MOTYT MCIIOJb30-
BaTbCs TOJIBKO KaK KYCOUHO-TIOCTOSIHHBIE, B TOM
CMBICJIE, YTO, €CIM UX KOI(PPUIIMEHTh BBIYUCIIS-
10TCs ¢ iepuoaoM 7, TO Ha UHTEepBajlaX BPEMEHU
telkT,, (k+DT,], k=0, 1, 2, ..., oatu K03bbdU-
LIMEHTHI SBJISIIOTCS MOCTOSTHHBIMU. MX 3HauyeHust
B 3TOM CJIyyae OmpeaesiioTcsd 3HaYeHUSIMU BEKTO-
pa cocrossaust KJIIM x(kT,), k=0, 1,2, ... Ilpn
9TOM, €CJIM €€ BEKTOP COCTOSIHUS X(f) KBaHTYyeTCsI
10 BPEMEHU TOXe ¢ nmepuonoM T, a BpeMsi BbIUKC-
JeHust koapdpuuuento KJIM (1), (2), (25)—(29)
MeHblle 7, TO 3TM MOAEAU OKa3bIBAIOTCS IUC-
KpPEeTHBIMW KBa3WJIMHEHHBIMU MOJACISIMU HEJIU-
HEMHBIX 00BEKTOB (3) CIIEAYIONIETO BUIA:

X = AKXy + b(X )y,

Vi = ¢ (X)X + d(X )uy,
rae k=0, 1, 2, ... Takue Moneau IBJISIIOTCSI OUEHb
yIOOHBIMU IIpU LIUGPOBOM YIPaBICHUM.

Hns oteHkM 3¢ PEKTUBHOCTU TPENI0XKEHHOTO
yuclieHHoro mertoga cuHte3a KJIM paccMoTpum
HEJIMHEIHBI O00BEKT BTOPOro mopsaka (MCKIIO-
YUTEIBHO JIJIS1 HATJISIAHOCTH) C OMHOM HEJIUHEWHO-
cThio [17], KOTOpBI OMUCKHIBACTCS YPaBHEHUSIMU

(30)

X=X =¢1(xy);
. 3 . .
Xy =u—x; —(1+|xy)sinx; = @y(x,u);
y = x17
e x =[x, x,]". B naHHOM cityyae HeTMHEHOM SIB-
JeTCs NI (PYHKLIMS @,(X, U), a yIPaBJIEHUE BXO-

IUT B Hee JuHeitHo, moatoMy KJIM obGbekTa (31),
MOCTPOEHHAST YHUCIIEHHBIM METOIOM, UMEET BUJT

X 0 I X 0 . _ ~
x=[021()~c) 022()2)}”{1}”’3’_[1 0]x, (32)

T. e. A onpeaeneHuss KJIM goctaToyHO HalTH

(3D

Mpumeuanue. B BoipaxeHusx — (25)—(29) | ML KOOQOUIUEHTH @, (X) U a5 (X). B coor-
% = X(t) — BexTop coctosinus KJIM, koadou- | BETCTBUU ¢ dopmynoit (25) mpu n = 2, i =21
LIMEHTHl KOTOPOil HaiiIeHbl YncieHHbIM MeTomom. | X; # 0, j =1, 2 monyvaem:
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(33)
N-1
X3 {—51n(”+1’5£1)+sm(“+0’5 ”lﬂ,
p=0 N
1N ((pr5 .Y
a22(x)_)22 = ( N 2) +
+(1+ i) )ZZJsinfclj+ (34)
3
+ (—“JFO’Sfcz) +(1+—“+0’5£2jsinil
N
Kak u Boiure, ipu X; =0 a,;(x) =0, j=1,2.

IToncTaBuB BBIpa)KeHI/IH (33) u (é4) B MEPBOE pa-
BeHCTBO (32), nonyuum KJIM obbekTa (31).

Mopenuposanue moneneit (31) u (32)—(34), He-
KOTOPbIE Pe3yJIbTaThl KOTOPOro MPUBEAEHBI HA PU-
CYHKe (CM. BTOPYIO CTOPOHY OOJIOKKH) 1 B Ta0JI. 2,
npoBoauiock B cpene MATLAB B nensx cpaBHe-
HUS (HAa30BBIX TPAGKTOPWUI U 3HAYEHUH BBIXOJHOM
BEJIMUMHBI MpU pa3inyHbIX 3HaueHusix N. Ilpu-
BelleHHas1 Ha PUCYHKE HerpepbiBHas (a3zoBas
TpaeKTOpHusl TOCTpOE€HA IO HEJUHENHBIM YypaB-
HenusMm (31), a 3Be3gouyKaMu 00O3HAYEHBI TOYKU
TakXe HEeNpPEepbIBHON TpaeKTOpUU, IMOCTPOCHHOM
MO0 KBa3WJIMHEHMHOU Momenu (32) — (34) npu Ha-
YaJbHBIX YCIOBUSIX Xjg = Xjo = X9 = X9 =0, 1.
Koadpuumentsr KJIM BbIUMCISIIUMCH Yepe3 Kax-
apie T, = 0,01 ¢ mpu N = 1000 u u = 0, HO Ha
PUCYHKE I HaTJSIAHOCTU (PUKCUPOBAIach TOJb-
KO Kaxjas coTasi ToOYykKa 3TOM TpaeKTopuu, T. €.
3Be30YKM Ha PUCYHKE COOTBETCTBYIOT MOMEHTaM
Bpemenu 1= 0, 1, 2, ..., 20 c. OueBUIHO, B JTaHHOM
cnyyae KJIM (32)—(34) siBIsteTc KYyCOYHO-ITIO-
CTOSTHHOM, TaK Kak ee Ko3(p(PuIMeHTbl Ha UHTEP-
Bamax Bpemenu te€0,01(k, k+1), k=10, 1, 2,
SIBJISIIOTCS IOCTOSIHHBIMU. MIHTerpupoBaHue ypas-
Henuii (31) u (32)—(34) Ha KaXIOM U3 ITUX WH-
TepBajoB ocyllecTBasgochk (yHkmueir ODE 45
TNPY  COOTBETCTBYIOUINX ~HAYAJIBHBIX YCIOBHSX:
25! = %0,01k), 55" = %,(0,01k).

Kak BugHO Ha pUcCyHKe (CM. BTOPYIO CTOPOHY
00soxxKu), Touku TpaekTopun KJIM (32)—(34)

JOCTAaTOYHO OJIM3KY K COOTBETCTBYIOLIMM TOUYKaM
TPAaeKTOpUU HempepbIBHOW cucTeMbl (31).

Hunst xkonuyecTBeHHOro cpaBHeHus KJIM (32)—
(34) ¢ HenuHeitHON Momenbio (31) BBHIYUCIAIUCH
OTKJIOHEHUS TEPEMEHHOW X; KBa3UJIMHEHHOM
MOJEJIM OT MEPEMEHHOM X; HEJIMHEWHON MOoIesun
Ha MHTepBaje BpemMeHu B 20 ¢. DTU NepeMeHHbIe
U UX OTKJOHEHUS SIBISIOTCS KOJeOaTeJIbHbIMU,
MO3TOMY B TabJ. 2 TIpUBEAEHBI 3HAYEHMS OTKJIO-
HeHuit  8(¢) = |[x,(t) - X,(1)]/x,(1)|-100% B mpoO-
LIEHTaX OT TeKYLIEro 3Ha4YeHus x,(f), COOTBETCTBY-
IolllMe MOMEHTaM BpeMeHUu ¢ = 3k, k; =1, 2, 3,
MPU KOTOPBIX 3TU OTKJIOHEHM ST OJU3KU K MaKCH-
MaJIbHBIM 3HAYEHUSIM.

Ha ocHoBe pe3ysnbTaToB MOAEIMPOBAHUS MOX-
HO 3aKJIIOYWTh, YTO YMCJIEHHBI METOMA, B OTIWYUE
OT aHAJIMTUYECKOTO, MPUBOAUT K TMPUOJMKEHHBIM
KJIM, onHako OTKJIOHEHUS WX TPAEKTOPUI OT Tpa-
E€KTOPUII MCXOMHBIX HEJIMHEHHBIX MOJeNel aocTa-
ToyHO Mauibl. [lpu 3TOM 3HaueHUs mpupaleHus
A; =A, =1/N, € KOTOPbIM MPOMCXOAUT MPHOIH-
JKEHHOE BBIYMCJICHUE YaCTHBIX MPOM3BOMHBIX UM MX
WHTETPUPOBAHME, MAJIO BIVSIET HA OTU OTKJOHEHUSI.

OnHako BpeMsl pacyeTa 3HAYeHUI TEepPeMEHHBIX
coctosHus 1o KJIM cyluecTBeHHO 3aBUCUT OT M.
Tak, uaterpupoBaHue HenuHelHOW Monenu (31) mpu
0 < <20 c B cpene MATLAB cocrasnsier 0,66 c,
B TO BpeMms Kak mHTerpupoBanue KJIM (32)—(34)
rpu N = 100 cocTaBisieT 6,33 ¢. YBeudeHne Bpeme-
HU pacyeTa 00yCIOBICHO HEOOXOMMMOCTHIO PACUETOB
bynkumnonanpHbeIX Koapduumrenros KJIM no dop-
MynaM (25)—(29), omHaKo ero He TPyAHO YMEHBIINTh
JO0 TpUEMJIEMBbIX 3HAYEHWM 3a cYyeT TNPUMMEHEHUs
MHOTOIPOLIECCOPHBIX MUKPOKOHTPOJIJIEPOB, OpUEH-
TUPOBAHHBIX HA TAapasieJIbHbIEe BEIYMCICHUS.

3akiaoyeHue

Takum ob6pa3zoM, noJlydeHHbIe BbIpaxkeHUs (25)—
(29) NO3BOJSIOT YUCAEHHBIM IMMyTEM HAWTU AOCTATOYU-
Ho TouHY10 KJIM HenuHelHBIX 00beKTOB, 3aJaHHBIX
ypaBHeHUSIMU (3), KOTOpbIE COAEPKAT CYILIECTBEHHO
CJIOXKHBIE HenMHeHHOCTH. CIIOXHOCTb YKa3aHHBIX
HEJIMHEHHOCTEW OOYCJIOBJ€HA TPYAHOCTBIO B3SITHUS
MX YACTHBIX IIPOM3BOIHBIX M MHTETPUPOBAHUS 3TUX
MMPOU3BONHBIX II0 M3BECTHHIM (opmynaM mudde-
PEHILIMPOBAHUS U MHTETPUPOBAHMUSI.

B coorBercTBUM ¢ BBIpaxeHusmu (25)—(29)
pa3pabOTaHHBII YMCIAEHHBIM METOH CHUHTe3a
KJIM 1o3BoisieT NpuBeCTU MaTeMaTU4YeCcKue MO-
Jnenu o0beKToB (3) ¢ HeaJAUTUBHBIM yIIpaBIeHU-
€M, T. €. IIPY HEBBIITOJHEHUU yCaoBUi (6), K mpu-
onuxenHon KJIM, agauTuBHOI 110 yIIpaBISHUIO.
DTO MO3BOJSIET OYEeHb MPOCTONM aHATUTUYECKUI
METOH CHUHTEe3a T'YPBHUIEBBIX CHUCTEM YIIpaBJICHUS
HEJMHEHHBIMU O0BbEKTaMU, pa3pabOTaHHBIN A
aIJUTUBHBIX II0 YIIPABJICHUIO HEJIMHEWHBIX 00b-

Tab6nuna 2
Table 2
OTKJIOHEHHs1 TepEMEHHBbIX, %
Deviations of variables, %
t,cC
N
3 6 9 12 15 18
250 0,08 0,16 0,26 0,37 0,49 0,64
500 0,17 0,18 0,28 0,40 0,53 0,70
750 0,09 0,18 0,29 0,41 0,55 0,62
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eKTOB [13], IpUMEeHSITh U B CIyyae HeaIIUTUBHBIX
MO YIpPaBJEHUIO HEJIWHEWHBIX OOBEKTOB KOpa-
OJ1eCTPOUTENIbHOU, aBUALIMOHHOM, XWMWUYECKOM,
CEJIbCKOXO3SIICTBEHHOM U IPYTUX OTPaCE.

IIpunoxenue

Buigod cpopmya uucaennoeo cunmesa KJIM.
Jng OomblIieil SCHOCTU PACCMOTPUM (PYHKIIMIO
0;(x) = 9;(x,x,), anHajornuHyro ¢ynkuuu (11),
Ho 1ipu ¢;(0) = 0. B aTOoM cayyae n = 2, mo3TOMYy,
KaK M BBILIE, HEOOXOMUMO HAWTH ABa Kod(du-
uueHTa ag(x), j = 1, 2. Torna no dhopmyse (7) npu
j =1 umeem

1 1
ail(x) = J-(P,i(xlao)|x1:9xl de = J‘(P,t(exlao)des (nl)
0 0

rae ¢(x;,0) =00,(x;,0)/0x,. Hunsa B3sATUSA WHTE-
rpana B (I1.1) mpoBenem 3ameny, nonaras x; # 0:

exl = Z,
do = dz/x,

1
a;1(x) = [ 9;(6x,,0)d6 =
0

(T1.2)

1% , 1 N-1 ,
=— [ 0i(z,0)dz ~ — ¥ ¢}(z,,0)A,.
X1 0 X1 u=0
3nece N — 4MCIO OTPE3KOB LIMPUHOM Ay, Ha
KOTOpO€ pa3OUT MHTEpBaJ MHTETPUPOBAHUS MO 0,
paBHBI 1, a 7, — cepeqHbI COOTBETCTBYOIIHX OT-
pe3KoB 1o nepeMeHHoM z. [lycts Ay = 1/N, Torna 3a-
MEHSIS X Ha X|, TONy4yuM A, = X|Ag = X;/N. Bb-
Gepem z, =(nu+0,5A,, Torma z, = (u+0,5%,/N.
CnenoBatenbHo, U3 BbipaxeHus (I1.2) BeiTekaer
PaBEHCTBO
~ 1 A=t
a;(X) = N 2 03(z,,0). (I.3)
pu=0
3HayeHUs YACTHOW MNPOU3BOLHON  ¢(z,0)
B TOYKaX Z, OyleM omnpesessith mo dhopmye

¢i(2y +A;,0) - i(z,,0)
A .

Z

OTcroga, ¢ y4yeToM IPUBEIEHHBIX BHIILIE BhIpa-
KEHUM O Z, 1 A, nMeeM

9i(z,,0) =

9i(z,,0) =

+1,5 . +0,5 . N
~ |:(Pi (MT?C],O)—(P,- (MTXI’OHJE_I'

IToacraBnsa (I1.4) B (I1.3), mo-npexHeMy Ipu
x, # 0, monyynm

(T1.4)

a;(x) = )NCLX
1

N-1
« (n+1l5 Oj_ (u+0,5~ 0].
E’o{(pl( IR N

[To ananorum npu X, #0, O4YEBUIHO, MOXHO
3amucaTh

- 1
a,(X) = )Z_X
2

Nl - 1,5 . . u+0,5_
S o (5 BHLS j_ ( n+0,5 j
EO |:(Pl (xl’ N X P; | X15 N X

ITpu n > 2 BBIBOA MPOBOAUTCS aHAJIOTUYHO.
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Abstract

Design modern methods of nonlinear control systems of nonlinear objects in the majority assume transformation of initial
object model to some special forms. In these cases, it is reasonable to use quasilinear models as they can be designed on
condition only of differentiability of the nonlinearities of the initial objects models. These models allow to find control analyti-
cally, i.e. as a result of the solution of some equations system, if the object, naturally, meets the controllability condition. The
quasilinear models are synthesized traditionally analytically, by transformation of initial nonlinear models using operation of
the taking of partial derivatives from the nonlinearities of the initial objects models and the subsequent integration of these
derivatives on the auxiliary variable with application of the known formulas of differentiation and integration. However, in
many cases, the objects nonlinearities have so complicated character, that the operations of the differentiation and, in par-
ticular, the integration are executed very difficult by shown way. This complexity can be overcome by application of the new
numerical design method of the quasilinear models, which excludes need of the analytical differentiation and integration, but
demands considerable number of the arithmetic operations. But now it is not the big problem since the modern multiprocessor
controllers can carry out all the necessary operations for a short time. The developed method allows to receive rather exact,
approximate piecewise-constant quasilinear models for the objects with the complicated nonlinearities. It is convenient to apply
such models at numerical control of the nonlinear objects. The efficiency of a numerical method is shown by comparison of
phase portraits of piecewise constant quasilinear and nonlinear models of a simple object and also by comparison of the state
variables values of these models. The offered method can be applied to nonlinear control systems design for the nonlinear,
characterized by complicated characteristics objects ship, aviation, chemical, agricultural and other industries.

Keywords: nonlinear object, complicated nonlinearity, quasilinear model, functional coefficient, analytical design

method, numerical design method
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CeBacTonoNbCKUIA rOCYAapCTBEHHbIV YHUBEPCUTET
YncneHHble MeToabl KOHTPONA peaKux coobITUN
B HeNIMHeMNHbIX CTOXaCTUYeCKUX cucremax™

Paccmampusaromes 6onpocwl pazpabomku YUCAeHHbIX Memo008 AHAAU3A O0AbUUX YKAOHEHUL 045 KOHMPOAs peOKUx coObimull
6 HeAUuHelHbIX cmoxacmudeckux cucmemax. boavuue ykaionenus ynpagasemoeo npoyecca om HeKOmMopo2o WmMamHo20 COCMOsHUS
ABAAIOMCSA OCHOBOU NPOCHO3UPOGAHUS HACMYNACHUS KpUmMu4eckol cumyayuu (peokozo cobbimus). 3adava npoeHo3upo8aHus co-
dumcs K 3a0aue onmumanvHoeo ynpaeaenus Jlaepanyca—Ionmpseuna. [lpedcmaenennsiii 6 cmamoe no0X00 045 peuleHus 3a0a4yu
Jlaepansca—Ilonmpseuna omauuaemes om nooxooa, UcnoAb308aHHO20 panee 045 AUHEIIHbIX U HeAUHEIIHbIX CUCeM, MeM, YMo OH UC-
nonv3yem ynpaeaerue 6 popme oopamnou céazu. Ilpu smom 6 HeauHeluHOM cayuae UCnoab3yiomces npubauicerHble Memoodsl pacuema,
OCHOBAHHblE HA npedcmasieHul Mooeau cucmemsl 8 oopme NPOCMPAHCMBA COCMOSHULL, 20e K03 duyueHmsv, Mampuy, 3a8ucsim om
cocmosiHus cucmembl (Memoout State- Dependent Coefficients, SDC). B cmamve ucnoavzoganuvt 0éa SDC-memoda — memod 3asucsaujeco
om cocmosanus ypasHenus Puxkamu (state-dependent Riccati equation, SDRE) u memod acumnmomuueckoi nociedoeamenbHOCmu
ypaeuenui Puxxamu (asymptotic sequence of Riccati equations, ASRE). B paccmampueaemoii nocmanogéke smu memoos. N036045H0M
NOAYHUMb HUCAEHHO-AHAAUMUYECKOe peuieHue, YO00Hoe 045 peaiu3ayuu 6 pexcume peaibHoeo epemeru. Ha ocnoee pazpabomarnmuix
Memodoe aHau3a OoAbUUX YKAOHEHUL npe0cmasaelbl aA20pUmMmbl OUeHKU 8epPOIMHOCMU HACMYNAeHUs Pe0K02o cobbimus 045 He-
AUHEUHOU cmoxacmuyeckol cucmemsl. Quciennas npumeHumocms pa3padbomarHHo2o nodxoda 6 Hacmosuwei pabome noKka3ana Ha
npumepe moodeau PumyXoto—Hazymo (PXH) oas anaausa nepexaouenus mexncdy pexcumamu 6030youmocmu. Pezyromamot mooeau-
DOBAHUS 6CKPbIAU OONOAHUMEALHYIO NPOOAEMY, C8A3AHHYI0 ¢ MAK Ha3vleaemol 3adayeli napamempusayuu SDC-wampuy cucmembl.
JeticmeumenvHo, MoxucHo 6bi10 Obl 0dcudams, ymo pasiuunvie SDC-mampuybl npueodam Kk 00HOMY U MOMY dce pPe3yabmamy, HO
npakmuueckue npumepsl NOKa3sléaiom, 4ymo 3mo He mak. Ilockoavky ucnoav3zosanue pasHoix npedcmasaenuii 0431 SDC-mampuy, daem
DasHble pe3yabmamsl 8 MePMUHAX MPAeKmopuu cucmemyl U PYHKYUOHANA KAUecmea, mo 6bl60p MAmpuy, NPedi0NCeHO OCYUeCmEnsimb
Ha Kadxcooll umepayuu aa2opumma mak, 4¥moosl obecneuums ycaogus paspewumocmu 3adayu Jaepanica—Ilonmpseuna.

Karoueevie caosa: bonrvuue ykionenus, peokoe cobvimue, HeAUHEUHAs CUCMeMAd, ONMUMALbHOE YNPABACHUE, 3A8UCAUUL

om cocmosHUua Ko3gpuyuenm

BBenenue

JAVWHaMWYECKUE CUCTEMBI, TaXe KOTJa OHU pac-
CMaTpUBAIOTCS KaK NETEPMUHUPOBAHHBIE, OOBIYHO
WCTIBITBIBAIOT BO3ACUCTBUE HEOOJBIINX CIIy4dall-
HBIX BO3MYIlleHUM. [Ipn 3TOM MaJblil IIIyM MOXET
B KaKON-TO MOMEHT CYIIIECTBEHHO MOBJIUATH Ha TU-
HAMUKY, HAaIllpuUMeEp, MEePEeBOMS IITATHBINA IMPOIIECC
B HEYCTOMUYMBBIN. Takue penkue COOBITUS, KaK OT-
KJIOHEHWS OT HOMAUHAJIBHO YCTOMYUBBIX COCTOSTHU I
WIN TIEPEXOAbl MEXIY MeTacTabUJIbHBIMU COCTOSI-
HUSMU, aKTyaJIbHBI B MIPUKJIAAHBIX 3aa9aX aHAJIU-
3a u yrnpapieHus. [loaTroMy BaxkHO 00eCIIeYnTh He-
MPepPbIBHbIA MOHUTOPUHT 3TUX COOBITUI B PEXMME
peaTbHOrO BPEMEHU C BBIOAYEH BEPOSATHOCTHBIX
OLIEHOK WX HACTYTUJICHUS.

11 YMCIIEHHOTO ONpeAeaeHUS MOAOOHBIX COObI-
TUI MOXHO MCITOJIb30BaTh YIIPABISIEMOE TBUXKCHUE
CHCTEMBI, KOTOpOE JieaeT peakue coObITUsI Oosee
BepOSTHBIMU [1, 2]. DTOT MOOXOm WMCIIOJIB3YeTCs
COBMECTHO C WHCTPYMEHTAMU TE€OPUM OOJIBIINX
yknoHeHuit (TBY) u onTumanbHOoro ympaBiaeHUs
JUTST OUEHKW BEPOSITHOCTU TOTO, YTO HAOII0HAaEMBbIC
B JVMHAMUYECKOW CHUCTEME COCTOSTHUS 4epe3 HEKO-
TOpOE BpPeMsI MMPEBBICAT 3aJaHHbII TTOPOT (HACTYITUT
penkoe coObiTHe). JleTepMUHUPOBAHHYIO CHUCTEMY,
COOTBETCTBYIOIIYIO TAKOMY YITPABJISIEMOMY IBUXKE-
HUIO K PEIKOMY HEXEIATeJIbHOMY COOBITHIO, TTPH-

* WccnemoBaHue BBIMTOJTHEHO NpU (HUHAHCOBOM MOIAECpPKKe
PH®, rpant Ne 21-11-00202.

HSITO Ha3bIBaTh cuctemoit myteii [3]. Ee poab cocTo-
WUT B TOM, YTOObI BOBMOXHbBIC MYTH K paccMaTpuBa-
€MOMY COCTOSTHUIO pa3inyarh MO 3aTpadyeHHON Ha
5TO DHEPrum yIpapjieHUs. MeTon OOJBIIMX YKIIO-
HEHUI ITO3BOJISIET YCTAaHOBUTh ACHUMIITOTUYECKYIO
CBSI3b MUHMMAJILHOTO 3HAYEHUsI OMNpeneeHHOIro
¢yHKIMOHANa 3Hepruu (PyHKUMU IeUCTBUS) C Be-
POSITHOCTBIO HACTYIJIEHUSI cOObITUS. TakuM oOpa-
30M, CUCTeMa IyTeil JaeT BO3MOXHOCTb IPOBECTU
OLIEHKY BEpPOSTHOCTU OOJBIIMX YKJIOHEHUWM, OIpe-
JIeJIsIsS1 HEKOTOPYIO 3a/1a4y ONTUMAaJIbHOTO yIIpaBJie-
HUS U ee TpeaebHOe pelieHue Kak Mpoduib pas3-
BUTHUS KpUTHUYECKOI cutyauuu (A-npoduis [3]).

B nuHeiitHOM cilyyae yKa3aHHBII TTOAX0H 0COOEH-
HO 3(deKTUBEH, MOCKOJbKY MO3BOJISET MOIYYUTh
aHAJIMTUYECKOE PEllIeHUE COOTBETCTBYIOLLEH 3aaa4u
ONTHMMAJIBLHOTO YIIPaBJEHUS, YTO OCOOCHHO Ba’KHO
IJIsl CUCTEM peajibHOro BpeMeHU. Hampumep, B pa-
6ote [4] moka3aHo pelueHue B (popMe IMPOrpaMMHOIo
yIIpaBJeHUS, a B cTaThe [5] MpUBEACHBI HEKOTOPHIE
pe3yAbTaThl 0 pelleHUIO0 B (hopMe OOpaTHOIl CBSI-
3u. B HenMHelHOM ciydyae Bce CYLUECTBEHHO CJIOXK-
Hee MMEHHO B CHJIy TOTO, YTO IPUXOAUTCS UCKATh
MpeneabHyI0 3KCTpeMallb KaK €IMHCTBEHHOE Orpa-
HUYEeHHOe pellleHue Ha Bceil mpsimoit [4]. TloaTomy
B JaHHOW paboTe IpenjiaraloTcs HUTepalOHHBIC
YUCJIGHHBIE CXEMbl, TA€ BBINOJHSIETCS HEKOTOpasl
dopma npubaMKeHus K pelueHuto. OmHoNA U3 Py
TaKMX OPUOIMKEHHBIX METOIOB SIBJISIIOTCS METOIbI
C KCIIOJIb30BAHUEM I1apaMEeTPOB, 3aBUCSIIMX OT CO-
crostHus (State-Dependent Coefficients) [6—9].
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[IInpoko M3BECTHBIN METOHA 3aBUCSIIETO OT CO-
crosiHusl ypaBHeHMss Pukkatm (SDRE) saBnsercs
JOCTaTOYHO TPOCTHIM U 3(PPeKTUBHBIM, OCOOEH-
HO 18 3aJad Ha OECKOHEYHOM WHTEPBAJIe BpeMe-
HU [6, 7]. DTOT MeTOm paccMaTpyBaeT WCXOMHYIO
HeJIMHEWHYIO0 3a/1a4y ONTHMMAJbHOIO YIpaBIeHUS
MOTOYEYHO B BUJAE 3aJa4d O JMHEHHO-KBaJapaThy-
HoMm peryinsitope (LQR). B pesynprate Habop 3amau
LQR peiraercs mocieaoBaTebHO B KaXKIblii MO-
MEHT BpPEMEHH, Ha KOTOpbIE AUCKPETU3UPYETCS BCS
BpeMeHHasi objactb. OgHAaKO HECTallMOHAPHOCTh
yIpaBjieHusT A5 3ajJa4y Ha KOHEYHOM WHTepBajie
BpeMEHU TIPUBOIUT K CJenylollel mpooyiemMe: TOu-
HOE pelIeHUe 3aayu HEeBO3MOXHO 0€3 3HaHUS Oy-
JIYIIAX COCTOSTHUI CUCTEMBI, KOTOPbIE HEM3BECTHBI
B TeKyIINii MOMEHT BpeMeHU. B patdote [10] mpen-
JIO>KEH TIPUONMKEHHBIN aJTOPUTM, UCTIOIb3YIOIINM
TUMOTE3y O C1abOM M3MEHEHUM BEKTOPA COCTOSTHUS
(rumoTe3a "3aMOpPOXEHHBIX KO3(DDUIINEHTOB).

Hpyroil moaxon Ajs CMHTE3a HEJIWHEWHOTO OIl-
TUMaJIbBHOTO YMpaBJIeHUsI HA KOHEYUHOM WHTepBaJje
BpEMEHU TMPEICTaBJieH METOAOM alMpOKCUMUPO-
BaHHOM TOCJIEIOBATEIbHOCTU ypaBHeHUI Pukkaru
(ASRE) [8, 9]. DTOoT MeTOm MPUMBOAUT K MTEpalIU-
oHHOMY pemeHuio psaa LQR-3amay. Jlaa xaxmou
tekymieit LQR-3agaum Marpuiibl cvCTeMbl OLIEHU-
BAIOTCS C TIOMOIIIBIO PEIICHUS Ha TIPENbIAY e uTe-
panuu. BaxkHo, 4TO TIpy 3TOM HE BO3HMKAET CUTY-
aluu, TpeOyrolleil NCIOoIb30BaTh "3aMOpakMBaHue"
KO3(pPUILIMEHTOB, 4YTO SIBISETCS MPEUMYILIECTBOM
MeTona. BeposiTHO, o 3ajay Ha KOHEYHOM MH-
tepBasie BpemeHu MeTon ASRE npeBocxoaut meton
SDRE c Ttouku 3peHus1 ONTUMaJIbHOCTU PEILLICHUS
(cM. Hampumep, [8]). HaHHbIe pe3yabTaThl TOI-
TBepXaal0T 3(PpHeKTUBHOCTL 0OOMX METOIOB U aK-
TYyaJIbHOCTb MCCJIENOBAHUI B 00JACTU UX Pa3BUTUS
U TIPaKTMYECKOTO MPUMEHEHMS.

B HacTosmeit pabote paccMaTpMBaIOTCS BO-
MpoChl pa3pabOTKMU YMCAEHHBIX METOAOB aHaJIu-
3a OOJBIIMX YKJIOHEHUU MJisd KOHTPOJS PEeAKUX
COOBITUI AMHAMUYECKMX CUCTEM Ha OCHOBE pe-
LIEHWsI COOTBETCTBYIOLIMX 3a7a4y ONTUMaJbHOIO
yrpapaeHus. OcoO0eHHOCTh ITOCTAHOBKM 3alayu
OINTUMAJILHOTO YIIPaBJeHMs KaK 3aJauyu TOYHOTO
TePMUHAJIbHOTO TPUBEAECHUSI HAa KOHEYHOM WH-
TepBaJie BpeMEHU Ipu OTCYyTCTBUM IuTpada Ha
COCTOSTHUE CUCTeMbl B (DyHKIIMOHAJIe NENCTBUS
MO3BOJISIET TOJAYYUTh UYMCIEHHO-aHAJIUTUUYECKOE
peleHne 3amadyr, YTO OCOOEHHO aKTyaJbHO [JIS
peanuzalyu B peXXruMe peasbHOTrO BPEMEHHU.

JaHHbBIN ToAxod K aHadu3y OOJbIUMX YKJIOHE-
HUI CTaHOBUTCS €CTECTBEHHBIM WHCTPYMEHTOM
IJIsl TIOJIyYeHUSI KOJMYECTBEHHON WHpOopMaluu
O PEOKMX COOBITHSIX, TMPEICTaBISIONINX WMHTEpPEC.
Ero yuciaeHHas MpMMEHUMOCTD B HaCTOSILEN pado-
Te mokasaHa Ha npumMepe moaeau PutuXsro—Ha-
rymo (OXH) [11]. Pelenuto 3aga4y MoaeaupoBaHMs,
yIpaBjieHWsI U aHaiauza pexumoB moaean OXH

MOCBSIIEHBI pa0OTHl MHOTMX MCCemoBareneii. Tak,
B pabote [l1] moka3zaH mpuMep aHaIM3a BIUSHUS
BO3MYIIIEHWIA B HAYaJbHBIX YCJIOBMSIX Ha BO3HUK-
HOBEHME OONBIIMX YKJIOHEHWI, YBOMSIIINX MOICTh
®XH u3 cocrostHnsa paBHOBecus. [IpnMeHeHne Me-
TOAA CTOXaCTUUECKOM (DYHKIIUM YYBCTBUTEIBHOCTH
IUIST aHanmn3a Bo3oyaumocTu st moaenu MXH mo-
Ka3aHo B cTaTbe [12]. DTOT MeTOm OB MpemIoKeH
IUIST BEPOSTHOCTHOTO OITMCAHUSI CTOXaCTUYECKUX
aTTPaKTOPOB B KOHTEKCTe TEXHWKHW KBa3UIIOTCH-
uuanoB TBY. AHanu3 BpeMeHU BbIXOJAa HA OCHOBE
TBY nng penyuupoBaHHOI OTHOMEPHON MoAeIu
®XH nipusBenen B padore [13]. B HacTosmieit pabore
OymeT pacCMOTPEHO MPUMEHEHUE pPa3pabOTaHHBIX
YHCJIEHHBIX METOIOB IJIs aHajM3a IePEeKIIIOUeHUS
BO30yAMMBIX pexkMoB Moaeaun OXH.

Teopusa 60JbIINX YKJIOHEHHI W MOCTAHOBKA 3aAa4H

PaCCManI/IBaeTCH 3aMKHYTas HEJIMHEWHAs a1-
HaMMn4yeckKkasd CuCreMa

d

4 X =X, x(t) =X, )

BO3MYVILIEHHas 100OaBJICHUEM HEeOOJBIIOrO IyMa

ix =f(x) +ea(xX)W, X(f)) = X,, 2

dt
rne xeR", weR" BeKTOp "Oejioro 1yma';
¢ > 0 — manniii napametp; f(x), o(x) — raagkue
MmatpuuHble ¢pyHkuuu, f(0) = 0, v € R.

IIpu ¢ — 0 ¢ BepoSITHOCTHIO, CTpeMsIIeiics K 1,
TPaeKTOPUM BO3MYIIEHHONH CHUCTEMbl IPUOIMXKa-
I0TCSI K TPaeKTOPUSM HEBO3MYILEHHON CUCTEMBI
Ha JIIOOOM KOHEUYHOM WHTepBaJie BpeMeHu. [lpu
MaJjioM, HO (PMKCHUPOBAaHHOM ¢ MHTEpeC IIpelcTaB-
JISIIOT TPaeKTOpUU CUCTeMBI (2), KOTOpbIe IajeKU
oT Tpaektopuii (1). DTO COOBITHS, BEPOSITHOCTHU
KOTOPHBIX OJIM3KHU K HYJIIO, HO IIPU 3TOM MOXHO BBI-
JIeJINTh T€ U3 HUX, KOTOPHIE B MOIABJISAIOIIEM O00JIb-
IIMHCTBE CJy4yaeB 0oJjiee BEPOSITHBI, YeM IpPYTHUeE.
OueHKa BEPOSTHOCTENM TaKWX PEAKUX COOBITUIA,
Ha3bIBa€MbIX OOJBIIMMM YKJIOHEHHUSIMU, BKJIIOYa-
€T BapHallMOHHYIO IIOCTAHOBKY, TECHO CBSI3aHHYIO
C IMHAMUKOMA BO3MYILEHHOMA CUCTEMBI.

3arpaTHOCTh OBUXEHHUS BIOJb HEKOTOPOIO
3aIaHHOTO NYTU ¢ U3MEPSETCs KBaApaTUYHBIM
KPUTEPUEM Sto,tf OT YIPaBJISIOIIMX BO3ICUCTBUIA
Ve R", 3aMeHSIOLIMX LIYMbI B UCXOIHOM CUCTEME
(2) mpu mepexoae K CUCTEMe IyTeit:

4 o= t@)+ oo, o) =%y O

dt

roe S aBasgeTcs PyHKIIMOHAJIOM NEHCTBUS:

foty

1
Sipu, (V) = 5 [ v'vdt.

)

)
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Taxkum ob6pa3om, riobGaabHbIE CBOMCTBA CUCTE-
MBI (2) OIMCHIBAIOTCS C IOMOIIBIO CHCTEMBI ITy-
teir (3), yIUTBIBaAs, IIPEXIe BCETO, BO3MOXHOCTh
OTKJIOHEHUI COCTOSTHUSI CHUCTEeMBI (2) OT HYII
B HAIPaBJEHUU TPAHUILIbI O SKCIUIyaTallMOHHOMN
obmactu D < O, (D — OTKpBITOE MHOXECTBO,
0, — obmacTb MPUTSKEHUsI ATTPAKTOPA, ) — CO-
CTOSTHME YCTOMYMBOrO paBHOBeCHS (aTTpaKkTop)
HeBO3MYIIIeHHOW cucTeMbl (1)).

Hnsa mHOoxecTBa D 1 cucteMHl (3) cripaBeIInBO
paBeHCTBO [14]

lime?In P{x € R"/D} = -minS, , (9,v), (5)
e—>0 ¢eDh 0

rae (GpyHKIIMOHAI S,O,,f((p,v) ornpeneseH COOTHO-
meHueM (4) Ha pelIeHUsIX YIIpaBJIsSIeMOi CUCTEMBbI
(3), nyg KoTopoil ykKasbIBaeTcsl ellle IpaHUYHOE
YCJIOBUE BBIXOJA B KPUTUUYECKOE COCTOSTHUE K MO-
MEHTY BPEMEHHU /.

y(t;) =Col(t;) € 0p, (6)

rone C — Marpuila MOJHOTO paHra.

BeposiTHOCTh B paBeHCTBE (5) MOXHO OLIEHUTh
yepe3 pellleHHde 3aJadyd ONTUMAaJIbHOIO YIIpaBJe-
Hus (3amava Jlarpanxa—IloHTpsiruHa): Ha pelie-
HUSIX CUCTEeMBI nyTel (3) MUHUMU3UPOBATh (PyHK-
LIMOHAJ JeUCcTBUS (4) IIpU TPAHUYHOM YCJIOBUU (6).

Pemenune 3amaun Jlarpanxa—IlonTparuna

Cayyaii 1MHeiiHoO# cucTeMbl. B TrHeliHOM ciiyyae

f(p) = Ao, o(p) =B

cuctema nyteit (3) UMeeT BU,

%<P=A<P+Bv, (%)) = 9. (7)
Cohopmynupyem nias Hee 3amady MUHUMMU3A-
LU KpUTEPHUS (4) B YCIOBUAX OrpaHUYEHU (6).
Pewrenue 3amauu (7), (4), (6) B dopme obpar-
HOI1 CBSI3M MOXHO IIOJIYUUTh MO aHAJOTMU C pa-
ootoii [15] ¢ yyeToM HeOONbIIONH MOAU(PUKALIUU:

v=-B"W'C'™M (CW¢ - y(ts)), ®)
rae
LW WA, W(t,) =1 ©)
df ) f s
£ M=-CWBB'W'C', M(1))=0. (10

Hnst naHHOM nuHelHoM 3agaun MaTpulibl W(f) u
M(?) MOXXHO TIpeICTaBUTh B aHAJIUTUYECKOM BUJIE:

W(t) = e,
M(7) = C(W(t)DW (1) - D)C,

(11)

rae Marpuna D sBaseTcs: peuieHreM ajareopanyde-
cKkoro ypaBHeHus JIsamyHoBa

AD +DA" -BB" =0. (12)
CootHowenue (11) nyst M(7) cienyeT U3 paBeHCTBa
t
- [ WBB'"W'drt =
tr

t
_ %WDWTdr = W()DW'(r) - D.
Iy

INocnenHee BBIpaxkeHWE MOXHO IIPOBEPUTD,
B3$IB IIPOU3BOIHYIO:
d d d
—WDW'=—W.-DW'+WD.-— W' =
dt dt dt
=-W(AD +DA")W' = -WBB"W".
MuHuManbHOEe 3HaYeHue (pyHKLUoHana (4) —
HOpMaJIM30BaHHBIN (DYHKIIMOHAI ACHCTBUS:

Sty = (CWo —y(1,))"™M ' (CWo - ¥(t/)) 13

[Tpumenum ynpasieHue (8) K cucrteme (7):
d
P Ao +Gy(t,), oty = @,
A, =A-GC'™M'CW,
G=BB"W'C'M".
Peumienue ypaBHeHus (14) omnpenensier ¢(7),
te [t(): tf]

(14)

t
o(t) = erct'g + [ e*a " IGy(t,)dr.
Ty
Pemienne maHHOW NTWMHENHON 3aJayM JAaeT aHa-
JIMTUYECKHE BhIpaKEeHU S IS yIipaBjaeHUs B hopMme
oOpaTHOW CBS3U, A8 NPOGUIS pa3BUTHUS KPUTHU-
yeckoil cutyaiuu (A-poduiib) 1 1151 MUHUMAab-
HOTO 3HAYeHUs KpUTEpUsI KadecTBa, a CJedoBa-
TEJIbHO, W AJIS OLIEHKU BEPOSATHOCTHU. YCJIOBHUE CY-
IIECTBOBAHMUS 3TOTO PEIIEHUS — YMNPaBISEMOCTD
napsl (A, B) 1 rypBUI1IeBOCTh MAaTPULIBI A.
OnuieM KpaTKO ajJropuTM OLEHKHM BEPOSITHO-
CTU HACTYIUICHUS peAKOro coObITUS Ha O6a3e Onu-
CAHHOTO pEIICHUS JUHEWHOU 3a1auu.

Aaroput™ 1 (JiMHeiHBIA coryvaif)

Iar 1. Pemuts ypaBHeHue (12) nas D.

Iar 2. Beruucauts W() u M(f) ¢ noMolibio
cooTHoueHuit (11).

IIar 3. BeIYMCIUTH yIIpaBJAeHUE V C UCIIOJIb30-
BaHUEM (8).

IIIar 4. IIpuMeHUTH yIpaBjeHHE V K CUCTEME
nyteit (7) u onpeneauts @(7).

Iar 5. Beruvcauth (yHKLUMOHAN OEUCTBUS
S, ;. 4epe3 (13) ¥ MONyYUTh BEPOATHOCTHYIO MEPY
us (5): In P*{x € R"/D} = &S, .
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[Iar 6. Ecnu BeKTOp X(f) COCTOSTHUSI CUCTEMBbI
(2) HaxOmUTCS B £-OKPECTHOCTU TOYKU @(f) cucTe-
MBI IyTeM, TO B ciyyae P* > p, Tae p — 3agaHHOE
MOPOroBO€ 3HAYeHME BEPOSITHOCTH HACTYILICHUS
PEIKOTO COOBITUS, TPUXOAUM K BBIBOMY, YTO pejl-
KO€ COOBITHE MPOU3OMIET.

Cayuaii HesmHeilinoi cucrembl. SDRE-Texnnka.
B HenuHeiiHOM cllyyae paccMaTpMBaeM CHUCTEMY
nyTteit (3), Koropyio npeacrasiaseM B SDC-dopme:

d
5= A(e)o +B(o)v, o()) = ¢y,

f(¢) = Al9)9, () = B(e).

Peirenue 3anauu (15), (4), (6) B popme oGpaTHOIM
CBSI3U, TOJyyeHHOe ¢ momolnblo SDRE-MeToma u
"3amMopaxkuBaHUS" KOI(DEOUIIMEHTOB, MMEET BUJ
ypaBHeHM (8)—(10), B KOTOpPBIX, CIIeAys] THIIOTE-
3¢ "3aMopoxeHHBIX" KoadduimeHtos [10], Vo(?),
t € [f, 1], o6o3Hauum A = A(9), B = B(g).

3ameTuM, 4TO AJs pacueta Marpuil W() u M()
MOHO MCIOJIb30BaTh aHAJUTUYECKHNE COOTHOIIE-
Hus (11), (12), KoTopble pacCYUTHIBAIOTCS MPU Te-
KYILIMX 3HAYEHUSIX BEKTOPA COCTOSIHUS OT TEKYIIIE-
rO BPEMEHU f 10 KOHEYHOTO BPEMEHHU 7, HA KaX[IOM
1Iare. YcjaoBue CYILECTBOBAHUS TOTO pellIEHUsT —
MoToYyeyHasl ymnpasiisieMocTh Taphbl (A(e), B(p)) u
TYPBUIIEBOCTH MaTPULbl A(Q) Vo(?), f € [f), 1.

Takum oOpa3oM, Iarv, MepeuyuciIeHHbIE HUXKE
B aJITOPUTME 2, TOJIKHBI ObITh BBITIOJTHEHBI [1J151 aHa-
JIN3a BEPOSITHOCTU OOJIBIINX YKJIOHEHUH B peKUME
peajabHOro BpeMeHu Ha ocHoBe MeToma SDRE.

(15)

Aaroput™ 2 (HesmHeiinblii caydaid, SDRE-Texnuka)

Ha xaxagoM BpeMEHHOM Iliare ImoBTOPUTH CJie-
IyIOLIWe 1Iar.

[lar 1. U3meputh @ u oueHUTH A(p) u B(p).

Iar 2. Pemuts ypaBHeHue (12) nias D.

[Mar 3. Boiuucauts W(f) u M(f) ¢ momolibio
cooTHowueHus (11).

Iar 4. Beruucnauts yrpabiieHue v o popmyie (8).

IIar 5. IIpyuMeHUTH yIIpaBiIeHUE V K CHUCTEME
nyTeit (15) u onpenenutsb @(?).

Iar 6. Bbpryucautb (GYHKLUMOHAN IEUCTBUS
S,ﬂ,/ U TOJly4UTb BEPOATHOCTHYIO MEPY M3 COOT-
HotiteHust (5): In P*{x e R"/D} = —¢ S,,,/.

Iar 7. Ecau BekTOp X(f) COCTOSIHUST CUCTEMBI
(2) HaxomUTCsT B £-OKPECTHOCTU TOYKM @(f) cucTe-
MBI IIyTel, TO B ciydae P* > p, roe p — 3agaHHOe
IOPOroBO€ 3HAYEHME BEPOSTHOCTU HACTYILICHMUS
pPeIKOro COOBITUSI, MIPUXOAUM K BBIBOAY, UTO pPel-
KO€ COOBITHE TPOU3OMILT.

DyHKIMOHA OEHCTBUS TaKXKe MOXHO OIIpe-
IeJUTh Ha OCHOBe BbIpaxkeHMs (13), HO HYXHO
MOHMMAaTh, YTO 3TO OyAeT CcyOOINTHMMAaJIbHOE pe-
lIeHUe, KOTOPOe He NaCT TOYHYIO BEPOSITHOCTHYIO
OLIEHKY, a MO3BOJIUT JUIIb KAYeCTBEHHO CYIUTH
0 NIPUOIMKEHUM K KPUTUYECKONM CUTYallUM.

Cayuaii nHenuneiiHoii cucrembl. ASRE-TexHuka.
Pemrenne 3agaun (15), (4), (6) metomom ASRE co-
CTOMT U3 HECKOJIbKMX 3TanoB. [lepBasi urepauus co-
CTOMT B pellieHuu 3aaa4u 0, onpeeseHHON B BUJE:

d(p(o)
dt
y¥(t;) =Co V(1) e 0,

f
St (V) = 1 [ (v)TvOdr - min,
5 2 1‘0 v
rie AV = A(gy), B” = B(g,).

3amaua (16) sBIsIeTCS JNMHEHHOM CTallMOHAp-
HOM, TaK KaK BCE apryMeHTBl MaTpUIl 3adaHbl 1
SIBJISTIOTCSI TIOCTOSIHHBIMHU. PellleHue aToil 3amauym
MIPUBEICHO BBIIIIE.

B oOmiem ciayvae aisg HEKOTOPOM MTepaluu k
3ajgaya GopMyaupyeTcs CIeayoluM oopa3om:

d

Eq’(k) — A©(1)e® + BO 1)y,

— A L BOYO),

(16)

17
S,V =5 J W) vWar, (17)

)

rie A1) = A(e“ (1), BY(1) =B(e“ P (1)).
ITo cyTu, (17) — 37O HecTallMOHApHAas JUHEHHAs
(*k=1) k=D
3agava (roe @ () u v& D@ — pemrernst 3amaun
Ha mare k — 1). Ee pemenue nmeet sug (8)—(10).
Pemras 3agauy k, momyuymm (p(k)(t) u V(k)(t), 1 e [f, 1.
3ameuyanme. HecrauuonapHas 3amada (17) MoxeT
OBITh pellieHa TaKKe C MOMOIBIO TIEPEXOIHON MaTpU-
LIbI cucTeMbl. [TpuMep MOXKHO YBUAETH B padoTte [9].
Htepauuu mpomoyxaloTcs A0 TeX MOp, IoKa
He OyJeT BBHIMOJHEHO YCJIOBUE cXOmuMocTu. Cxo-
JUMOCTh JOCTHUTAETCSl MyTeM 3aJaHus Tpedyemoil
HOPMBbI OLLIMOKU MEXIY MOCIeI0BaTeIbHOCTBIO pe-
LLIEHUA:

5=o® ) -0* )<

rae u > 0 — HekoTopasi KoHcTaHTa. B pabote [8(] Io-
Ka3aHo, YTO MOCJIe0BAaTeIbHOCTh PEUICHU N @ k)(t),
v(k)(t) CXOOUTCSA K PELICHUIO MUCXONHOW 3amadyu
(15), (4), (6) mpu ycnoBuu, uto A(p) 1 B(p) He-
MPEePLIBHBL MO JIMMIIIKUIY 110 CBOUM apryMeHTaM,
napa (A(e), B(@)) moToueyHo yrmpasiisieMa U Ma-
Tpulia A(e) — rypsuteBa Vo(?), f € [fy, 1.

Ha ocnoBe meroga ASRE MOXHO mpenjioXuTh
CJICAYIOIIMIA aJITOPUTM aHaJIM3a BEPOSTHOCTHU O0JIb-
IIKMX YKJIOHEHUI B PeXMME PeaibHOTO BPEMEHMU.

(18)

Anaropurm 3 (nenuneiinbiii caydaii, ASRE-TexHuka)

3amgath k=0 u na&)aMeTp CXOOUMOCTH L.
Ilar 1. 3agate A = A(gy), B? = B(g,). Pe-
WUTh 3ana4yy 0, UCnoab3ys aaroput™ l.
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Iar 2. Onpenenuts omnuoOKy & 1Mo dhopmyie (18).
Ecnu 8 > u, To mepeiTH K 1mary 2, nHaue npuHsThb
o) ~ (p(o)(t) v(?) ~ vO() u mepeiity K wary 6.

Ilar 3. Yeeanuuth k = k + 1, 3amats AX(),

B®(7) u pents 3amauy k, MCIOIb3yst E ? (10).

Illar 4. IlpumeHuTs ym aBJ‘[eHI/Ie vY(f) x cu-
creme (17) u ompenenuts ¢ (7).

Ilar 5. OnpenenuTh OMIMOKY & IO hopMyIIe (18)
Eciu § > p, TO mepeiiTit K wiary 3, nHaue @(f) ~ ¢ (),
v(t) =~ V0.

[IIar 6. Berumciauth (QyHKIMOHAN AEHCTBHUS
S, 1, W TIONy4UTh BEPOATHOCTHYIO MEPY U3 COOT-
Hoirenus (5): InP*{x e R"/D} = - ‘ZS, e

[llar 7. Ecniu BeKTOp X(f) COCTOSTHUS CUCTEMBI
(2) HaxOmMUTCS B £-OKPECTHOCTU TOYKM @(f) cucTte-
MBI IyTeM, TO B ciyyae P* > p, Tae p — 3aaHHOE
MOPOroBO€ 3HAYeHME BEPOSITHOCTY HACTYILICHUS
peaKoro coObITUS, MPUXOAUM K BBIBOMY, YTO pe.l-
KO€ COOBbITHE MPOU3OMIET.

AHa/in3a nepekJYeHus1 BO30YIHUMbIX PEKHMOB
monean PXH

Mogens ®XH mpencraBiseT co00il AByMEPHYIO
HEepononoOHy0 MOAeb OCUMJIISATOpA ¢ KyOuye-
CKOUM HEJIWHEHHOCTbIO, OAHON OBICTPON M OXHOM
MEIJICHHOI IlepeMeHHBIMU. JIBymMepHass MOIEb
®OXH siBnsieTcs pe3yIbTaToM YIIPOIICHUS YeThIPeX-
MepHoit Monenu XomxkkuHa—Xakenu [11, 16]. DTa
MOJEJIb MOXET UCITOIb30BaThCsl KaK JIJISI OIMMCaHMS
JIMHAMMKHM HEWPOHOB, TaK U B APYTUX CHUCTEMax,
B TOM 4YMKCJIE AJs OIMMCAHUS 3JICKTPOHHBIX CXEM
[17], cepmeyHOCOCYOIMCTBIX TKaHei [18] u Kauma-
tnaeckux cructeM [19]. Monens ®XH onuckiBaeTcst
ypaBHeHMSIMU B cienylomeit popme [1, 20]:

pii(t) = u(t) - “ (’)

O(f) = u(f) - bu(t) +a.

3mech # BOCIPOM3BONUT TpaHCMEMOpaHHBIN
MOTEHIIMAJI, a BOCCTaHABJIMBAIOIIAsl MIepeMeHHas
L — aKTHBAlLIMIO MCXOASIIEero Toka (OyaeM Tak:ke
Ha3bIBaTh UX aKTUBAaTOPOM M MHIUOUTOPOM COOT-
BETCTBEHHO); A — MaJIblii ITapaMeTp, XapaKTepusy-
€T pa3HOTEMIIOBOCTh IIEPEMEHHBIX;, d, b — TOCTO-
STHHBIC TTapaMeTPhl CUCTEMHBI.

B yactHOM ciygae npu b = 0 mapameTp a SIBISI-
€TCSI IIOPOTOBBIM ITapaMeTPOM CHUCTEMBbI. 3HAUYCHU-
M |a| > 1 cOOTBETCTBYET BO30OYIMMBII PEXUM, TIPU
KOTOpOM TPACKTOPUU CUCTEMBI CTPEMSITCS K TOUKE
(—a; a’/3 — a), a 3HaueHusM |a| < 1 — aBTOKOIE6A-
TeabHasl fuHamMuKka (puc. 1, a, cM. BTOPyIO CTOPO-
HY OOJIOXKKH, Ile LITPUXOBOM JIMHUENH 00O03HAYeH
BO30OYIMMBIN peXXWM, a CTUIOIIHON JIMHUEH — KO-
nebarenbHbI pexkuM) [1, 20]. Bo Bropom ciyuae
HEWpPOH MCIYCKaeT CHaiKW, T. €. aBTOKOJeOaHUs

(criolrHast TMHMSA), TOTAA KaK B TIEPBOM cllydyae OH
HAXOIUTCS B TMOKOE, T. €. KOJeOaHUsI OTCYTCTBYIOT
(puc. 1, 6, cM. BTOpPYIO CTOPOHY OOJIOXXKHN — IITPHU-
XOBasl IMHUS).

OCHOBHOI1 UHTEpPEC COCTOUT B TOM, YTOOHI OT-
ClIeXMBaTh BO3MOXHYIO TeHEpalMio KojebaHWM
CHCTEMBI l'IpI/I HaxXOXJIeHU! B YCTOMUYUBOM COCTO-
UM (—a; @°/3 — a) NS pa3IMYHBIX 3HAYCHUIT
nmapamerpa a (B ToM uucie s |a| > 1) mom aeii-
CTBHEM CTOXaCTUYECKOTO BO3MYIIICHUS.

PaccmoTpumM cTroxacTrueckoe BO3MYIIEHUE Ofi-
HOMEPHBIM BUHEPOBCKMM mpoleccoM Moneau (19):

Mii(t) = u(t) - @

o(f) = u(t) — bo(t) + a.

—u(t) + ew(?),

Paccmorpum cirydaii 1, korna |a| < 1, u cucrema
HAXOIUTCs B TOUKE YCTOMYMBOro paBHoBecus. Ilpu
5TOM CJIy4yailHble BO3MYIIEHUS BBIBOAST CHUCTEMY
13 00JIaCTU MPUTSIKEHUST aTTPaKTOpa U IPUBOAST
MEepEeMEHHYI0 COCTOSIHUS u(f) K aMIIMTyIHOMY
3HAYCHUIO PEXMMa aBTOKONIeOaHMit Y(f) 3a Bpems
tz L5l mepBoro mpumepa, onupasch Ha puc. 1, 6
(CM. BTOPYIO CTOPOHY 00J0XKH), mpuMeM a = 0,2,
tr= 25, y(tp) = 2, » = 0,1. PeagynpraTbl Mozme/u-
pOBaHUSI CUCTEMbI MyTei MOKa3aHbl Ha pUC. 2, a
(cM. BTOpYIO CTOpPOHY o00J0XKHW). s Merona
ASRE 0b1J10 BBINTOJHEHO MSTh UTEpPALMii, TPAEKTO-
puu cucTeMbl myTeit s 3agad 0, 2 u 4 noka3zaHbl
Ha puc. 2, a, COOTBETCTBEHHO B BuJe KpuUBbIX PO,
P2, P4. Tpaektopusi BbIXOJa Ha aBTOKOJeOaHUS
mis1 merona SDRE mokazaHa CHHER CILIOIIHOM
JquHuein. BugHo, yto npu ¢ > 2,083 HauuMHaeTcsa
CTPEMUTENIbHBII POCT aMILJIMTYIbl C BHIXOJOM Ha
KpuTudyeckoe 3HadyeHue. [IpomaciurabupoBaHHOE
3HaYeHUe (YHKIIMOHAIA ACCTBUS IJIs1 YKa3aHHO-
ro mpumepa Ioka3aHo Ha puc. 2, 6 (CM. BTOpPYIO
CTOpPOHY 00JI0KKM). M3 pe3ynbraTtoB BUAHO, UYTO
MmeTonabl SDRE u ASRE natoT cxoxuii pe3ybTar.

TpaexToputo myTH ¢*(f), ONTUMAIBLHOIO B CMbIC-
Je (4) BbIXOAa Ha aMIUIUTYAy AaBTOKOJeOaHUM,
MOXHO COIIOCTaBUTb CO CBOOOIHBIM JBUXXEHUEM
CHUCTEMBI: 3TO ITOKa3aHO Ha PUC. 3 (CM. TPEThIO CTO-
POHY OOJIOXKKH), TA€ LITPUXOBOW JUHUEH BhIACICH
myTh ¢*(f) — onTUMaJIbHAasg TPaeKTOPHUS BbIXOAa Ha
peXMM aBTOKOJIeOaHMIA.

PaccMoTtpuMm ciyyvaii 2, koraalal > 1, I/ICI/ICTeMa @D
MMEET TOYKY YCTOMUMBOIO paBHOBeCUS (—a; a /3 —a).
IIpu 5TOM cily4yaiiHble BO3MYILUEHUS BBHIBOIASIT CU-
CcTeMy M3 00JacTU MPUTSKEHUS 3TOTO aTrTpakTo-
pa M IpUBOAAT aKTUBATOp u(f) K aMILUIUTYIHOMY
3HAYEHUIO pexXMMa aBTOKojebaHuil y(f) 3a Bpems
ty. llpumem a = 2,2, t,= 2.5, y(t) = 2, A = 0,1. Pe-
3yJbTaThl MOAEJMPOBAHMUS CUCTEMBI ITyTEil ITOKa-
3aHbl HA puc. 4, a (CM. TPEThIO CTOPOHY OOJIO0XKKMN),
MpOoMacIITaOMpOBaHHbIE 3HAYEHUS (PYHKIIMOHAJIA
JIeiicTBus — Ha puc. 4, 6 (CM. TPETbIO CTOPOHY 00-
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JoXKK). B maHHOM ciiyyae yke BTOpasi uTepauus
metona ASRE mokasana HeymaoBieTBOPUTEIbHBIM
pe3yabTaT. DTo 00YCJIOBJIEHO TeM, UTO Ha JaHHOM
UTepaluK He ObLIO BHITTOJHEHO YCJIOBHUE T'ypBUIIE-
BOCTU MaTpulibl A(@) Vo(?), f € [f), 1.

[Ip1 yMeHblIIEHUU TPeOyeMOro BPeMEHM BbIXO-
la B pexuM Bo3OyaumocTu 1o 4, = 0,5 (cayyait 3)
meton ASRE coxpaHui cBoi CXOAMMOCTb, OBILIO
BBITIOJTHEHO 1IECTh UTepaluii. KBasunoreHmagb-
Hasl 9KCcTpeMasib 1 QYHKIIMOHA ACUCTBUS A 3a-
maun 0, 4 m 5 mokazaHbl Ha puC. 5 (CM. TPETHIO
CTOPOHY OOJIOXKKM), COOTBETCTBEHHO, KPWUBBIMU
PO, P4, P5. Bunno, uto peireHus Metomamu ASRE
u SDRE paznuuaiorcs. Poct BepoTHOCTU BbIxoma
Ha BO30OYIUMBIN pexXuM A 3amadyu PS5 Habmona-
eTcss ¢ MoMmeHTa ¢ > 0,15, Torma Kak mjisi MeToma
SDRE poct BeposiTHOCTH HaunHaeTcs ¢ ¢ > (0,25,

3ameuanue. HeynauHolii mpuMep 2 151 METO-
na ASRE nmeMoHcTpupyeT orpaHuyeHusI METO.a,
XOT$ TIOIOOHASI CUTYalLMsI MOXET CKJIaAbIBaThCsS U
nist SDRE-Merona B Xxoie pac4eToB Ha HEKOTOPOM
BPEMEHHOM 111are, TTOCKOJIbKY Ba’KHBIM acleKTOM
npuMeHeHnS SDC-MeTomoB SIBISIETCSI HEOOXOMM-
MOCTb 00€CTIeUUTh ONpeAeIeHHOE TTPeACTaBICHNE
IJIST ITMHAMUKA B (hOpME CHUCTEMBI C MaTpUIlaMu,
3aBUCSIIMMHU OT COCTOSTHUS. DTy 3a7a4y IPUHSITO
Ha3bIBaTh 3a7avyell mapaMeTpu3aluu uin (pakTo-
pU3aluK CUCTEMBI (CM., HaripuMmep, [9]). [eiicTBu-
TeJIbHO, MOXXHO ObIJIO ObI OKUIATh, YTO PA3IUYHbBIC
SDC-Marpuiipl IpUBOASIT K OTHOMY M TOMY e
pe3ysibTaTy, HO Ha NMpakTukKe 3To He Tak. Kpome
TOr0, MWCIIOJIb30BAaHME PaA3HBIX TMPEICTaBICHUMN
st SDC-Marpull faet pa3Hble pe3yabTaThl B TEP-
MWHaX TpaeKTOPUU CHUCTEMbl U (yHKIIMOHAJa
KayecTna.

JaHHBIN pe3yabTaT HaTaJKWMBAeT Ha MbICIb O
TOM, YTO MOXHO MOAUGULIMPOBATH MPEAJTOXKEHHBIC
asroput™bl. [lo aHajgorum ¢ JUHEHHBIM Clydyaem
MO>HO MPEATNoJOXUTh, YTO YCIOBUE, KOTOPOE Tpe-
OyeTcsl ISl TIpeACTaBJCHHBIX PellIeHWI MeToaaMu
SDRE u ASRE, — ato ynpapasgemocTb napsl (A(g),
B(p)) u rypBuueBoctb marpuilbl A(e). Iloatomy
SDC-MaTpuiibl TOJKHBI BBEIOMPATHCS TaK, YTOOBI
9TU YCJOBUS BBHITIOIHSIIWCH. [Ipy 3TOM KenaTenb-
HO BBIOpaTh (paKTOpU3alunio, KOTOpash obecreyu-
BaeT MAKCMMAJIbHYIO YIPaBISIEMOCTb, MOCKOJBKY
C 3TUM CTPOroO CBSI3aHa MPOM3BOAUTENBHOCTh pe-
weHus. [loBbilleHHAsT yMpaBIsieMOCTh MPUBOIUT
K CHUXXEHWIO YCWJIMH YINpaBJeHUS W, BEPOSITHO,
K CHUXEHHUIO 3aTpaT BO3MYIICHWI. YUYMTHIBas
HEeJIMHENHYI0 NMHAMUKY, BBIOOp MaTpuilbl A(g),
3aBUCSIIEH OT COCTOSIHUS, SIBJISIETCSI CTEIEHBIO
CcBOOO/IbI, KOTOPYIO MOXKHO UCIIOJb30BaTh JIsI
o0ecreyeHusl HAaMJIYUIlIuX XapaKTepUCTHUK C TOUKHU
3pEHUS CXOAMMOCTHU aJrOPUTMAa M YCUJIUS yIpaB-
neHus. BausiHue crnoco6oB (pakTopusalnu Ha pe-
3yJIbTaThl aHaaM3a OOJIbIIMX YKJIOHEHUN SIBJISIETCS
MpeaMeTOM JaJIbHEWIIMX UCCIeI0BaHUMA.

3akioyenue

B cratbe mpemioxkeH MeTom aHajau3a OOJBIIMX
YKJIOHCHUI, OCHOBAHHBII HA PELICHUM 3a0a4U OIl-
TUMaJibHOro yrpaieHus Jlarpanxa—IlonTpsaruna
IUJISI HeJIMHEMHBIX cUcTeM Ha ocHoBe SDC-noaxona.
B pabote ncnonn3yoTes ABa HauboJjee pacupocTpa-
HeHHBIX U 3P dekTuBHbIX MeTona SDRE u ASRE.
IIpenoxeHHBIH CIOco0 aHanm3a OOJBIIMX YKJIO-
HEHMI ITO3BOJISIET MOJIYYUTh pelleHre B hopMe 00-
paTHOI1 CBSI3U MO COCTOSIHUIO, YTO YIPOIAeT pelle-
Hue 3amauu JlarpaHxa—IloHTpsATMHA, MOCKOJBKY
HUCKJII0YAeT HEOOXOOMMOCTh BBIYMCACHUS T'paHWY-
HBIX 3HAYEHUM IJISI COIIPSIKEHHBIX II€PEMEHHBIX.
IIpenmnonaraercs, YTo 3Ta 0COOEHHOCTb MOXKET OBITh
HCIOJIb30BaHa MpHU PelIeHUH 3aJa4 J0JITOCPOUYHOTO
IIPOTrHO3a BO3HUMKHOBEHUSI KPUTUUYECKUX CUTYaLIUi
Ha OCHOBE aHaJn3a 0OJIbLIMX OTKJIOHESHUIA.
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Abstract

In this article, we consider the development of numerical methods of large deviations analysis for rare events in nonlinear stochastic
systems. The large deviations of the controlled process from a certain stable state are the basis for predicting the occurrence of a criti-
cal situation (a rare event). The rare event forecasting problem is reduced to the Lagrange-Pontryagin optimal control problem. The
presented approach for solving the Lagrange-Pontryagin problem differs from the approach used earlier for linear systems in that it
uses feedback control. In the nonlinear case, approximate methods based on the representation of the system model in the state-space
Jorm with state-dependent coefficients (SDC) matrixes are used: the state-dependent Riccati equation (SDRE) and the asymptotic
sequence of Riccati equations (ASRE). The considered optimal control problem allow us to obtain a numerical-analytical solution that
is convenient for real-time implementation. Based on the developed methods of large deviations analysis, algorithms for estimating the
probability of occurrence of a rare event in a dynamical system are presented. The numerical applicability of the developed methods
is shown by the example of the Fitz Hugh- Nagumo model for the analysis of switching between excitable modes. The simulation results
revealed an additional problem related to the so-called parameterization problem of the SDC matrices. Since the use of different rep-
resentations for SDC matrices gives different results in terms of the system trajectory, the choice of matrices is proposed to be carried
out at each algorithm iteration so as to provide conditions for the solvability of the Lagrange-Pontryagin problem.

Keywords: large deviations, rare event, nonlinear system, optimal control, state-dependent coefficient, FitzHugh-

Nagumo model
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BMpTyaﬂbele AaT4YuKu B 3afade CbYHKLWIOHa.HbHOFO AnarHocTnpoBaHus

mamol UAAIOCMPUPYIOMCS NRPUMEDOM.

dameau, udenmupuxayus

Paccmampusaemcesn 3ad0aua nocmpoenus eupmyaibHolX 0AMYUKOE 6 MEeXHUYEeCKUX CUCMeMaX, ONUCHIBACMbIX AUHCUHbIMU
Modenamu, 043 peuleHus 3a0ay YHKUUOHAAbHO20 duaeHocmuposanus. Ilpueodamces coomHouwenus, no3604a0UUE NOCMPO-
Umv 0am4yuUK MUHUMAALHOU CAONCHOCMU, OUCHUBAIOWUL 3A0AHHYI0 KOMNOHEeHmY eeKkmopa cocmoanus. Teopemuueckue pe3ynv-

Karwuesoie caosa: auneiinvie cucmemot, degpekmol, yHKYUOHAAbHOE OUACHOCMUPOBAHUE, BUPMYAAbHble 0AMYUKU, HA0AI0-

BBenenue

dyHkuuoHanbHoe auarHoctupoBanue (P1)
SIBJISIETCS OOHUM M3 MOIIHBIX CPEICTB IOBBILIE-
HUS1 3(P@PEKTUBHOCTU HSKCIJIyaTallMM CIOXHBIX
TEeXHUYECKUX CHUCTEM, OHO ITO3BOJISIET IIPOBOIUTH
MPOBEPKY MPaBUILHOCTA (PYHKIIMOHUPOBAHUS
CHUCTEMBI B IIPOLIECCE BHIMOJHEHUS €10 CBOMX OC-
HOBHBIX (DYHKIIMI ¥ ONepaTUBHO IOCTABISTh UH-
¢dopMaliio O BO3HUKAIOUIMX cOOSIX U AedeKkTax
[1, 2]. OpHUM M3 CYLIECTBEHHBIX IPENsITCTBUM
Ha yTH 3P deKTUBHON peanuzanun MetogoB D]
SIBJISIETCS HEIOCTAaTOUHOE YMCJIO AATYMKOB, KO-
TOpPBIMU OCHAIllEHAa OMAarHOCTHpyeMas CHCTeMa.
HesddeKTUBHOCTh 3THUX METOAOB 311€Ch MOXET
MPOSIBUTHCS KAaK B 3HAYUTEIbHOM CIIOXHOCTU T10-
CTPOCHHBIX CPEACTB AUATHOCTUPOBAHMS, TaK U
B HEBO3MOXHOCTHU JIOKAJAM3aLUU U UACHTU(PUKA-
UK Ae(PEeKTOB, YTO HE ITO3BOJIUT MOJYUYUTh pellie-
HUe 3adayd oO0eCIleYeHUSI OTKAa30yCTOMYMBOCTU
CHUCTEMBI.

ITpocTeiiiinM BBIXOAOM U3 3TOH CUTYyallUU SIB-
JISIETCSI MCHOJIb30BaHME NOMOJHUTEIbHBIX TaT4Yu-
KOB, YTO IPUBOAUT K JOIOJHUTEIBHBIM 3aTpaTaM
M He BCerga pealusdyeMo Ha nmpakTuke. K Tomy xe
JATUMKU SIBJISIOTCS OMHUMU M3 HaMEHee HaJex-
HBIX DJIEMEHTOB CUCTEMBL.

Bbosnee pocThIM 1 UBSIIHBIM CIOCOOOM SIBJISI-
€TCSl MCIOJIb30BaHMe TaK HAa3bIBA€MbIX BUPTYallb-
HBIX JATYUKOB [3, 4], KOTOpbIE CTPOSTCS HA OCHO-
Be HaOmopareneit JlroeHoeprepa u B padotax [3, 4]
MMEIOT pa3MepPHOCTh, COBITAAAIONIYIO C Pa3MEPHO-
CTBbIO MCXOOHOW cucTeMbl. B HacTosIel paboTte
CTaBUTCS M pelIaeTcsl 3aJada MOCTPOSCHUS BUPTY-
aJIbHBIX JATYMKOB MMHHMAaJIbHON pa3MEepHOCTH,
OLICHMBAIOLIMX 3aJaHHbIE KOMIIOHEHTBI BEKTOpA
COCTOSIHUSI 00BbEKTA JUATrHOCTUPOBAHUS.

1. OcHOoBHBIE COOTHOIICHUS

IIpennonaraercst, YTO AMArHOCTUpyeMasl CHU-
cTeMa OMNMCHIBAaeTCsSl YpaBHEHUSIMU

x(t) = Fx(t) + Gu(t) + Lp(?), L1
y(t) = Hx(t) + DA (). (LD
3nech x(f) € R", u(f) € R" u y(f) ¢ R' — Bex-
TOPBI COCTOSTHUSI, YIIPaBJICHUS M BBIXoHa (IToKa3a-
HUS UMEIOIINXCs JatyukoB), F, G, L, Hu D — u3-
BECTHBIC MATPUIIBI COOTBETCTBYIOLIMX Pa3MepPOB;
dyukuusa d(f) orpaxaer medeKTbl B HEKOTOPOM
JaTyukKe, Opu UX orcyrcrBuu d(f) = 0, mpu mo-
siBJieHUU AedeKTOB d(f) CTAaHOBUTCS HEM3BECTHOM
¢bynkuueit BpemeHu; ciaraemoe Lp(f) onmuchiBaeT
JEeCTBY1OlIEe HA CUCTEMY BO3MYlleHue; p(f) mpe-
IoJIaraeTCsl HEU3BECTHOM (PYHKIIMEN BPEeMEHU.
PaccmoTpum cutyaluio, korjaa 3ajgadya uaeHTHU-
¢dukanum nmedekra, T. €. oueHKM PyHKUUU d(7),
HEe MOXET ObIThb pellleHa u3-3a HEeJ0CTaTOYHOIo
Yyucja MMEIOLIUXCS NaTYMKOB, a MCITOJb30BaHUE
JIOIOJTHUTEIbHBIX JaTYNKOB HEBO3MOXHO MJIM HeE-
LejaecoodbpasHo 1o psay npuuyuH. Tpebyercs mo-
CTPOUTH BUPTYAJbHBIM JATUYMK IJIS1 MEPEMEHHOM
»,() = Hx(f) c usBecTHOi MaTpulei-cTpokoii H;
croco0 ee omnpenesieHus: MpUBeAeH B pazjaeie 4.
PemieHnue paccmarpuBaeMoil 3amayM  COCTO-
WUT B MOCTPOEHUU HaOJIoAaTeN s, OLIEHUBAIOIIETrO
MEpEMEHHYI0 Y, (f) U, TAKUM 0Opa3oM, BBIMOJTHSI-
o1ero (PyHKIMIO BUPTYaJabHOrO AaTuymka. Takoit
HaOJIo1aTeNb JOJIKEH 00J1a1aTh IByMS CBOMCTBA-
Mu. Bo-nepBbIX, 1y o0ecneyeHUsl ero yCTonuu-
BOCTU OH JIOJI)K€H OLIEHMBaTh HEKOTOPYIO KOMIIO-
HEHTY BeKTOpa BbIXxoAa y«(f) = H.x,(f), koTopas
npu D=0, L =0 u mocjae oKOHYaHUS IIePEXOTHO-
ro mpoliecca omnpeaensieTcss Mmarpuleil R B BUJIE
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y«(f) = Ry(¥), nns hopMupoBaHUs HEBSI3KU r(f) =
= R(f) — y«(9); 3aech x,(f) — BEKTOpP COCTOSIHUSI
Habntonarensi. KomnoHeHTa y«(f) 1 3Ta mMarpuia
HEU3BECTHBI, OHM ONPEIESIIOTCS B Mpoliecce pe-
LLIEHKWSI OCHOBHOI 3amayu. Bo-BTopbix, HabI0Ma-
TeJb MOJIKeH OLIEHWBATh 3alaHHYIO TIEPEeMEHHYIO
y,() = Hx(t). lnga pelieHus 3anayv BBEIEM CO-

CTaBHYIO Marpuuy H, =
ae, uto D = 0. v
YpaBHEeHUE UCKOMOTO HabI0aaTe sl UMEET BU

n IIpyuMEM BHayda-

x,(t) = Fx, (1) + J+yo () + Gsu(t) + J ,r(2);
y:(1) = Hax,(1);
yv(t) = H*vxv(t)+Qy(t)9

(1.2)

rne Fs, J«, J,, G+, Hi, Hv,, QO — MaTpulibl, NIOMJIE-
Kalllye onpeaeaeHnIo,

H
yo(t) = Hox(r) = [ . ]x(t) - ( ol j

y, ()

Pelienue 3agauu OCYILIECTBJISAETCA B IBA OTaria.:
Ha IICPBOM CTPOUTCA MOACIb

X, () = FEx,(t) + J.yo (1) + Gau(t);

1.3
ye(t) = Hox, (1) = Ry(t) (-3

C MOCJIEAYIOLIC ITPOBEPKOMA BO3MOXHOCTU BbI-
MOJHEHUSI paBEHCTBA
yo(1) = Hayx, (1) + Oy(2), (1.4)

Ha BTOPOM H1LETCA MaTpula J,, obecrneuynBaronas
YCTOMUYMBOCTh HaOIIOmATEN .

2. ITocTpoenune Monen

HJ’IH IIOJIYYCHUA pCIICHUA Ha IICPBOM 3TaIlc
MaTpUIlbl F.u H. NIYyTCA B KAHOHMNYCCKOM BMC

0 1 0 0
0 0 1 0
F. = 1
000 N 0 2.1
00 0 - 0

Ho=(1 0 0 - 0).

MzsecTtHO [5], uTo ecnm mapa (F., H.) HaOmI0-
JaeMa, Takoe MpeacTaBlIeHue CylIeCTBYeT; B MPO-
TUBHOM ciiydyae moaenb (1.3) MOXKHO MpeacTaBuTh

B KaHOHHMYecKoi ¢opme HabiomaeMocTu [5] u
TakXe uckath MaTpunbl F« u H. B Buge (2.1).

Kak u npu pewrennu 3amauu DJI, npeamona-
raeTcsl, 4TO ITOCJIe OKOHYAHMSI TIEPEXOTHOTO IIPO-
Lecca BEKTOPHI X(f) M x,(f) cBA3aHBl MaTpuulei @,
Mo JieXxalieil onpeaeaeHuIo;

x, (1) = ©x(7).

M3 (1.1) u (1.3) Torna MOXXHO MOJYYUTh ypaB-
HEHUS, CBSI3bIBAIOLIME MaTpUIbl, ONMMCHIBAIOIINE
3TU CUCTEMBI [6, 7]:

R*H = H*CD, (DF = F*q) + J*Ho, G* = (DG (22)

N3 (1.3), (2.1) u (2.2) MOXHO MOAYYUTDH CIEAY-
folye ypaBHeHus [6, 7]:

R*H = (D], (I)[F = (D[-Jr] +J*[~H0, l = 1,...,k

1
 (2.3)
(DkF = JkHO‘

Kaxk moxa3zano B paborax [6, 7], ypaBHeHUS
(2.3) MOTYT OBITH CBEJICHBI B OIHO YpaBHEHHE

R.HF* = J. HyF*' + J,, HyF*2 +
+...+Jy H,.

3amnuiireM ero B BHNJIC

(Re —Juy ... =Jup VO =0, (2.4)
rac
HF*
yo _| HoF*h|
H,

B pa6Gotax [6, 7] moka3zaHo, 4YTO I oOecrede-
HUSI HEYYBCTBUTEJILHOCTU K BO3MYILIEHUIO CTPOKA

(Re -J+ ... =J+;) IHONXKHA YAOBJIETBOPATb [O-
MOJTHUTEJIbHOMY YCJIOBUIO
(Re —Juy ... =Jup)LP =0,
rae
HL HFL HF'L
10 0 H,L H,F*2L
0 0o .. 0
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[TocnenHee ypaBHeHUE U ypaBHEeHHE (2.4) MOX-
HO 3amucaTh BMECTE:

(Re —Juy ... o)V O LOYy—0; (2.5

MOJIyYEHHOE YpaBHEHME HMeEeT HeTpPHUBHAJIbHOE
pellieHue, eciau

rank(V® L0y <1+ + k. (2.6)

dng mocTpoeHust Moneau u3 yciuoBus (2.6)
orpeneasieTcss MUHUMAalbHasl pa3MEPHOCTb kK U U3
ypaBHeHUs (2.5) — crtpoka (R« —J« ... =Jx),
3aTéM Ha OCHOBE COOTHOIIeHU# (2.2) cTpouTcs
MaTpuua ® U MpoBEpseTCs BBLINIOJHEHUE paBeH-
ctBa (1.4). s 3TOro mpeacTaBUM €Tro B BUJE

H x(t) = H«,®x(t) + QHx(?),

YTO OKBUBAJCHTHO PaBCHCTBY

H,=H.®+0H =(H-, Q)[Zj. 2.7
Eciu

)
H |,
H

TO MaTpulia-cTpoka H, BbIpaxkaeTcsl yepe3 MaTpu-

rank(q)] = rank 2.8)
H

v

uy {2), U MOCTPOEHHAasl MOJeIb OLEHWBAET 3a-
JaHHYK KOMIOHEHTY y, = H x; Marpuusl H:, 1
Q ompenenasitoTcs U3 aaredpanyeckoro ypaBHeHU S
(2.7). Ecnu (2.8) He BBIMOJHSETCS, HY>XKHO HAWTU
Jpyroe peuieHue ypaBHeHUS (2.5) Mpu MpexHen
WX YBEJIMUYECHHON pa3MepHOCTH K.

IIpenmnonaras, yto yciaoBue (2.8) BBITTOJHSIETCS,
npuMmeM G« = ®G, HA YeM 3aKaHYMBAETCS IPOILe-

Aypa noCTpo€HMUA MOIACIIN.

3. IocTpoenne HADIIOAATEISA

JUIs MOCTpOeHUsI MaTtpulsl J,, obecreunBalo-
el yCTOMYMBOCTh HaOdtoAaTen s, NpoBeaeM psij
TOXIECTBEHHBIX MPeoOpa30BaHUl TIEPBOTO ypaB-
HeHus (1.2):

X, (1) = Fx, (1) + L.y (1) + Geu(t) + J ,r(2) =
= Fx,(t) + J«yo (1) + Gau(t) + J ,(Rey(2) — y«(2)) =
=(F —J H)x, () + Sy (t) + Geu(t) + J , R y(2).

JIng aHanauW3a YCTOMYMBOCTU BBEIEM OIIMOKY
10 COCTOSIHUIO e(f) = ®x(f) — x,(f) U C yU4ETOM CO-
otHomeHui (1.1), (1.2) u (2.2) 3anuiiemM u nMpeoo-
pa3yeM ypaBHeHUe OJIsT é(?):

é(t) = © Fx(t) + ® Gu(t) — Fox, (1) -
~ Joy(t) = Gata(t) ~ I, (Rey (1) - ya(0)) =
= F.ox(t) - Fx,(t) - J ,RHx(t) + J ,H:x (1) =
= Fox(f) - J H.Ox(t) — Fx, (1) + J , H.x, (1) =
=(F - J H)Ox(t) - (F = J ,H:)x,(t) =
=(F—J, He(t).

M3 nony4yeHHOro BBIpaxK€HUS SICHO, UTO €CIIHU
Marpuua (Fx — J H.) ycroituusa, 1o e(f) - 0 npu
t — o. MI3BecTHO, yTO ecnu napa (F., H.) HaOm10-
Jaema, TO CYyLIeCTBYeT Takasi Marpuua J,, 4To
(F« — J,H:) ycroitunBa. N3 coorHoweHus (2.1)
C OYEBHUAHOCTBHIO ClIEAYyeT HAOJII0AAeMOCTh Iaphbl
(F+, H«) u, cienoBaTelIbHO, CYIIeCTBOBaHUE MaT-
pulbl J,, obecneynBarolleil ycToiiuMBOCTh MaTPU-
ubl (F — J H).

bynem uckare J, B Buge J, =(a; a, ... a;)".
Torna
0 1 0 0
0 0 1 0
FE-JH.=0 0 0 1 0|-
0 0 O 0
-a 1 0 0
-a, 0 1 0
-J,0 00 0)=|-a; 0 0 1 O
—a, 0 0 - 0

Kosdduuumentsl a, a,, .., a; cBI3aHbl C COO-
CTBEHHBIMU YUCIAMU Ay, Ay, ..., Ay MATpULIbl Fx — J H.
M3BECTHBIMM COOTHOLLEHUSIMU:

al = —(7\.1 + 7\.2 +...+7\.k),
02 = }\.17\.2 +}\.17\.3...+ A‘k*l}\‘k’
=(—1)k7\.17\.2...7\.k.

’ak:

Ucxonst u3 3agaHHbIX TPeOOBAaHMUHN K KaueCTBY
MEPEXOIHOTO MPOLIECCa MOXHO 3aAaTh COOCTBEH-
HBIC YUCIA A, Ay, ..., Ay U OIIPEAETUTH KOBPPUIIU-
€HTHI 4y, a,, ..., Q.

OTMeTuM, 4YTO u3-3a HAJUYMUS CJIaraeMoro
J:yo(*) B Momenu (1.3) MoxeT mosiBUThbCSI oOpaTHast
CBSI3b MO MEPEMEHHON y (1) = H«x,(f) + Oy(?), uTO
MpuBeAeT K MaTpulie F«, OTIMYHONW OT KAHOHUYE-

300

MexaTpoHnKa, aBTOMaTH3aMusd, ynpasjienue, Tom 22, Ne 6, 2021



ckoro Buja (2.1). B atom ciydae BbIOOp KO3 DuULIM-
€HTOB 4, 4y, ..., (; JOJIXKEH ObITb OCYLIECTBJIEH TaK,
4yTOOBI COOCTBEHHBIE uuciaa Marpuusl Fi — J H.
YAOBJIETBOPSIIX ~ TPEeOOBAHUIO  YCTOMYMBOCTH.
Cnenarb 3TO MOXHO, BbIpa3uB B 0011eM Bue cCO0O-
CTBEHHbIC yuciaa marpuusl Fi — J H. yepe3 Ko-
apdunmentsl a;, a,, ..., a;, 3a4aB YUCIA A, Ay, ...,
Ay ¥l HAWIS1 U3 TTOJIYYEHHBIX YPAaBHEHUI MCKOMBIE
KO3 PUITUEHTHI.

4. Onpenenenue maTpuusl H,

Bun wmarpuusl H, omnpenensiercss peniaeMoit
IMarHOCTUUYECKOM 3amaueil. B kauecTBe mpume-
pa paccMOTpUM 3adadyy MaeHTU(GUKauum nedexra
B cucteme (1.1) mpu D # 0, T. e. oLleHKU (YHKIUU
d(f). Omyckas metanu pelieHus (MX MOXHO HalTHu
B paborte [6]), OTMETHM TOJIBKO, YTO BHaUajie CTPO-
WUTCSI MOJIe/Ib, HEUYBCTBUTEJIbHAS K BO3MYIIEHUIO:

X (1) = Foxo (1) + Joy(1) + Gou(t);
Yo(?) = Hoxy(1) = Ryy(1),

nogo6Has (1.3), Ha OCHOBEe KOTOpOIi Jajiee CTPo-
WUTCSI CKOJB3SAIINI HAOII0IaTe b,

Oco0OeHHOCTD 3amauu UAeHTUGUKALUK aeheKTa
B JIaTYMKAaX COCTOUT B TOM, YTO IJISI peaau3aiuu
CKOJIB3SIIIIETO PeXMMa JOJIXKHO BHITIOJHSITBCS YCIIO-
Bue R,D = 0. lsis1 ero yyeta BBOOUTCI MaTpuLa DY
MAaKCUMAJIBHOTO paHra Takas, 4To DD = 0, Torma
Ry = SD° st HekoTopoit Matpulisl S. U3BecTHO [6],
4yTO MaTpuubl S U J, ONpenensitoTcs U3 ypaBHEHUS

S -Jy ~Jo) VP D=0 @1)
noao6Horo (2.4), roe
D HF*
H
D°HL DHFL D HF*'L
ph_| 0 HL HF*2L
0 .
0 0 0

OHO uMeeT HeTpUBHAJIbHOE pelleHue, eClIn

rank(V{®  D{F) < I(k +1) - 1. (4.2)

HeBreimonHeHWe 3TOTO YCJIOBUS NpU BeeX k < n
MOXET OBITH 0OYCIOBJIEHO HAJIMYUEM KaK TpeboBa-
Husa RyD = 0, Tak u TpeOOBaHUS HEUYBCTBUTEIb-

HOCTUM K BO3MYIIEHMWIO, 3alaBaeéMOMY MaTpUlel
D(gk) B (4.1). WUcnonb3oBaHue BUPTYaJIbHOIO aT-
yuka y,(f) = H x(f) MOXEeT peliuTh 3Ty MpooemMy.

Hna onpeneneHust maTpuubl H, BBeaeM Mar-

puny D, = A MaTpuLy DB MaKCUMaJbHOTO

paHra Takyo, uto DD, =0. Wcxons u3 cTpyk-
Typsl Marpun V¥ n B® wMoxHo 3amMeTHTh, UTO

YCJI0OBUE, KOTOpOMY HOOJI2KHA YAOBJICTBOPATL Ma-
TpuLa Hw NMECT BUJ

H
rank(D°H) < rank(DYH,) = rank(Dg [ = JJ

IMOCKOJIBKY 3TO yBEJIMYMBACT IIAHCHI yIOBJIETBO-
puth ycinoBuio (4.2), a ciaemoBaTesbHO, TpeboBa-
HUusM RyD = 0 U HEYYBCTBUTEJIBHOCTU K BO3MY-
IIEHUIO.

OTMeTHM TaKXe, 4YTO pelIeHHe MHOTHX 3aJady
IVNarHOCTUPOBAaHMS CYIIECTBEHHO YIIPOIAeT-
csl B ciydae, Korja JOCTYITHBI BCe KOMITOHEHTHI
BEKTOpa COCTOSIHUS cUCTeMbl. B wacTHOCTH, TIpu
pelleHnM 3aJadyu MUOeHTU(UKALMKA Ha OCHOBE
CKOJIB3SIIMX HabjaromaTeNleil 34ech yaaeTcs Cylle-
CTBEHHO OCJAa0UTh OTrpaHMYECHUSI HAa HCXOOHYIO
cuctemy (cm., Harpumep, [8]). B atom ciayuae ma-
Tpuua H, BBIOMpaeTcs U3 yCIOBUS

H
rank (HVJ =n,

KOTOpPO€ obecrneumBaeT JOCTYIIHOCTBH BCEX KOMIIO-
HEHT BEKTOpa COCTOAHUA CUCTEMBI.

5. Ilpumep

PaccmoTpuMm cucTeMy yrpaBieHHUS

x1(1) = u (1)/9) = by (x, (1) = x,(1));
Xy (1) = uy (1)/ 9 + by (x, (1) -
= X5(1)) = by (x, (1) — x5(1));
X5 (1) = by(x5(8) — x5()) = b3(x5(7) — 83) + p(?);
@) =x,(8); (1) = x5(¢).

G.1)

VYpaBHeHus (5.1) onuceiBalOT TaK Ha3bIBaEMYIO
TPEXTAaHKOBYIO CHUCTEMY (CM. PHUCYHOK), COCTOSI-
LIYI0O U3 TpeX pPe3epByapoB, COCAMHEHHBIX MEXIY
coboil Tpydbamu. KuUAKOCTh IIOCTyIlaeT B Mep-
BbIIl M1 BTOPOIl TAHKU U BBIJIUBACTCS U3 TPETHETO
TaHKa. YPOBHU XUIKOCTU B TaHKaX 0003HAYEHKI
x,(0), x,(t) u x5(9); by, b, 1 by — KO3OGULUEHTBHI,
3HAYEHUSI KOTOPBIX OIPEACNISIIOTCS TeOMETpHUYEe-
CKMMH pa3MepaMu CUCTEMBL.
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B S

***** I

TpexTankoBas cucTeMa
Three-tank system

[MockonbKy HeusMepseMoil SIBISIETCS KOMIIO-
HEHTa X,(7), mpuMeM y,(f) = x,(r), H, = (1 0 0) u
MOCTPOUM COOTBETCTBYIOIIMI BUPTYaJdbHBIM Ha-
osronaresib. g npocToTsl pumeM 9y = 1, 9, = 1,
93 =0, b, = b, = by = 1. IlpuBeneM Marpulibl,
onuceiBawoume cuctemy (5.1):

b b 0 11 0
F=|b -b-b b |=|1 -2 1]
0 b by-b) L0 1 -2
10
G=0 1,H=(g (1) (1)}
00

HetpyaHo npoBeputhb, 4TO yciioBue (2.6) BBIION-
HseTcd Ipu kK = 1, OIHAKO HpPU 3TOM HE BBIIOJI-
HseTcs yciaoBue (2.8), mo3ToMy NMpUHUMaeM k = 2.
CocraBHasi MaTpulia (VQ) L(z)) MMeeT BU/I

-3 6 -4 0 -2

1 -4 5 1 1

1 =21 0 0

@ » |0 1 =20 1
Ve 1= -1 1 0 0 0
0 1 0 0 0

0 0 1 0 0

1 0 0 0 0

MoOXHO MPOBEPUTH, UYTO C MATPULIEH (V(z) L(z))
ypaBHeHUe (2.5) uMeeT IBa pelleHUs:

(Re —Juy =Juy)=(1 0 2 -1 0-10 1),
1 00/
(R* _']*l —J*z)z(l 0 3 —1 O 1—1 0),

1 10)

IlepBoe U3 HUX MAeT MOAEb

X1 (1) = X5 (1) = 2y, (2) + y,(2) + uy ()
Xy (2) = =y, () + y1(2) = —x,, (1) + y (1) + uy (1)
y*(t):xvl(t); yv(t):xv2(t)

0 1
0 -1
u Q = 0. HerpynHo BuaeTh, uto napa (Fx, H.) Ha-
Osrogaema, O3TOMY CYLIECTBYET Takas MaTpuua J,,
yto (F+ — J,H.) ycToitunBa. MoxXHO NpUHATS J, =
= (2 17, uro maet A; = —1, A, = —2. COOTBETCTBYO-
IIUK HabOJIromaTeNlb OMMCHIBACTCSl YpaBHEHUSIMU

¢ maTpuaMu Fi = ( j, H.=01 0), H,= O 1)

xvl(t) = xv2(t) + y2(t) - 2y*(t) + le(t);
xv2(t) = _xv2(t) + 2yl(t) - y*(t)) + ul(t);
Yi(0) = x,1(1); ¥, (1) = x,,,(7).

BTOpOC PCIICHUC JacT MOIAC/Ib

X1 (1) = X5 (1) = 3y, (1) + y,(F) + uy (1)
Xy (1) = =1 (2) + yo(8) + uy (1) + u, (1)
Ye(t) = x,1(); (1) = x,5(8) — ¥, (D)

0 1

00
n Q= (=1 0). 3gecp MOXHO IPUHATb A = A, = —1,
uyto maet J, = (2 1)". Habmonatenb nmeeT BUA

¢ MmatpuamMu Fi. = J, H.=1 0), H,= (@0 1)

X1 (1) = X0 (1) = Y1 (1) + ¥ (1) = 2p:(8) + uy (1)
X2 (1) = Yo (1) = yu(t) + uy (1) + uy (1)
V() = x,1();  y, (1) = X, (8) = y1(2).

3akiaoyenue

B pabote mpenyioxeH MeTon MOCTPOEHUS BUP-
TyaJqbHBIX JaTYMKOB B TEXHUUYECKUX CUCTEMax,
OINKCHIBAEMBIX JTMHEHHBIMU MoaenasiMu. Ha ocHoBe
HaOmonareneit JlroeHOGeprepa mNoay4YeHbI COOTHO-
IIEHWSI, TIO3BOJISIONINE TOCTPOUTh JaTYMKU MUHU-
MaJIbHOII pa3MepHOCTH, OLICHMBAIOIIME 3aJaHHbIC
KOMITOHEHThI BEKTOpa COCTOSHUSI IUArHOCTHpYeE-
Mol cucteMbl. CHUHTE3MpPOBAaHHBIE BUPTYaJbHbBIC
JaTYMKM OAI0T BO3MOXHOCTh B psAe ClIydaeB He
TOJILKO YMEHBIIUTb CJI0KHOCTh CPEICTB TUATrHOCTH-
POBaHUS U TTOBBICUTH [JIyOMHY IMAarHOCTUPOBAHUS,
HO U paccCMOTPETh 3aJauM, KOTOpble 0€3 MCMOJb30-
BaHMS TaKUX JATYMKOB HE MOIJIU ObITh PEILICHBI.
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The paper is devoted to the problem of fault diagnosis (isolation and identification) in linear dynamic systems under
disturbances. The performances of fault diagnosis depend on the sensors which are in the system under diagnosis. To improve
the performances, additional sensors can be applied. But sometimes it is impossible to use such sensors; besides they have
low reliability. In this paper, we suggest to use so-called virtual sensors instead of additional ones. To obtain such sensors,
Luenberger observers can be used. Such an observer is designed in two steps. On the first step, the model of minimal di-
mension invariant with respect to the disturbances and estimating a predetermined component of the system state vector and
some other components of the system state vector is designed. The second components are necessary to provide stability of
the observer by means of generating residual and using feedback. Such components are determined during the process of the
problem solution which is based on the canonical form of matrices describing the model. On the second step, the feedback
matrix is found based on the required quality of transient. To obtain this matrix, eigenvalues are selected and coefficients of
the characteristic equation are calculated. The rule to find the predetermined component of the system state vector to be esti-
mated by virtual observer is suggested. Theoretical results are illustrated by practical example of well known three tank system.
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Methods of Formation Control for a Group of Mobile Robots (a Review)

Abstract

The multi-robot formation control is an essential issue in robotics. This review focuses on important lines of research on current
control issues and strategies on a group of unmanned autonomous vehicles/robots formation. In this paper, we provide a brief description of
each method characterizing its key benefits and drawbacks. A multilayered classification of both centralized and decentralized formation
control methods is proposed. We consider the classification of robot communication topologies in terms of centralized control. Seminal
works dedicated to the practical application of centralized approach are briefly discussed. The majority of centralized methods are
represented by a "leader-follower” approach, taking into account the robot’s dynamics models. Furthermore, the most common models of
vehicle dynamics are mentioned. In the framework of decentralized approach, behaviour-based algorithms, as well as swarm algorithms,
are discussed. Then, we present an outlook of both centralized and decentralized virtual structure methods used in robot formation
control. The described modifications of these methods allow tracing the evolution of the virtual structure approach to hybrid algorithms
used for cooperative movement of a group of robots. This paper deals with formation control approach considering communication delays
and low carrying capacity in an inter-vehicular communication network as very few works discussed this issue despite its relevance.
We pointed out the main development trends of formation control approaches. The most effective approach is the integration of various
methods of the formation control so that their disadvantages are nullified. As the same time, the most common disadvantage of discussed
Jormation control methods is their weak conceptual framework in terms of kinematic and dynamic constraints of robots.

Keywords: mobile robot, unmanned autonomous vehicle, formation control, formation navigation, leader-follower approach,
behaviour-based approach, swarm intelligence, virtual structure approach
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MeToabl ynpaBneHusi rpynnoBbIM ABUXeHMEM MOOUNbLHbLIX po6oToB (0630p)

Ynpaenenue coenacosannvim dsuicenuem epynnol MOOUAbHBIX POOOMOEB A8A55eMCs OOHOU U3 AKMYAAbHbIX NPOOAeM cO8pe-
MeHHOU pobomomexHuku. B nacmosuem 0630pe npedcmasieHvl pe3ysbmamel AHAAU3A HAubosee nepcneKmuHvlx Hanpaeie-
Hull uccaedoeanuii 8 danuou obaacmu. Paccmompernsl ocHogHble Memodbl YynpasieHUs 08UNCEHUEM ePYRNbL MOOUAbHBIX POOO-
moe ¢ coxpaHeHuem 3a0anHoU eeomempuu cmpos. I[lpedcmasieno kpamkoe onucanue Kaxc0oeo memooa, NOKA3aHbl OCHOBHbIE
npeumyujecmea u Hedocmamku. Ilpedrodxcena MHO20YPOBHEBAA KAacCUPUKAYUS Memod08 YNpasieHUus 08UNCEHUEM, 0X68aMbl-
8aUAs KAK YUeHMpaIu308aHHble, MAK U 0eyeHmpaiu3068anHsie Memoosl. B pamkax yenmpaiu3o08anHoeo ynpagieHus oeuice-
HueM epynnvl MOOUABHBIX POOOMOE PACCMOMPEHa KAACCUPUKAUUS MONOA0UL OP2AHUZAUUU CBA3U Medcdy pobomamu, Kpamko
onucanbl Haubonsee 3HaAUUMble pAOOMbl, NOCBAUCHHbIE NPUMEHEeHUI 0aHH020 n00x00a Ha npakmuke. Ommeueno, 4mo 604b-
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WUHCMBO UeHMPAAU308AHHBIX MEMO0008 Pealu3yom nooxoo «eedyuuii-eedombiii». Paccmompenust areopummol, yuumoiearoujue
npu ynpaeieHuu cmpoem OUHAMUKY 08UNCEHUs OMOeNbHbIX pOOOmMOos, npusedensl Hauboaee pacnpocmpaneHtbie OUHAMU4ecKue
MoOeau pobomos. B pamkax deyeHmpaiuz08aHH020 n00X00a K YNPAGACHUIO CO2AACOBAHHbIM 0BUNCEHUeM epYNn poOOmoeé pac-
CMOMpPeHbl KAK KOANeKmUeHble, MaK U cmatiHvie aieopummel ynpasnenus. Ilpedcmasnen 0630p Kaacca memoooe Ha 0CHOGe
UCNOABb308AHUS "GUPMYAAbHOU CIMPYKmMYpbl”, 8KAIOHAIOWe20 KAK UeHMPAAU308anHble, MAK U OeyeHmpaiu308anHvle Memoosl
YRPABACHUS CO2AACOBAHHBIM 08UNCEHUEM epynnbL pobomos. [Ipodemoncmpuposana 360404UUs OAHHO20 N00X00aA, PACCMOMPEHbL
ee0 mMoouukayuu, npuMeHsOWUecs 8 eUOPUOHbIX AN20PUMMAX YNPABAEHUS CO2AACO8AHHBIM O8uUdCeHuem epynnbl. Paccmo-
mpeHbsl pabomsl, NOCBAULCHHBIE MeMOO0aM YNPasAeHUs 08UICEHUEeM eDYRNbl POOOMOE C YHemOM 803HUKAIOWUX 8 KAHAAAX C8A3U
3ana30bl8anuil, a makdce 02paAHUMEHHOU NPONYCKHOU CNOCOOHOCMU, YKA3AHA HedoCMAamo4Has NpopabomanHOCMy OAHHbIX
Memodos. B pabome nokazanvl ocHoHble MeHOeHUUU pa3eumus Memodoe epynnoeozo deuxcenus pooomos. OmmeueHo, 4mo
Haubonee nepcneKmusHbIM s841emcsi KOMOUHUPOBAHUE DA3AUMHBIX AN2OPUMMO8 2PYNN0B020 YNPABACHUS, YMO HO3804s1em
HUGeAUpo8ams HedOCMAMKU, 803HUKAWUE NPU UCNOAb308AHUU UX N0 omdeavhocmu. Tlokazano, ymo Hauboaee pacnpocmpa-
HeHHbIM HeDOCMAamKOM CYuecmeyruux mMemooos ynpasienus 16131emcs Hedocmamouras npopadomKa aieopummos ynpasie-
HUsl ePYNNOLU MOOUABHBIX POOOMOE ¢ MOUKU 3PeHUs yYema KUHeMAmu4eckux oepanuvenui pobomoes, a maxice ux OUHAMUKU.

Karoueente caoea: mobunvHblli pobom, 6e33KUNANCHOE MPAHCROPMHOE CPEOCME0, YNPAGACHUe CIMPOeM, HABU2AYUSL CMPOS,
n00xo0 "sedyuwuii-eedomuiii”, nogedenueckuii N00X00, poesoil UHMeANeKm, MemOo0 6UPMYAAbHOL CIPYKMYPbl

1. Introduction

An application of multi-robot systems covers a wide
range of applied problems for both civil [1—3] and
military purposes [4—6], while the number of robots
in a group can reach several hundred units [7]. One of
the most urgent scientific problems of group robotics
today is the problem of coordinated motion control
of mobile robots with their maintenance of the for-
mation geometry. For example, in [8, 9] a formation
control is considered when transporting passengers
and goods indoor as well as on public roads and over
rough terrain [10]. The most of papers dealing with
public transportation are related to CACC — Coop-
erative Adaptive Cruise Control [11, 12]. In the CACC
system, autonomous vehicles [13] are combined into a
platoon and drive at the same speed, maintaining the
desired shape or formation geometry communicating
over the wireless network [1].

An impressive number of articles are devoted
to the problem of motion control for mobile ro-
bot group while maintaining their formation. For
example, the query "robot formation control” in
Google Scholar search engine is produced more
than 838,000 results. In the last five years alone,
the number of articles is devoted to the coordina-
ted control of the robotic group movement is about
64,000. To determine the trends in the design of
group motion control methods over the past quarter

consider methods of motion control for a mobile
robot group are most often implemented by reac-
tive, or "behavioural”" algorithms are known as a
behaviour-based approach. In Section 5, methods
based upon a virtual structure approach are dis-
cussed. Finally, conclusions are made in Section 6.

2. Proposed classification of methods and
approaches used for formation control

In this section, we introduce the proposed by the
authors’ classification of methods used for forma-
tion control shown in Fig. 1.

The most frequent formation control methods
are divided into three classes: leader-follower meth-
ods (the centralized control strategy), behavioural
methods (the decentralized control strategy) and
virtual structure methods, which can be both cen-
tralized and decentralized.

Centralized strategies are suggested a robot group
is controlled by the so-called Central Control Unit
(CCU), which plans robot paths and assigns tasks for
each robot individually [14]. The robot group can also
assign a leader robot (static or dynamic) which tracks
a predefined path, while the others act as followers
and track the leader according to their states. The
main advantage of this method consists of the relative
simplicity of robots-followers and used control algo-

of a century, the authors of this paper . ____________________ o _______________ .

have summarized the disparate results
of researches in this area and have
proposed a multi-level classification
based on the "strategy for controlling
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Fig. 1. Classification of methods for the formation control
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rithms. The behaviour of robots can be analyzed using
standard methods of the control theory. The disad-
vantages of leader-follower methods can be attributed
to the fact that the error of the leader or the control
center punishes the whole group and often leads to
not-mission capable for further execution [15].

The methods relating to the decentralized ap-
proach include methods based on imitation of the
animal behaviour, the so-called "behavioural” or
"reactive”" approaches [16]. For the first time, such
a reactive approach was described by Craig Reyn-
olds in 1987 [17]. In this method, each agent of
the group has a pre-programmed set of behaviours
which it chooses scenario-depended: the state of the
environment, the behaviours of the other agents.

As an advantage of this class of methods, we can
note their convenience for robots performing tasks
in a dynamically changing environment and with
moderate interaction between robots [15].

In the class of virtual structure methods, the de-
sired position of each robot within the given struc-
ture and the shape of formation are specified. Thus,
each robot is assigned its virtual leader and it has to
minimize the error between its current and the de-
sired position in the formation. It’s important to stress
that the path of the formation is only set to the entire
virtual structure and not for each robot individually.
This class includes both centralized and decentralized
methods. Centralized virtual structure implies that
positions of the robots are observed by CCU, which
adjusts robot behaviour and appoints their poses in the
formation. While using a decentralized approach, ro-
bots exchanging information, distribute their positions
in formations they are involved.

The advantage of this class of methods, first
of all, is the simplicity of setting the coordinated
movement of the group, which is required, for ex-
ample, when carrying bulky cargo. The disadvan-
tages include the need to plan the path for the entire
structure and when bypassing both static and dy-
namic obstacles, as a result of which the trajectories
of individual robots may not be optimal [15].

3. Leader-follower approach

According to the centralized stra-
tegy, a mobile robot group is con-

sidered by a hierarchical structure. _O_Q_
There is either a CCU or a leading o

robot at the top level of this structure.

Leader robots can be assigned in
the group according to the number of
robots and their homogeneity. Typi-
cally, a robot-follower equipped with a
smaller set of navigation sensors than
the leader. The information exchange
between robots is organized following

N N-1

topology; f'—

one of the communication topologies, an overview of
them is given in [18]. The most commonly used com-
munication topologies are presented in Fig. 2.

In many situations, the leader-follower approach is
mostly used to control vehicle platoons on the high-
way [19—23] or on the varying terrain [24, 25]. For
example, Oncii et al. [19] consider the Cooperative
Adaptive Cruise Control (CACC) system, which con-
trols a group of vehicles of the same type driving along
the highway. Communication between vehicles is or-
ganized according to the principle of a bidirectional
topology (Fig. 2 ¢); a wireless communication channel
with transport delays and limited bandwidth is used
for data exchange. These communication limitations
were considered by authors during the development
of a control system for a group of vehicles movement
[19]. The described system made it possible to ensure
the reliable control of a vehicle platoon with an inter-
val between cars of 20 m and a speed of 65 km/h with
communication delays less than 750 ms.

The stability of the proposed method was analyzed
in terms of string stability methods. The studied pa-
rameters were the transport delay in the communica-
tion channel, the number of cars in the group and the
size of intervals between vehicles in the column. In the
formation control system, as well as in the numerical
simulation of the formation movement, a third-order
dynamic car model was used (1) taking into account
the delay in the wheel drive control loop:

= Vi(t);

v =a,(1); (1)
6= a)rLur-r, )

I_T~ i T i a,il»

1 1

where r;, v;, a; — the absolute position, the velocity
and the acceleration of the i-th vehicle, respectively;
T, — the parameter characterizing the internal
actuator dynamics; u; — the acceleration for the i-th
vehicle; t,; — the constant actuation delay.

The effectlveness of the proposed algorithm was
shown in [20], where the problem of forming a pla-
toon and its further safe movement at a speed of
100 km/h in the presence of a transport delay up to

0.15 s has been solved.

., —O-—O —© @ O CjHQH _oi.o-’}) )
-—O-_o.— (b) O._(j/ 7
OO0 000 @ O/ 4)// “//—o/—o% 0

DV

-—(5—O~—O fe) i

. —

Leader N-2 Leader

Fig. 2. Leader-follower topologies:

a — predecessor following topology; b — predecessor-leader following topology; ¢ — bi-
directional topology; d — bidirectional-leader topology; e — two-predecessor following
two-predecessor-leader following topology
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The method of formation control of non-identical
vehicles while exchanging information over a wire-
less network of the IEEE 802.11p standard was pro-
posed in [20]. This study was also taken into account
transport delay in the communication network, packet
loss as well as the switching time between different
communication topologies (Fig. 2 a—f). In the in-line
simulation in the Plexe simulator [21], the third-order
linear model [22] similar to (1) was used. The stability
of the control system for group motion was analyzed
via Lyapunov-Razumikhin and Lyapunov-Krasovskii
theorems. The transport lag margin in the communi-
cation channel was determined using the methods of
linear matrix inequalities [20, 23].

It is widely known that the formation control of
various shapes (diamond, chain, double column,
etc.) is still a fundamental problem in unmanned ve-
hicles. A detailed review of the control method in the
formation of the "convoy" moving in a 2D-plane is
presented in [24]. The navigation method for a group
of heterogeneous mobile autonomous robots using
the rules of the nearest neighbour was presented in
[25]. The essence of this method is that robots of
the group planning their trajectories taking into ac-
count the positions of their neighbours. The leader
of such group moves along a planned trajectory and
all other robots repeat his path with a given displace-
ment [25, 24]. Further, this control method includes
a mechanism for the reconfiguration of the forma-
tion, which is designed to avoid obstacles.

In general, the leader-follower approach can be
used in sub-tasks of the group’s motion control. For
example, the leader-follower approach was used for the
coordinated group’s formation control while changing
the formation shape [26]. In the control system [26],
a-priori defined robot-leader sends commands to the
rest of the group. The robots-followers move to their
desired positions while avoiding collisions with ob-
stacles and other robots, if the robot-follower finds its
neighbour, then it moves after the neighbour until this
robot-leader is in the desired position. In addition, the
Hungarian algorithm was used in [26] to solve the prob-
lem of he minimizing the cost of moving by robots.

4. Behaviour-based approach

Decentralized methods of motion control of the
robot group are most often implemented by reac-
tive, or "behavioural” algorithms. These algorithms
are based on the imitation of behavioural reactions of
various organisms common in the living nature. Such
algorithms are based on the concept of using com-
petencies (behaviours) in known situations. Based on
the information received from the robot’s sensors, its
control system selects the most appropriate behaviour
for the environment. The basic principles of the be-
havioural approach are described in [27]:

— the behaviours of each robot are represented by
standard algorithms implemented both at the software
and hardware levels built with separate modules;

— each behaviour receives input information
from the robot’s sensors (radars, tactile sensors, li-
dars or cameras) and/or from other modules of its
control system, and can also send commands to the
robot’s actuators and/or other modules of the ro-
bot’s control system;

— the behaviours can independently receive data
from the same sensors and send commands to the
same actuators;

— the behaviours are relatively simple software
modules added to the control system sequentially;

— the behaviours are performed in parallel taking
into account interaction dynamics among behaviours
and between behaviours and the environment.

The behavioural-based methods are used for con-
trol of a robot group while motioning in the formation
of a certain geometric shape (pattern). For example, in
[10], the problem of a moving convoy over rough ter-
rain is considered. Using behavioural-based methods,
the logic of movement of individual robots included
in the group is implemented by simple behaviours: a
movement to the target point, avoiding collisions with
obstacles and other robots, a maintaining the shape
of the formation (column, line, diamond and wedge).
Two variants of the formation organization were also
considered: relative to the geometric center and rela-
tive to the leading robot. As the experiments have
shown, the formation relative to the leading robot is
best suited for tasks where a column of robots is led by
a human who independently navigates the terrain and
drive around various obstacles. It was also noted that
in this approach, the loss of communication or break-
down of one of the robots does not affect the overall
behaviour of the system. The method of forming a
group relative to its geometric center, as the authors
note, has better performance [10], but the failure of
one of the robots can stop the movement of the whole
group. It is also noted that in the version of movement
with the leader, the load on the communication net-
work is reduced since there is no need for all robots
to participate in the exchange of location information:
only the leader transmits his position, and the neces-
sary positions of the other robots of the group are
calculated relative to him.

As another example describing the principle of op-
eration of the behavioural approach, we can cite the
robot motion control system described in the article
[28]. In this paper, the behavioural-based method is
used to control a group of robots, which task was to
move the box in a dynamically changing environ-
ment. The control algorithm describes four possible
situations in which robots may find its way into the
process of performing a given task, using two pa-
rameters: the complexity of the task and the number
of active robots. The architecture of the behaviour
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Fig. 3. The architecture of behaviour actions selection algorithm

actions selection algorithm of each robot is schemati-
cally shown in Fig. 3. Each robot recognizes one of
the four possible situations and chooses the appropri-
ate action for it. Thus, robots act according to the
principles of a behavioural approach, responding to
changes in the environment and adaptively selecting
actions that correspond to the current situation.

A key node in this control system using a behav-
ioural approach is a coordination system that links the
available responses and output of the robot’s actuators.
The following coordination methods are usually used:
an arbitration or a mixed strategy. When the arbitration
method is used, only one of the available behaviours
can participate in the computation of the control signal.
This method is simple to implement, but unstable [29].
It is also noted that the choice of the correct rule (be-
haviour) is a non-trivial task [29]. In the mixed strategy
method, all behaviours are simultaneously involved in
the computation of the control signal, but the contribu-
tion of each is proportional to its applicability (weight)
for the current situation. One of the implementations
of the method with mixed strategy considered in the
article [30] is presented in Fig. 4.

In such a control system, there is a supervisor
unit that, based on data from the robot’s sensors,
tunes the weight for a set of actions, which are then
added up and the resulting action is applied to the
lower level of the robot’s control system.

A modification of the behavioural approach called
NSB-control (Null-Space-based Behavioral Control)
was proposed in [31, 32]. In the proposed control sys-
tem there is a supervisor unit that assigns a certain

Fig. 4. Architecture of the control system for multi-robot formation control

weight to each action based on the robot’s sensor data.
In other words, each pre-described behaviour is as-
signed a priority, so that the robot can perform sev-
eral actions simultaneously. Low-priority behaviours
are not executed if they conflict with high-priority
behaviours. Using this method, algorithms for the
movement of robots in the formation of a certain geo-
metric shape, the tasks of escorting a moving object,
the movement of a flock, and patrolling a certain area
were implemented in [31]. A detailed review of these
algorithms is presented in the article [32]. The behav-
ioural-based approach is also used in works devoted
to the transportation of large-sized cargo by a group
of UAVs, where the same problem of maintaining a
certain form of structure is solving [33—35].

An algorithm using the principles of platoon move-
ment is proposed in [36]. To maintain the formation
of a certain geometric shape, the method of poten-
tials was applied. Using simulation, it was shown that
the proposed algorithm ensures the movement of a
robot group in the formation of a given shape, while
the same speed of movement of robots is provided
during the movement. A similar approach was ap-
plied in the article [37], which describes the method
of controlling a group of non-holonomic robots mo-
ving along a straight road. A safe distance between
robots and maintaining the shape of the system was
provided using the method of potentials. The La-
Salle invariance principle was applied to analyze the
stability of the robot’s formation control system [38]

Another category of behavioural methods which
used for controlling the movement of groups of ro-
bots is the swarm intelligence methods. Swarm intel-
ligence methods are usually taken as an approach to
managing and optimizing distributed systems using
stable, decentralized, self-organizing methods based
on the behaviour of social insects [39]. This category
of methods of group motion control is well-known
ant algorithms, a pack of wolves, swarm of bees, etc.
Some of the most popular algorithms [40], as well
as examples of their application, are shown in Table.

A detailed description of the above algorithms is
given in the monograph [55]. In the [56], the algorithm
of an ant colony optimization (ACO) was applied to
solve the problem of rearrangement a
group of robots in order to reduce the
distances travelled by each robot in
the process of changing the formation
shape. Also, the ACO algorithm was

Sensory > Opstacte used in the problem of fotming a group
Data o g S I Pioed outt of robots into the formation of a given
| I | Avoidance Behavior | | of robot shape. In [57], ants and the pheromones
N ! I , Li— that they emit were implemented as
Targetpostion ol pormation || Formtion Behavior " mobile software agents. The diagram of
CoondnatcofRabot | Module | the algorithm is shown in Fig. 5.
|

One agent, called the ant, controls
the robot’s actions, and another agent,
called the pheromone, tells the ant agent
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Algorithms inspired by swarm intelligence

Particle Swarm Optimization (PSO) [41], [42] [43], [44]
Ant Colony Optimization (ACO) [45] [46]
Artificial Bees Colony Optimization [47] 48]
(ABCO)

Bacteria Foraging Optimization (BFO) [49] [50]
Glowworm Swarm Optimization (GSO) [51] [52]
Grey Wolf Optimizer (GWO) [53] [54]

Final
(©) position

Initial

position (b) Attracting

OA
o
]
@
5L..879

Fig. 5. The process of forming a shape by the group of ant agents

in which direction the robot is moved. Each ant agent
knows only a fraction of the information about the
shape of the formation. In order to spread partially
known information among its neighbours, each ant
agent generates pheromone agents and sends them to
the surrounding robots (Fig. 5 a). The sent pheromone
agent searches for the ant agent to which it was di-
rected, and when the pheromone finds it, the ant agent
leads the robot by following the pheromone agent’s in-
structions, thus forming a building element (Fig. 5 b).

To solve the problem of a robot’s rearrangement
in the group, the known bat algorithm is also used.
In [58], this algorithm was used to find the time-
optimal method of group rearrangement. The al-
gorithm has shown high efficiency in controlling a
group of robots described by inaccurate mathemati-
cal models, in comparison with the CPTD (control
parameterization and time discretization) method
[59] and "line of sight" [60].

5. Virtual structure approach

The concept of the virtual structure was first in-
troduced in [61] for methods of coordinated motion
control of robot groups. In [61], a movement of three
robots in shape formation of a triangle was described.
The idea of the proposed method was to make similar
the shapes of formation to a rigid formation, which
elements are always at a fixed distance from each
other, due to a system of physical constraints.

In a similar system, the perturbation of one ele-
ment extends to all the others. An important feature
of this class of methods is that if one of the robots
cannot continue moving, for example, in the event
of a breakdown, then the other robots do not al-
low the formation to break up until some high-level
control process detects the failure and decides on
further actions (Fig. 6). Among the advantages of
the virtual structure method in comparison with the
leader-follower approach, it is noted:

— a leader robot does not require due to high
fault tolerance appointment of a group;

— the method of virtual structure can implement
the movement of a robot group-in the formation of
any possible shape;

— the virtual structure method does not require
high computational burden for each robot in a cen-
tralized approach;

— there are no complex protocols for communi-
cation and decision-making.

According to the paper [61], the proposed meth-
od can be used in problems that require coordi-
nated movement of robot groups transporting large
objects, for example, boxes. This method can also
be used in problems related to laser interferometry,
in which it is required that several objects move in
space, maintaining a fixed geometry with an accu-
racy of 1 cm [62].

In [62], the main directions of development of the
proposed virtual structure algorithm were identified:
the use of flexible or deformable structures, as well
as hierarchical virtual structures. In [63], the virtual
structure method was proposed for controlling robot
groups moving along several lanes of the highway
while maintaining the formation of a given shape. To
achieve that, the control problem was divided into
two subtasks: a high-level one for controlling the
formation using the virtual structure method, and
a low-level one for trajectory control of the robot’s
movement using a predictive model. The proposed
method provided both the movement of robots in
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Fig. 6. The trajectory of three robots with a robot failure
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the formation of a given shape and the prevention
of collisions between robots. In [64] was proposed
the architecture of an adaptive management system
to arrange robots using a virtual structure, and the
control system for the motion of a group of nonholo-
nomic robots with reconfigurable formation shape
was developed. Two controllers were used, the first
one provided stable control of the group during a
change in the configuration of the formation, and
the second one controlling the movement of robots
relative to a given position in the formation.

Among the works devoted to methods of control-
ling the formation of robots using flexible virtual
structures, one can note the article [65]. The control
system for a robot group is used three control algo-
rithms: an algorithm for maintaining the shape of the
system and avoiding collisions between robots, an at-
traction algorithm that ensures convergence to a given
shape of the system, and an algorithm for avoiding
obstacles. The stability of the proposed control system
to external disturbances using the Lyapunov method
was studied in [66]. The flexible virtual structure was
described as a system of masses, springs, and damp-
ers connecting each robot to its neighbours. The pro-
posed method allowed a group of robots to behave like
a flexible body, which can be used to avoid obstacles.

In [67], the architecture of a distributed control
system for the motion of a robot group in an unstruc-
tured environment was considered. The architecture
has used as a combination of a behavioural approach
and a virtual structure method that, as the authors
note [67], has the advantages of both control meth-
ods. The robot motion control system includes two
algorithms: an algorithm for maintaining the shape
of the system (a robot moves to its place in a virtual
structure) and an algorithm for avoiding obstacles
(Fig. 7). The robot control system based on the ro-
bot’s sensors data selects the optimal algorithm for
the current situation, like a supervisor using the ar-
bitration method in a behavioural approach.

In subsequent works [68, 69], the authors proposed
a modification of the control system for a group of
unmanned vehicles: Multi-Layer and Multi-Control-
ler (MLMC) architecture for dynamic navigation
in the formation of a UGV’s group in constrained

Parameters of the formation to achieve

}

= Obstacle Avoidance

P

Attraction to
Dynamical Target

——

Hierarchial
set-point
selection

—»| Control Law —» Roboti

Perception and
Communication

Fig. 7. Architecture of multi-robot formation control using hybrid
control (deliberative/reactive)

environments. This control method also consists of
two approach combination: the centralized leader-
follower based approach and the decentralized be-
havioural-based approach, i.e. hybrid (centralized/
decentralized) control as well as cognitive/reactive.
The centralized part of the control algorithm is used
to solve global tasks performed by the group, and
the decentralized part is responsible for the naviga-
tion of robots and their local tasks, such as avoid-
ing obstacles. In a group of robots controlled by this
system, there is a leader leading the entire group and
planning the path to avoid obstacles, taking into ac-
count the kinematic limitations of the other robots
in the group. Also, these restrictions are used by the
group control system during shape formation re-
configurations. In [70], the stability of the described
control system is analyzed during the movement of a
triangular structure in a circle with a change in the
direction of movement using the Lyapunov method.

6. Conclusion

In this paper, we presented a literature review
on the current research efforts on formation control
for a group of robots/vehicles. Some well-developed
control methodologies have been introduced. Over
the last quarter of a century, there has been a ten-
dency towards combination of different group motion
control algorithms in order to eliminate the disad-
vantages that arise when using them separately. The
problem of controlling the movement of a formation
of robots does not lose its relevance, while the most
promising methods for controlling a group of robots
are hybrid methods that combine elements of both
centralized and decentralized system.

In our opinion, the most promising methods are
based on combinations of different approaches, es-
pecially those that use the virtual structure method
as part of the multi-controller architecture. It is
important to note the high versatility of the lat-
ter method, its low computational burden, as well
as the low communication network load. It is also
possible to use a decentralized virtual structure in
hybrid control methods for a group of robots.

When developing the described control systems
for groups of mobile robots, the authors usually fol-
low only the kinematic constraints of mobile ro-
bots, with the exception of methods related to group
movement on a one-lane road or highway in which
dynamic models of second-and third-order vehicles
are used. Also, only in a few of the reviewed works,
the authors take into account the limitations im-
posed by the communication system (delays and
bandwidth limitations). These shortcomings are
present in most of the described works, from which
it can be concluded that a thorough study of these
problems is required.
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nyaschoi mooyaauuei (LIIUM), ochoeanHoeo Ha 3ameHe ee IKGUBANCHMHOU CUCMEMOU ¢ AMAAUMYOHO-UMNYAbCHOU MOOYAS-
yueii (AUM). Ilposedeno npubaumxcennoe ucciedosanue OUHAMUUECKUX pexncumos pabomot cucmem ¢ HIUM ¢ yuemom ycmoii-
Yyueocmu 045 cCUCmeMbl A8MOMAMUYECKO20 Pe2YAUPOBAHUs MOKA NUMAHUS IAEKMPOMAHUMO8 8 YCA08UAX delicmeus éHeul-
Hux u @HympeHHux nomex. IIpedcmaenensvi 6apuanmol 8bINOAHEHUSA CXEM WUPOMHO-UMNYAbCHbIX PecYyAAmopo8 041 NUMAHUS
21eKMPOMAHUMA HA 0CHO8e 0OHONOAAPHO20 U 08YXNOAAPHO20 Iaemenmos ¢ LITUM. [loka3zana 603MmodicHOCIMYb AUHeapu3ayuu
cucmem ¢ LITUM oas nocaedyroweii demanvHoli oyerku ycmouyueocmu maxux cucmem. Ilokazana nepcnekmueHocms npu-
MeHeHUsA (PYHKUUOHANbHO-0UuppepeHyuarbublX ypagHeHull 0458 anaiu3a ycmouyueocmu agmomamuveckux cucmem ¢ IITUM.
IIpedcmasaena oyenka dunamuueckux pexcumos cucmem c¢ HIUM, ocnoéannas Ha npuHyune 3K8U8ANEHMHOCMU CUCHANO08
¢ IIUM u AUM, komopas onupaemcs Ha pageHcmea naoujadeii MOOYAUPOBAHHBIX CUSHAA08, HA OCHOGE Ue20 YCMAHO8AEeHA
c843b Medcdy cmamuyecKumu Kodpguyuenmamu nepedauu sremenmoe ¢ AUM u HIUM. Ilpedcmaeaensvr evipasxcenus 045
Uccned08anuss 3aMKHYmMou 0OHOKOHMYPHOU CXeMbl A8MOMAMUYECK020 YNPABAeHUs, codepicaujell U0eanbHulli UMNYAbCHbLL
24eMeHm, IKCMPAnoAsimop Hy1e6020 NopAadka ¢ KodIpduyuenmom nepedauu u HenpepvlHOU 4acmovio, UMerOweld NUHEUHYI0
nepedamounyio ¢pyukyuio. Ha npumepe cucmemsr cmabusuzayuu moxa MOWHbIX 3I1€KMPOMACHUMOB C UWUPOMHO-UMNYIbCHbIM
Dpecyasamopom npoanHaiu3upo8aHsvl 4ACMOMHbIE XAPAKMEPUCMUKU IKEUBANEHMHOU UMNYAbCHOU CUCHEMbl C YHemoM 3aMeHbl
wupomHoi mooyaayuu Ha amnaumyouyro. Ha ocnoee nposedennoeo anaruza noayuenHou nepedamounoi yHKyuu npeono-
JceHbl nymu oyeHKu ycmouuugocmu ucxoonoi cucmemst ¢ LIIUM ¢ ucnoavsoeanuem kpumepus ycmouuugocmu Haiikeucma.
Coeaan 661600 0 npeumyuwecmee cucmemvt ¢ HIHUM no cpasnenuro ¢ cucmemoti ¢ AUM 6 wacmu ycmoiiuueocmu, a makice
danbl pekomeHOayuU N0 NPUMEHEHUI0 NOAYHeHHbIX OAHHbIX NPU AHAAU3Ee NePeXO0HbIX NPOUEecco8 8 MAKUX cUcCmemax.

Karueenie caosa: WUPOMHO-UMNYAbCHAA ManﬂﬂuLlﬂ, AuUHeapuszauyus, HeAuHeuHas 6ucxpemnaﬂ cucmema, amn/tumy()fto-

UMnyabCcHas Mo@y/muuﬂ, ycmodwueocmb agmomamu4eckou cucmembl

BBenenne

Hns psaga GU3MYeCKMX UCCIeIOBAaHUN U TeX-
HOJIOTUYECKMX IIPOIIECCOB, CBSI3aHHBIX C YMpaB-
JIEHWeM DBJIEKTPONPUBOAOM, TPeOyIOTCS BBICOKO-
CcTaOMJIbHBICE MAarHUTHBIE TOJS C IIMPOKUM IMa-
Ma30HOM WX M3MEHeHHSs. Takue IMoJisl co3aaloTcs
MOIIIHBIMM 3JICKTPOMarHMTaMM, KaK IIpaBUJIO,
MMEIOIIMMU KOBaHBIN CEpIeYHUK.

HcTounnkamMy MUTaHUS 3JIEKTPOMATrHUTOB CIIy-
KaT cTabMaMU3aToOphl ToKa MOLIHOCTBIO 10 100 kBT
C IIUPOKUM JIMAIa30HOM PEeryJMpOBaHMS BBIXOMI-
Horo Toka. OcoObIMU TPeOOBAaHUSIMU K HUM SIBJISI-
€TCsl BBICOKAsl TOYHOCTD TOAAEepKaHUS 3aJaHHOTO
3HaueHus Toka (mo 0,01 %) npu meiicTBUU pa3iny-
HBIX BO3MYILEHUI 1 Majioe 3HaYeHUE IJUTEIbHOMN
HectabuibHOCTHU (M0 0,001 % 3a 6...8 4 pabOTHI).

CxeMa crabuau3alMy ToKa BKJIOYAeT, Kak
MpaBuJio, MHOro(a3HbI YyIpaBisieMblii BBITIPSI-
MUTENb, OXBAYE€HHBIN OOpaTHOW CBS3BIO IO Ha-
MPSIXKEHUIO, MJISI MPEeABapUTE]bLHOTO PEryIupo-
BaHUS HAMPSXEHUS UM IIMPOTHO-UMMYJIbCHBIM
npeobpa3oBaTesib JII TOYHOTO pPEeryJvMpoBaHUS

TOKAa, OXBAaYeHHBIM COOTBETCTBYIOLIEH OOpaTHOM
cBs13bi0. CHcTeMa aBTOMATHMYECKOIO peryjauMpoBa-
HUSI HapSIKEHUS 3[eCh SIBIISCTCS MOAYUMHEHHOM
CHCTEMOM B KOHTYpPE peryJMpoBaHMs TOKA.

Heo06xonnMOCTh BBICOKOH TOYHOCTU pPabOTHI
CTaOMIM3aLMU TOKa MPEABABISACT COOTBETCTBY-
IolMe TpeOOBaHUS K YCJIOBHUSIM YCTOMYMBOCTU
CHCTEM aBTOMATHMUYECKOrO peryJIvMpoBaHMs TOKa
B YCJOBMSIX NEHCTBUS BHEIIHUX U BHYTPECHHUX
MoMeX, IO3TOMY B JaHHOW paboTe MBI clIejiaiu
MOMNBITKY IPUOJIMXKEHHOIO MUCCACAOBAaHMS OMHA-
MUUYECKUX PEKUMOB pabOThl CUCTEM C IIMPOTHO-
uMmnynbcHou moayasuueir (ILHUM).

ITocKONbKY BJIEKTPOMATHUT SIBISETCS KOJe-
OaTebHLIM 3BE€HOM, TO aHaJM3 YCTOMYMBOCTHU
CHUCTEMBI YIIpaBJICHUS 3[eCh OKasbIBacTcs 00s13a-
TeJbHBIM. McclieqoBaHUSIM YCTOMUMBOCTY aBTOMA-
THUYeCKUX cucTeM ynpasiaeHus ¢ [IIMM nocasiie-
HO JIOCTaTOYHO MHoro pa6ot [1—9]. 3arpyaHeHus
BBI3BIBAET TO OOCTOSITEILCTBO, YTO TAKUE CUCTEMBI
SIBJISIIOTCSL HE TOJIBKO ATMCKPETHBIMU, HO U HEJU-
HEHBIMU U HE OIMUCHIBAIOTCS JUCKPETHBIMU (pa3-
HOCTHBIMM) ypaBHEHUSIMU. [IJIsl omMCaHUS TaKUX
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CHCTEM MOTYT OBITh WCIIOJNIb30BaHB (YHKIIUO-
HaJbHO-TU(GepeHIINaIbHbIE YPAaBHEHU S, IIpHYEM
HEJIMHEWHBIC ONepaTopbl, MOIEIUPYIOLINE UNM-
MNyJdbCHBIE BJIEMEHTbI, B psae CIYy4aeB SIBISIOTCS
pa3pbIBHbBIMU. [IpMHUMIOBI ONMCAHUS MMIYJIbC-
HBIX cucteM ¢ IIIWM npusenens B padorax [1, 10].

ITocTanoBka 3aiayu UCCJIeTOBAHUS

II1pOoTHO-UMITYJIBCHBII PETYISITOP MOXET OBITh
BBIIIOJTHEH MO ABYM CxeMaM, II0Ka3aHHBIM Ha puc. 1.
B cxeme Ha puc. 1, a oTHOCUTEeIbHAS BEIMYNHA
MyJbCalluil HANpPSKCHUS IIEPBOM TAapMOHMKHU Ha

OM U, cocrasnsiet U, = 2sinmy 100 % u noctu-

raet 127,3 % npu y = 0, e YWY: t,/T — oTHOlIEHUE
JJIATENBHOCTU UMIIYJIbCA Iy K ero nepuony 7.

B cxeme Ha puc. 1, 6 k10U paboTalOT ¢ OTHOMI
YacTOTOM M OIMHAKOBOW OTHOCHUTEJILHOU IJIN-
TEJAbHOCTHIO UMITYJILCOB, HO CO CABHUIOM Ha IIOJI-
nepuoja 4yacToThl KBaHTOBaHUs. s Hee OTHO-
CUTeJIbHAsl BeJIMYMHA IepBOM TapMOHUKM IyJIb-
cauuit U, Oynet paBHa
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Puc. 1. CxemMbl NIMPOTHO-MMITYJIbCHOTO PEryasaTopa

_ 2sin2mny 100 %

U, npu 0 <y<0,5
2my

U, = S22 =01 100 6 npu 0,5 <4 < 1,0.
y

IIpu y = 0,5 nyabcauum B JaHHOW CXeMe OT-
CYTCTBYIOT. HYacToTa KBAaHTOBAaHUS CUCTEMBI BBI-
OupaeTcd MO MUHMMYMY MNyJIbCAallMid W AOJXKHA,
10 MEHBIIEN Mepe, B 1BA pa3a IMPEBOCXOAUTh HAN-
BBICIIYIO YaCTOTY BO3MYIIAIOIIMX BO3IEUCTBUIA,
Ha KOTOPYIO PACCUMTAH CTAOMIIM3aTOp TOKA.

Cuctemnl ¢ IIIMUM npeacraBisiioT coboit pac-
MMPOCTPAHEHHYIO Pa3HOBUAHOCTb JUCKPETHBIX
cucteM. Ho B Takux cucteMax naxe ¢ JUHEHMHON
YacThlO MEPBOTO MOPSIKAa BO3MOXHBI aBTOKOJIE-
OaTeNbHBIE PEXWMBI IIPU HACBIIUEHUUW MOMYJIS-
Topa. B HameM ciydae mepegaroyHas (hyHKLUS
9JICKTPOMarHuTa C KOBaHBIM CEPACYHUKOM IS
MEeIJIEHHO MEHSIIOLIMXCS TOKOB umeeT Bu [11—13]

W (s) = 1(s) _ Ky (Tis+1) ’

UGs) (Tys+1)(Tys+1)
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t; — IJIUTENBHOCTD UMITYJIbCA; f, — IJIUTEIbHOCTD May3bl; 1T — mepuon uMmmnynbsca; Usy — HampsixkeHue Ha OM; U, — HampsixeHue

c xmoua K 1; U, — nanpsixenue ¢ kiawoua Ki 2
Fig. 1. Pulse regulator circuits

t, — pulse duration; #, — pause duration; 7 — pulse period; U, — voltage on EM; U, — voltage from KL 1 key; U, — voltage from KL 2 key
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rae

Ty = w0} /3 Ty = Ls/Ryi Ty = 53
M

_ 2TMTS .

B T, +T,+ Ty +\/TA24 2T (T + Ty) + (T, - Ty)?

_ 2TMTS .

T+ Ty + Ty T + 2Ty (T + Ty) + (T, - Ty)?

Hncyy,

Ty

T,

I(s) — n300paxkeHue BBIXOJHOTO TOKa 3JIEKTPO-
maruuta; U(s) — n3ob6paxeHUue HaANpPSKEHUS MU-
TaHWS SJEKTPOMArHuWTa; | — MarHuUTHas Ipo-
HUIIAEMOCTh MaTepuaia; ¢ — MOJHBIA KO3 hu-
LIMEHT pacCesiHUs; )y, — TOJIMHA CEPIEYHUKA,;
Lg, Ly, — VHAYKTUBHOCTU paccessHUS U OOMOTKU
3JIEKTPOMArHuTa, COOTBETCTBEHHO; R;; — COIpPO-
TUBJIEHUE OOMOTKM MTOCTOSSHHOMY TOKY.

3ajgaveil JaHHOI pabOTHI SIBJSIETCS UCCIEN0Ba-
HHE TUHAMUWYECKUX PEXHUMOB CUCTEM CTaOMIN3a-
nun toka ¢ MM B mensdx oueHKU yCTOMYMBO-
CTU TaKMX CUCTEM METOAOM JIMHEapU3alluu.

JInneapuzanusa auckperHoi cucremsl ¢ [NMIUM

Teopust nuckperHbsix pyHkuuii [10] mo3poaser
JMIOCTAaTOYHO TMOJHO AHAJUTUYECKU WCCIECI0BATh
cucteMmbl ¢ MM npu n060M nopsiake JMHEH-
HOM YacTH, HO TpeOyeT pelIeHU, KOTOpbIe Mpead-
CTaBJISIOT CJIOXHYIO 3a7a4y axe Ui Creluain-
CTOB, BJIQJCIOLIMX aIIaparoM AUCKPETHBIX Ipe-
o0pa3oBaHUM.

HaunHast ¢ 60-x romoB IpoILIJIOro BeKa MHOTUE
WCCJIENOBATEIN TIPeJIaraju Pa3IMuYHbBIE METObI
ucciegoBaHus nuHamMuku cucteM ¢ IMM, ocHo-
BaHHBIC Ha AONYCTUMOCTWA NPUMEHEHUSI TOTO WU
MHOr0 MaTEMAaTUYECKOTr o arnnapara, y4YuThIBaIOIIEro
nHpopMatuBHble cBolicTBa IIIMM-curnana [14].

Heckonbko cneumanuctoB (P. E. Andean [15],
R. E. Nease [16]) mpenioXuiiv MpoCTYIO METOAUKY
WUCCIEIOBAaHUS JUHAMUYECKUX PEXHMMOB CUCTEM
¢ IIIMNM, ocHOBaHHYIO Ha IPUHUMIOE S5KBUBaA-
JICHTHOCTU curHajoB ¢ MM u amMmnautyaHo-uM-
nyjabcHol Monynsiuuein (AMM) nipu paBeHCTBE UX
TJIomaaei. DToT NpUOANKESHHBIN METOI HECET T10-
TPEIIHOCTb B OLICHKE ToBeAaecHUs cucteM ¢ UM,
HO TIO3BOJISIET CBECTU WX MCCIENOBAHUE K KJIACc-
Cy OOCTAaTOYHO M3YYEHHBIX JHUHEWHBIX CHUCTEM
¢ AMM. Taxkoit moaxoa MOXHO Ha3BaTh JIMHEAapH-
3alMeil HeIMHEWHON AMCKpETHOM cuctemsbl. Ilo-
JIO)KMM €ro B OCHOBY HMXXEIIPUBEACHHBIX OLICHOK.

IIpex e Bcero ycTaHOBUM CBSI3b MEXIY CTaTU-
YyeCKUMHU K03 duiimeHTaMu Iepeaadyun 3JIeMeHTOB
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Puc. 2. CBa3b MEXAY CTATHYECKUMH K03 PHIHEHTAMHU Nepeaadn
cucrem ¢ AUM n IIUM

Fig. 2. Communication between static coefficients Transmission of
systems with AIM and PWM

¢ AUM u IIINM wucxons U3 paBeHCTBA IJIoLIaaei
MO YJIMPOBAaHHBIX CUTHAJIOB, IIPEICTaBJICHHBIX Ha
puc. 2.

IIpy 3TOM MOXHO 3amMcaTh TaKUe M3BECTHHIC
COOTHOILLUEHUS:

Ky = Ay(x)/x; Ky = w(0)T/x,

rne Ky, u Ky — kK03 duuimeHTsl (KpyTU3HBI) Me-

penauu aneMeHTOB ¢ AUM u LIIUM; A, (x) — am-

MJUTYAa BBIXOJHOTO CHUTHaja ajeMeHTa ¢ AUM,;

y(X) — OTHOCUTENbHAS AJUTEIBHOCT UMITYJIbCOB

asnemeHTa ¢ HIMUM; T — mepuon KBaHTOBaHUS.
Kpowme Toro, mpuHsTO:

e g omHomojdsgpHoro sjgemeHTta ¢ MMM (cm.
puc. 1, a)

v=y,=4/T, 0<y <L

e I AByXmojsipHoro ajemeHTa ¢ HIWM (cm.
puc. 1, 6)

v=2y,-L v =0t,/T, v,=1,/T,
O<y, <, —=1<y<lI.
C y4eToM 3TUX COOTHOLIEHWMII MOXHO 3aIu-

cath cienyoouime QopMyabl IS TUIOMIaAeii MM-
MTYyJIbCOB:

Sy = A (x)yT; Sy = Aypw(x)T.
Orclona, npupaBHMBas IUIOLWIAAA MMITYJIbCOB

Sy, 1 Sy, Nocie HECIOXHBIX MpeoOpa3oBaHUA
noJiy4yaeM
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_AuKy _ Agy(x) _ Aam(x)
A=y x 7
e Ap p(x) = Apw(x)/y; y = const — oTHOCH-
TeJbHas AJUTEIBbHOCTh UMNyabca mpu AVUM.

Takum ob6pa3om, ammiautyna A,p(x) cTaHo-
BUTCSI TAKUM K€ HOCUTEeJIeM MH(pOpMaIuy O BXOI-
HOM CHUTHaJie, KaK 1 npu oobrayHO AWM.

Teneps OyneM ucciienoBaTh OOBIYHYIO 3aMKHY-
TYI0 OAHOKOHTYPHYIO CXEMY CHUCTEMBbl aBTOMAaTH-
YeCcKOro yTpaBJieHWsI, COAepXallylo uaealbHbIi
WMIYJIbCHBIN 2JIEMEHT, SKCTPATIONISITOP HYJIEBOIO
nopsinka ¢ KoabdbuuueHtoMm nepenadyu K, U
HEINpepbIBHOM 4acThlo, MMEIOIIEH TepeaaTouHylo
byHkuuo Ky 1(s), ABIAIOLIENACS OTHOLIEHUEM
n300paXkeHUI BBIXOMHOTO TOKA 3JEKTPOMAarHuTa
I(s) u 3amarouiero CUrHajla CUCTEMbl CTaOMIM3a-
uuu Toka Uy(s). J1ns moaydyeHust 10CTaTOYHO 00-
IIMX BBIBOAOB MPEACTaBUM Ky 1(s) B BUIE CYMMBI
TMPOCTHIX OpOOEIt:

I(s) _

Uy(s)
C;s+D;
152+ p S+ q; |
IIe 4YMCJIO KOpHEH 3HaMeHaTessl MHepeaaTOYHOM
¢yHKUMKU OygeT paBHO n = v + k + 2/ npuuem
3[eCh Vv — HYJIEBBIX KOpHE; kK — BEIIECTBEHHBIX
HEKpaTHBIX U /| — YMCJI0 map KOMILIEKCHO-COIPSI-

JKEHHBIX HEKpaTHBIX KOHEA.

Hanee MOXHO BOCIIOJIb30BaThCsl M300pakeHU-
€M B IUIOCKOCTHU Z JJIsSl CMEIIEHHOM MepeIaTouHOn
(pyHKLIMM pa3OMKHYTOM CUCTEMBI C SKCTPAIIOJS-
TOpPOM HYJIEBOTO MOpsiAKa M 3allOMMHAaHUEM Ha
HEIOJHBIM MHTepBaJ KBaHTOBaHUS Y1, KOTopoe
3anulleM B CeAYIOLIeM BUJIE:

Ky r(s)=

)

i=k . j:l

ls_[

“”
T

K*(z,0) = Ko ulY"(z,0) -Y"(z,¢)], ()
rne Ku,jp — nepenatroyHblil KodadGUIHUEHT 3KC-
tpanonsitopa; Y*(z,0), Y, (z,&;) — cMelleHHBbIe
Z-TIpeoOpa3oBaHuUs NepeaaTOYHbIX QYHKIMK UM-
MYyJIbCHON CHUCTEMBl; G U & — OTHOCHUTEJIbHBIE
cMeleHus. B cBolo ouepenb,

" 1,1(8)

Y (Z,G)=Zc{ } {KH T(S)} 3
rae Z o0o3HayeHa orepalus oIpenejaeHnus cMe-
LLIEHHOT' 0 Z-TIpeo0pa3oBaHus MepeJaTOuHON (PyHK-
unn Kiy 1(s);

71Y>k(Z,81)
b npu g, =l+c-yu0<o<vy,(4a
Y (z.¢;) = pa g, Y v, (4a)
Y*(z,0,)
npu ¢, =c—-y u 0<y<o<1.(40)

B dopmyne (4) mpuHsTO, 4YTO

Y*(ze) = 26K 1(5)}, )

rle ¢, — OTHOCUTEIbHOE (PUKTUBHOE CMELUEHME.

Bce nmanbHeliliue BBHIBOABLI MOJYYEeHBI HaMU
npu onepupoBaHuu popmynamu (1)—(5) nasg pas-
JIMYHBIX TUIIOB MOAYASITOPOB. [JIs1 OMHOMONSIPHO-
ro Moayiasaropa (cM. puc. 1, a) u3z dopmynsl (1)
MOJYyYUM

K§(2.0) = Ko {Y*(z, o) —%} ©)
rnec<yug =1+c—1.

Ecnu o > y;, TO 01 npeoOpa3oBaHUsl CleayeT
MOJIb30BaThCsl BhIpakeHWeM (40) Mpu BbIYMCICHUN
BbIpaxkeHUus1 (2). DTOT ciyyait (0OmHOMOJSIPHOTO MO-
JyJISITOpa) HAMU 3[IeCh HE paccMaTpuBaeTcsl.

st aByXmoasipHOro MonyJisitopa (cm. puc. 1, 6)
13 BbIpaxeHusd (2) HaxXoAuM

Kp(z,0) = Ky wlY"(z,0) - 11" (2.8) -

- Y*(ZsGZ) + Yl*(ZsSZ)]-

I[Ipyu »>TOM mpuMeM CcleAylole 3HaYeHUS
rmapaMeTpOB OTHOCUTEIbHBIX CMEICHUIA:

a) 17151 MOJIOXKUTEJIbHOTO0 UMIIYJIbCa MOAYJISITOpA
o <v,¢g =1+ 0 —y;Bciayyae c > y; HEOOXOAUMO
MOJIb30BaThCsl  BbIpaxkeHWEeM (4a), BBIYUCISS
cocrapuswoiyto Y, (z,e;) B BeipaxeHuu (7);

0) IJIg OTPULIATEILHOTO UMITYJIbCa MOJAYJISITOpA

(7)

Gy =71+0; &=V +0-7, -2y +o-1
npu 0<y,<y;+o<l;

®)

6y =Y,+0;, e =1+y,+0-y,-2y,+0

9
npu 0<y,+o<vy,<l. ©)
Takum ob6pa3oM, npu cobroaeHUM yciaoBus (8)
u v, +0c = 0,5, nocie npeodbpazoBaHuii o GopmyJe
(7) monyvaeM:

Kzl(za 0) =

(10)

T
_KA,LH Y (z,0) - Y (Z,52)+Y (Z,82)+ (?81)
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Ilpu vy, + 6 <0,5, yuursiBag (9), umeem
Kj(z,0) = Kp mlY " (z,0) - Y'(z,0,) +

+ 27 Y " (z,89) - Y (2,8}

B nanpHeHIIMX UCCIeIOBAaHUSIX IJIST YIIPOILEHUS
BBIKJIAJIOK IOJIOXKUM ¢ = 0, T. €. OyleM OIpenessiTh
HeCcMellleHHbIC 3HAaYeHUS Z-TIpeoOpa3oBaHUil Iepe-
garouHblx GyHkuuii K*(z,0) mo ¢dopmynam (6),
(10) u (11) pnga UMIYJIBCHOM CUCTEMBI, HEIIPEPhIB-
Hasl 4aCTh KOTOPOi1 ornucaHa BeipaxkeHueM (1).

I ogHOIOJSIPHOTO MOAYASTOpa Ipu v = 1
HaaeM

(11)

Kj(2,0) = K K7 (z,0) + K5(2,0) + K3(z,0)], (12)

rac

Ki(z,0)= ATy, /(z - 1);
I-y
Zb d;”"" —d,

—d, ’
—a;T. .
di =€ ! N OLi =|Sl 5

K3(z,0) =

i = Bi/ai;

" = oagiz
K;(z,0) =Y C; ~°x

Jj=1 q;
F.(z,\ -F.(z,x
% l+SeC(Pj J(Za 1)/Z J(Za 0) .
4 Nj(z)

31ech B3aMMOCBSI3b IAapaMETPOB C BJIEeMEHTaMU
ciaraeMbIx popmyiabl (1) OyaeT cienyoleit:

o ;T

tee; = (4; - a;a0,)/(aoB,); q; = aj +B;.

@®yukunu F;(z,hg) u F;(z,%) BBIUMCIAIOTCS
MO €AVMHOMY BBIPaXKEHUIO:
hy
Fj(z>7\'i) = djl{z COSOWBjT + (Pj) -
- dj cos[(1 _}‘*i)BjT_(Pj]}a

CO 3HaYeHUsAMU Ay = 0 m A, = 1
N(z) — 10 BBIpaxKEeHUIO

— v, @ QyHKLIUSA

N(z)=7° -2zd; cosBjT+a’f.

JIns  OBYXIIOJASIPHOTO MOXYJIsSATOpa TMpUMEM
y; = 0,5 u, cobmonast yciosus (8), mo dopmyie
(12), omepupyss BbipaxeHusamu (1) u (10),
pacuMTaeM COCTaBJsIIOUIME Z-MIPeoOpa3OBaHHOMN
HEeCMeILIEHHOM TepeaaTouyHol QyHKIIMU:

K]( 0)_1 (1 YI)(Z+1)AT

—d, (13)

=k z(d}® —d}?) v (d] - d,
K;(Z,0)=12bl~Z(l i )J"(z ) - (14)
i=1 Z—dj

- j:l aojz 1
K5(z,0)= 3 C;——<¢—+seco X

Jj=1 qg; (2

xFj(z!7\‘3)_Fj(za}\'O)_Fj(za7\'2)+z_1Fj(z,}\'l) .
Nj(Z)

I[lapaMeTpbl MOAYy4YEHHBIX BBIpAaXEHUII HaXo-
oaTcd Tak xe, Kak B dopmyne (12), Ho Ay = 0,
M=1—vy,%=2y — 14k = y,. AHAJIOTUYHBIM
ob6pazom nipu v, < 0,5 mo ¢popmyie (11) Halinem:

Ki@0) = ATINEEL )
dls dho dh - a’M
Ki(e0)= 3 SRS, g

" = oayiz
K3(z,0) = ZCjO—’ cos ¢ ;X
Jj=1 q;

@) = Fi(zhg) + 27 Fy(ah) - 27 Fi(z,hy) '
Nj(Z)

B 5THX BBIpaXEeHUSX Ay =
HO 7L2 - 2'}/1

0, M=1—v,4=y

YCTOoYNBOCTD JIMHEAPH30BAHHOM MOJEIH
cucremnl ¢ IITUM

IIpoaHanu3upyeM 4YacCTOTHBIE XapaKTepUCTU-
KM 3KBUBAJCHTHOM MMIYJbCHOM CHUCTEMBI, B KO-
TOPOI IIMPOTHAsT MOLYJISLMSI 3aMeHeHa aMILJIu-
TyaHoi. Kpome TOoro, orpaHMYMM 4MCJIO KOpPHEH
BeIpaxkeHus (1) ofHUM HYJIEBBIM U kK BellleCTBEH-
HbeIMU. Tormga, ucrnoab3yss w-npeodpa3oBaHue A
OIHOIIOJISIPHOI'O MOAYJISITOpa, UMEEeM

m_mj+
2 o

. [1 _Zri@*zj_ jo ( {j (17)

Ko(jo*,0) = K 1y {A (—

Zl "1-d, 1+ (1;0%)> ’
T 1+d;
Tac t i = 3 . ﬁ’ " — pasMEpHas1 11c€Bao4acrora.
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BBITIOTHUB aHaJOTUYHBIE TPeOOpa3OBaHUS B
dopmyne (12), ¢ yuetom BbeipaxeHnuii (13) u (14)
npu y; = 0,5 Halinem:

i—k
Kio'.0) = K| 3 455000
’ i=1 1—d,‘
L+ T0™) + jo' (T, - 1,) a8
1+ (t,0%)2
+A(_Z_j2V1 _lj,
2 ©
rie my =d" —d¥, my=d"—d,, T,=L.M=M
' b ' Y2 mp+m,

Hakoneu, npu vy, < 0,5 misi AByXnoJisipHOro
MoayisaTopa, peodpasys (12) ¢ yuerom Bbipaxe-
Huit (15) u (16), momyunum:

Ki(jo,0) = Ka 1y zb’“+@x
i=1 l_d
X (1""Tliti(’)*2)+j(0*(Tli _Ti) (19)
1+ (1,072
A(5(1—4v1)—12“—:1j,
2 o)
T n —-n
rne n = di;L3 _di}ho; hy = dik2 _dikl; Tll 2 ”i +l’l§

IlepenatouHast (GyHKLUUS JMHEAapU30BaHHOM
3aMKHYTON 3KBUBAJEHTHOIW CUCTEMbI IPU HYJIe-
BOM CMELIEHUU OyIeT paBHa

K(»,0)
1+ K(0,0)"

IlockonbKy Ipu 3aJaHHOM 3HAYEHWU OTHOCH-
TEJbHOU MJIUTEIBHOCTA UMITYJIBCOB Y| MOJIOCH U
HYJIU TIepenaTOodyHOl (yHKIMHU OCTAIOTCS MOCTO-
SHHBIMHU II0 BEJIMYUHE U MOTYT OBITh JIETKO OIpe-
IeJICHBI, TO OJISI UCCIICAOBAHUS €€ YCTOMUMBOCTU
MOXHO BOCHOJb30BaThbCsI aHAJOIOM KpPHUTEpPHSI
HaiikBucra [17].

[nst ymobcTBa HCCAeIOBAaHUN aMIUIUTYIHO-
dazoBbix xapaktepuctuk Buaa (17)—(19) npu Ba-
pualusX y; U ©* 3aMUlIeM 3TU BbIpaxeHUs clie-
IYIOIINM 00pa3oM:

D(0,0) =

K(jo*,0) = P(0*,0) + jO(v*,0).

ConocTraBieHNe XapaKTepUCTUK cucteM ¢ AUM
(exkBuBaJieHTHOI Monyasuueir) u IIIMM Beimo-
HUM MO MPUPAILIEHUIO BEIIECTBEHHBIX YacTeil BbI-
paxenus (18) npu y; = 1 u npu y; < 1 1 nonyyum

APy (0*,0) =
T .
[k, 1o g 1-5me AT (| @0
i=1 l_dl' 1+(‘Ci(l)*) 2

N3 dopmynsl (20) oueBUAHO yCIOBHE Jydllei
yctoitunBocTu cucteMbl ¢ MM, yuem ¢ AUM,
MOCKOJIbKY Afo(m*,O) <0 npu o* — .

Takum ke cnocoboM HaiiieM IIpHUpalleHNe
BELIECTBEHHBIX XapaKTepUCTUK cucteM ¢ AUUM u
¢ LHWM nipu y; > 0,5 ¥ IBYXIIOJSIPHOM MOAYJISILIA M.
Bbiuurtasi M3 BeLIECTBEHHON 4YacTW BBIpaXKCHUS
(17) mpu y; = 1 BelIECTBEHHYIO YaCTb BBIPAXECHUS
(18) u mpoBoas psia Mpeodpa3oBaHU, TOJyyaeM:

AP_H((D*,O) =
i—k
= KA,LLIIZ [(1 +dhh —ZT
ia

bi(1-d/™)
(1-d)[1+ (0" |

,J%Ld%4ﬁx(n)

X

N3 dopmynsl (21) BUIHO, 4TO AP_H((;)*,O) <0
npu o* — oo, HO 3TO YCJIOBME HAUYMHAET BBIIMOJI-
HATBCS IIpM OOJBIIMX 3HAYEHUSIX YACTOT, 4YeM
B ciayuae ogHomnosisipHoro HIMM.

HccnenoBarr B o00OlleM Bujae MOpUpalleHUE
AP(®*,0) TIpyM HaJMYUU B JMHEITHONW 4acTH CHU-
CTeMBI KoJieOaTelbHbIX 3B€HbEB U3-3a FPOMO3IKO-
CTU BBIpAXXEHUI HE ymaeTcs, HO MOXHO CIeJiaTh
BBIBOJ, UTO YCJOBUSI YCTOMYMBOCTU IJIS TaKUX
cucteM ¢ IIIMM wu3MeHSIOTCI II0 CPaBHEHUIO
C cuUCTeMaMH, MMEIIIMMU aMILIUTYIHYI0O MOMY-
JISIIMIO, B 3aBUCMMOCTM OT KOHKPETHBIX 3Haue-
HUII TapaMeTpoB KoJjieOaTelIbHBIX 3BeHbeB. [lo-
3TOMY YCTOMUMBOCTb TAKUX CUCTEM CJIeAyeT Mpo-
BepATh M0 cooTHoleHusIM (17)—(19) ynciaeHHBIM
00pa3oM, UYTO IO3BOJISIET MCCAEAOBAaTh YCTOMYM-
BocTh cucteM ¢ IIIMM npakTuuecku npu JrodoM
cocTaBe MX HemnmpepbIBHOU yacTu [18].

3akiaoyenue

1. Meton nuHeapuzanuu cuctem ¢ IIIUM my-
TeM 3aMEHBbl MOCJIEeIHUX Ha 3KBUBAJEHTHYIO CHU-
cteMy ¢ AUM MOXeT C yCIIeXOM HCIOJb30BaThCs
JUIST aHAJIUTUYEeCKOTO MCCIIeAOBaHUS YCTOMYMBO-
CTH TIPU OTHOCUTEJIBbHO HECIOXHON HePepbIBHOM
YacTW CUCTEMBbI WJIU AJSI YMCIEHHOTO HMCCJIeI0Ba-
HUS TIPU JIIOOOM COCTaBe HENMpPepbIBHON YaCTH.
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2. MoxHO yTBepXOaTh, YTO YCIOBUSI YCTOMIMBO-
ctu cucteM ¢ IIMM, conmepxallyx B JMHEHHON Ya-
CTHU TOJILKO MHTETPaTOPHI M arlaproANIeCKHe 3BEHbSI,
OyayT JIyullle, 4YeM B TaKMX Xe cuctemax ¢ AVUM.

3. Ecim OymyT 3amaHbl KayeCTBEHHBIE ITOKa-
3aTead IMEePEXOAHOro IIpolecca, TO MOXHO yCTa-
HOBMUTb TIpEeAeabl W3MEHEHUS OTHOCHUTEIbHOM
JIUTeNbHOCTH umnyiabcoB IIMM u ¢ Gonbliueit
JOCTOBEPHOCTBIO OLIEHUTh YCTOMYMBOCTH B3KBU-
BajJieHTHOIt cucteMbl ¢ AVUM npu ¢dukcupoBaH-
HBIX MUHUMAJIbHBIX U MaKCUMaJIbHBIX 3HAUEHU X
y; (€CIM OTCYTCTBYET HACBILLIEHUE LIMPOTHO-UM-
MyJIbCHOTO MOAYISITOPA).

4. Tlpy HanWMYMUM HACBLILLEHUS B MOIYJISITOpPE
sKBUBaJieHTHas cuctema ¢ AUUM ngonxHa paccma-
TPUBAThCS KaK HeJIMHEWHAasl, IIpyuYeM IJIsI OLeHKU
BO3MOXHOCTH BO3HMKHOBEHHSI aBTOKOJeOaHU
MOTYT OBITh MCIIOJIb30BaHbI METOIBI, pa3paboTaH-
HBIC AJIS1 HeIUHEeNHBIX cucteM ¢ AVUM.

5. JInsa npuOAMXKEHHONW OLEHKM MNepeXOdHbIX
npoueccoB B cucteme ¢ IHIMM npu 3amaHHBIX
MOCTOSTHHBIX MMHHMMAJIBHBIX M MaKCHUMaJbHBIX
3HAYEHM X y; PAaCUUTHIBAIOTCS aHAJOTUYHBIE pe-
KWMBI B 9KBMBajeHTHOI cucteme ¢ AVUM. Haii-
JEeHHBIC TTOKa3aTelIM KadyecTBa IePEeXOMHBIX ITPO-
IIECCOB MCHOJB3YIOTCSI KaK IIpeAeabHbBIC ISl CH-
cteMmbl, umerouei MMM,
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Abstract

This study is devoted to the consideration of a method for assessing the stability of systems with pulse-width modula-
tion, based on the linearization of its equivalent system with pulse-width modulation. An approximate study of the dynamic
modes of operation of systems with pulse-width modulation, taking into account the stability for the system of automatic
control of the supply current of electromagnets under the conditions of external and internal interference, is carried out.
Variants of execution of schemes of pulse-width regulators for the power supply of an electromagnet based on a unipolar
and bipolar element with pulse-width modulation are presented. The possibility of linearization of systems with pulse-width
modulation for the subsequent detailed assessment of the stability of such systems is shown. The prospects of using functional
differential equations for stability analysis of automatic systems with pulse-width modulation are shown. The frequency
characteristics of an equivalent pulse system are analyzed using the example of a current stabilization system of high-power
electromagnets with a pulse-width regulator, taking into account the replacement of the latitude modulation by the ampli-
tude one. Based on the analysis of the resulting transfer function, which is a stable linearized equivalent open system, the
ways of evaluating the stability of the original system with pulse-width modulation using the Nyquist stability criterion are
proposed. The conclusion is made about the advantage of a system with PWM, in relation to a system with AIM, in terms
of stability, and recommendations are given for the use of the obtained data in the analysis of transients in such systems.

Keywords: latitude and pulse modulation; linearization; nonlinear discrete system; Amplitude-impulse modulation,

stability of the automatic system
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ANHAMUKA, BATTIUCTUKA, YITIPABJIEHUE

AOBUXXEHUWUEM JNNETATEJIbHbIX AMNMAPATOB

YK 629.7 DOI: 10.17587/mau.22.321-330

M. B. JleBcku#i, KaHA. TEXH. HayK, Bed. Hay4. coTp., levskii1966@mail.ru,
HayuHo-uccnegoBaTenbCKUN UHCTUTYT KOCMUYECKnX cuctem numeHn A. A. Makcumosa —
dunman MKHIMU nm. M. B. XpyHudeBa

OvHamMmuyeckan 3agavya onTMManbHOro ynpaBrieHnsi opMeHTauMeﬁ
KOCMUYeCKOoro annaparta ¢ orpaHmn4eHmem Ha (pa3OBble nepemMeHHbIe

Ilpedcmasaeno anasumuueckoe peuieHue 3a0a4u ONMUMAALHO20 YAPAGACHUS NepeopueHmayuel KoCMU4ecKo2o annapama
(KA) u3 npousgoavHoco HaA4aabHO20 y2A08020 NOAONCEHUS 6 mpebyemoe KOHeYHOe Yen080e NOA0NCeHUEe NPU HAAUYUU 02PAHU-
ueHUll KaK Ha ynpasasrouiue QyHKyuu, mak u Ha (aszoevie nepemeHuvle (02panuienbl CUA080U MOMEHM U Y2A08ds CKOPOCHb).
Munumuszupyemcs epems pazeopoma. Paccmampueaemces cay4ail, Koeda cyuecmeeHHbIM 02PAHUYEHUEM S8AAeMC MAKCUMANbHO
donycmumas Kunemuueckas dHepeus epauwjenus. [locmpoenue onmumansHoeo ynpasieHus paseopomom 0CHOBAHO HA NPUHUU-
ne MakcuMyma u K6amepHUOHHbIX NepemMeHHbIX u moodeasx. Ilokazano, umo onmumaibHbiM A68439eMCA KYCOUHO-HEeNnpepbleHoe
ynpaeaenue, npu KOMopom 60 eépems epauienus KA nanpaenrenue Kunemu4eckoeo MoOMeHmMa NOCMOSAHHO OMHOCUMENbHO UHED-
YUAAbHOU cucmembvl KOOpOUHAm, Npu 6bINOAHEHUU ONMUMAABLHO20 PA36OPOMA MOMEHM CUA napaiiener nPAMol, Heno0BUICHOU
6 UHEepUUAIbHOM npocmpancmee. B zasucumocmu om 3a0QHHbIX HAYAALHO20 U KOHEUHO20 NOAONCEHUI U MOMEHMOS8 UHepyuu
KA 603moxucHbl 06a muna onmumManbHO20 YNpasieHus — peleiiHoe YnpaeieHue ¢ 00HOU MOUKOU NepeKkaioveHus, Koeda Ha 6cem
uHmepeane ynpasienus 0eicmeyem MaKCuMaibHo 603MONCHbLI YIPABAAIOWUL MOMEHM (Y4ACMKU PA320HA U MOPMOICEHUS), U
pedeiiHoe ynpaegienue ¢ 08yMs MOUKAMU NePeKNIOUeHUs, 8KAI0YAIOuee UHMEHCUBHbLI PA320H, 08UNCEHUe NO UHEPUUU C BbIKAIO-
YEHHbLIM MOMEHMOM U 6bIX000M HA O02PAHUHeHUe N0 IHepeUl 8PAWEeHUs, a4 3ameM QUHAALHBIM MOPMONCEHUEM C MAKCUMANbHBIM
YRPABASIOUWUM MOMEHMOM. 3ANUCAHbL AHAAUMUYECKUEe YPAGHEHUS U COOMHOUEHUS 0451 HAX0NCOeHUs ONMUMANLHOLU NPO2PAMMbl
ynpaeaenus. Janvl pacuemuoie Gopmyavt 045 OnpedeseHus 6PEeMEeHHbIX XaApAKMepUCmuK MaHeepa U 6blyUCcAeHUs OAUMeAbHOCIU
paseona u mopmoxcenus. Ilpedroxcennvili areopumm ynpasaeHus NO360Asem MaKCUMAaAbHO ObICMPO 0CYULeCmeasimb nepeopueH-
mayuro KA ¢ oepanuvennoti kunemuyeckol snepaueli epauwerus. s ouHamuuecku cuMmempuyHo2o meepiozo meaa (Kocmuue-
CK020 annapama) nOCMAagAeHHAs 3a0a4a ONMUMANbHO20 YAPABACHUS peulaemcs 00 KOHYA — NOAYYEHbl 3A8UCUMOCMU KAK A6HbLe
@yHKUUU épeMeHU 0Asl YPAGAAIOUUX NePEMEHHbIX U COOMHOWEHUs 045 pacHema KAlo4eeblX napamempos 3aKoHa YNpasieHus.
Tlpusodsamcs uucieHHbIl npUMeED U pe3yabmamsl MameMamu4yecko2o modeauposanus deusxcenuss KA npu onmumanrsHom ynpae-
ACHUU, 0eMOHCMPUPYIOUWle NPAKMUYECKYIO Peaiu3yemMocms paspabomannozo memooa ynpaenrenus opuenmayueti KA.

Karueenie caoea: kocmuueckuii annapam, opueimauud, Ke6amepHuoH, IHepeusl epaueHusd, NPUHUUN MaKcumyma, ynpae-

AA0Was GYHKYUs, peielinoe ynpagieHue

BBenenue

UccrenyeTca nuHaMu4yeckas 3amadya OMNTH-
MaJILHOTO TI0 BPEMEHM YIIPaBJEHUS Pa3BOPOTOM
KocMmuyeckoro anmnaparta (KA) U3 npou3BoabHOTO
HavyaJbHOTO TIOJIOXKEHMS TIOKOS B 3aJaHHOE KO-
HEYHOE TTOJIOXKEHNE MOKOS, KOT/Ia OTPAHUYEHBI HE
TOJILKO yIpaBisionie (GyHKIUU, HO U (Ha30Bbie
nepeMeHHble (OTpaHWUYEHUST HAJOXEHBbl Ha CHUJIO-
BOM MOMEHT M YTJOBYIO CKOpoCThb). IIpocTpaH-
CTBeHHOE nBMXeHUE KA OTHOCHUTENLHO IIEHTpa
Macc onuceiBaetcsa kBatepHuoHom [1]. TToctpo-
€HHWE OINTHMMAJILHONM MpOTrpaMMBbl BpaIlleHUS OC-
HOBAaHO Ha KBAaTEPHUOHHBIX MOAESIX, NPUHILIUIIE
MaKCMMyMa M YHUBEPCAJIbHBIX IIEPEMEHHBIX [2].

Bompocsl ynmpaBiasieMoro IBUKEHUS TBEPHAOTO
Tejaa BOKPYT LEHTPA MacC MCCIEIOBAJIUCh HEOMI-
HokpaTHO [1—14] (B TOM 4ucie ¢ MOMONIbIO TUPO-

IUHOB [3—5]). MHorue aBTOpHI OTMevarwT [6, 7],
YTO aHAJMTUYECKOE pelleHMe 3aJa4yy ONTUMAaJb-
HOro pa3BopoTa B 3aMKHYTOM ¢dopme, ecliu Obl
OHO OBLJIO HaWAEHO, UMEJIO Obl OOJIBLION MPaKTU-
YeCKUil MHTepeC, TaK KakK IT03BOJISIET IPUMEHSITh
Ha 0opTy KA rotoBble 3aKOHBI MPOTrPaMMHOIO
yIIpaBJeHMUs] U U3MEHEHUSI ONTUMAJIbHON TpaeK-
topuu asuxeHus KA. Hemano pabot uccienymort
npobyseMbl Hauckopeiiiiero pa3spopota [1, 5—10].
HexkoTopble pellieHUs IOJYYEHBI Al OCECHUM-
MeTpuuHbIX KA [9—11] (mpuyem B paGote [11]
JaHO JIMIIIb YMCJIEHHOE PelleHUe KpaeBoil 3a1a4yu
MNPUHLIMIIA MAKCUMyMa IyTeM 3aMEeHbI IepeMeH-
HBIX U CBEIACHUEM €€ K KpaeBoll 3ajauye pa3BopoTa
chepuuecku-cuMMeTpruuHOro teaa). OmHako aHa-
JIMTUYECKOE pelIeHUe 3aJa4u MPOCTPAHCTBEHHO-
ro paspopoTa a1 KA ¢ mpou3BoJIbHBIM pacipe-
JeJIeHUEeM MacC IIpM IIPOM3BOJbHBIX T'PAHUYHBIX
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YCJIOBHSIX IO YIVIOBOMY ITTojiockeHHI0 KA He Haii-
JIeHO; U3BECTHBI JIMIIIb HEKOTOPHIE OCOOBIE ClIydan
pelleHus 3aga4yu pa3BopoTa (Hampumep, [1, 12]).

I[IpoGnema co3maHMsI BBICOKO3(G(HEKTUBHEBIX
aJITOPUTMOB yHpaBlieHusl opueHTanueir KA ocra-
eTcs aKkTyajabHOI U ceronHs. [Ipeanaraemoe HUXe
pellieHKe IO3BOJISIeT MaKCUMaJbHO OBICTPO pas-
BopauuBaTh KA ¢ orpaHM4YeHHON KWHETUUYECKOM
SHEpruei BpalleHUs, 4YTO KpaliHe BaxKHO IS
MPakKTUKNA KOCMUYECKHMX MOJIeTOB. Bormpockl ObI-
CTPOACHCTBUSI MaHEBPOB IIPU 3KOHOMHOM YIpaB-
JeHun apuxeHuemM KA ocTamTcs 10 cUX MOp ak-
TyaJIbHBIMU, TIO3TOMY pelliaeMas 3ajaya sBJsIeTCs
MpPaKTUYECKHN BaKHOM.

YpaBHeHMs YIJIOBOTO JBUXKEHUS
U MOCTAHOBKA 321244 yNpPaBJIeHUS

[Monmaraem, 4TO yIpaBJIecHUE YIJIOBBIM ITOJIOXE-
HueM KA ocylecTBisieTcsl TOCPEICTBOM KCITOJ-
HUTEJIBbHBIX MEXaHM3MOB, CO3[AIOIIUX Bpalllao-
LIMe MOMEHTBI OTHOCUTEJILHO BCEX TPEX INIaBHBIX
LHeHTpaabHbIX oceil nHepuuu KA. Yriosoe nBu-
xeHne KA Kak TBepaoro Teja ONMUCHIBAETCS AU-
HaMWYECKUMMU ypaBHEeHUSIMU Ditnepa [1]

J1o) +(J3 = J5) w03 = My
J2d)2 +(J1 _J3)(DIO)3 :MZ;
J3(j)3 +(J2—J1)(D](D2 :M3

)

W KWHEMaTUYeCKUM YypaBHEHWEM, 3alMCAHHBIM
B KBaTepHUOHHOU opme [1],

A =Moo, Q)

rae J; — rjaBHbIE LIEHTPAaJbHble MOMEHTBHI MHEp-
uuu KA; o; — npoexuuu BeKTopa @ adCOMOTHOI
yrjaoBoi ckopocTu KA Ha ocu cBsI3aHHOro 6asuca
Ey ,, 00pa3oBaHHOIO IJIaBHBIMU LIEHTPAJIbHBIMU
ocamu anuncouna uHepuun KA; M; — npoek-
1IMU TJaBHOrO MOoMeHTa M CHMJI Ha OCU CBSI3aHHO-
ro 6asuca Eyx, (i = 1, 3); A — kBarepHuoH [1], 3a-
ALV OBUXKEHUE CBA3aHHOro Oasuca Ey, oT-
HOCHTEJIbHO MHepluaabHoro 6asuca I. Cuuraercs,
YTO 00JIaCTh JOIYCTUMBIX yIIpaBJeHU M ONUCHI-
BaeTcst ycaosueM [10]

2 2 2
M M3 M3
5T,

2
up, ©)
rae uy > 0 — HeKoTopast MOoJOXMUTENbHAs BEJIUYHU-
Ha, XapaKTepu3ylollasi MOIIHOCTb UCHOJHUTEIIb-
HBIX OpraHoB cucTeMbl opueHTauuu KA. Jlanee

MoJlaraeéM, 4TO IJIS1 OJONYCTUMBIX IBUXECHUW KH-
HeTuyeckass 3Heprus BpalueHuss KA He moixHa
MIPEBBIIIATH HEKOTOPOM IMOJOXUTECIbHOM BEINYM-

HbI Eﬂom T. €. YOpaBJICHUC OIr'paHUYCHO YCIOBUECM

@)

rne E,,, — MaKCUMaJIbHO IOMYCTHMas 3SHEeprusi
BpaieHus. IlpakTnyeckoe 3HaYeHWEe MMEIOT 3aja-
Yy, KOIJa pa3BOPOT BHIMOJHSCTCS U3 IOJOXKCHMUS
MOKOSI B TIOJIOXKEHUE TTOKOSI OTHOCUTEIBLHO OTOp-
Horo 6a3uca I (M yrioBble CKOPOCTU B HayaJbHbIA
1 KOHEUHBII1 MOMEHTHI BPEMEHM PaBHBI HYJIIO, TaK
Kak 6asuc I He BpalllaeTcsl); paccMaTpuBaeTcs 3a1a-
ya pa3BOpOTa C 3aKPEIUICHHBIMU JIEBBIM U IIPABbIM
KOHLIAaMU TpaeKTopuu ABukeHUs. IloaTomy ypas-
HeHus (1), (2) UMEIOT cenyolre KpaeBble YCIOBUSL:

AQ) = Ay, o(0) = 0; 5)
AT = A o(T) = 0, ©)

rme 7 — BpeMs OKOHYAaHMSI MaHEBpa II€peopH-
eHTalMu. KBaTepHUOHBI A, U A, UMEIOT MPOU3-
BOJIBHBIC Hamepe/ 3aJaHHble 3HAUCHUSI, AJ1s KOTO-
pbix A, # TA, ¥ ||A] = |[AJl = 1 (xkBaTepHUOH A
MPUHAT HOPMUpPOBAaHHBIM [1] mys1 ymoOcTBa). 3a-
Jady ONTHMaJILHOTO YIpaBJieHUs chopMyaupyem
clienyrolM oopa3zom: Heobxoaumo neperectu KA
13 coctosiHus (5) B cocTosiHue (6) B COOTBETCTBUU
¢ ypaBHeHusgmu (1), (2) u orpanuueHusmu (3), 4)
3a MUHHUMaJbHOe Bpems 7. OnTuMajbHOE pelle-
Hue M() uiercss B KJjlacce KyCOYHO-HEMpPepbIB-
HBIX QYHKIIUI.

J|0)12 +J2(D% +J3(D§ < 2E£L01'l’

MaremaTuyeckas popMyaupoBKa
HEOOXOAMMBIX YCJIOBHI ONTHMAJIbHOCTH

B cooTBeTCTBMM ¢ MPUHLIMIIOM Makcumyma [15]
BBEIEM CONPSIKEHHBIE TMEPEMEHHBIE (@;, COOTBET-
CTBYIOLLIME YIJIOBBIM CKOPOCTSIM ;. BMecTo conpsi-
JKEHHBIX TIEPEMEHHBIX \j, COOTBETCTBYIOIIUX KOM-
MOHeHTaM }; KBaTepHuoHa A (j =0, 3), ucnonbay-
€M YHUBepcajbHble nepeMeHHble r; (i =1,3) [2],
MOCKOJIbKY KPUTEPUI ONTUMAJIbHOCTH HE COHEP-
KUT IMO3UIMOHHBIX KOOPAMHAT (3JIEMEHTOB KBa-
TepHUOHA OpMEHTALIUM A). 3anUIIeM TaMUJIBTOHM-
aH 3aJa4u onTuMalibHoro yrpasiaeHus (1)—(6) [2]:

H: _1 + (Pl(Ml + (J2 - J3)(D2(D3)/Jl +
+ o(My + (J3— J)ows) My +
+ @o3(M5 + (J; — Loy My + o) + oyry T asrs.

OntumanbHble QYHKIMU 7; KAK KOMIOHEHTHI
BEKTOpaA I YIOBJIETBOPSIOT YPaBHEHUSIM
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1 = 03y — 0,13;
’.'2 =0)1r3—033i’1; (7)
/;3 = (,02"1 _0)1"'2.

YpaBHeHUS i1 COMPSIKEHHBIX (QYHKUMA ¢,
MMEIOT BUI

¢ = 030,(J) = J3)/Jy + 0,05(J, =)/ I3 - K;
$y = 030,(J3 = J2)/J) + 0195(y = I 1) /T3 =15 (8)
§3 = 030,(J5 =)/ I + 0190,(J) = T3)/ T, — 15

lamunsronnan H coctaBiieH 0e3 ydyeTa orpaHu-
yeHus ||A|| = 1 m1st ha30BbIX IEPEMEHHBIX B CHITY Pa-
BeHcTBa ||A(0)| = 1, o yeM moroBopuJIKCh Bbilie. Bek-
TOp T HEMOABUXEH OTHOCUTEIBbHO WHEPIUATIHLHOTO
0asuca I, u3-3a vero |r| = const # 0. Peirerue r(r)
cucteMbl (7) ornpenensieTcss HayaJabHbIM A, U KOHEY-
HbIM A, nonoxeHussmMu KA. OntumanbHast QyHK-
s r(f) BRIYUCIsAETCs yepe3 KBaTepHUoH A() [1, 2]

r=AocgoA,

me ¢z =const=A,or(0)oA, (cocTaBnsmolne
BEKTOpa Cx — MPOEKIIMU BEKTOpa I Ha OCU MHEP-
uuanpHoro 6asuca I). Cucrema ypaBHeHMi (7),
(8) coBMecTHO ¢ TpeboBaHMEM MaKCHUMAaJbHOCTU
raMujbToHMaHa H maeT HeoOXOmMMBIE YCJIOBUS
onTuMaabHocTU. O603HAYUM

2 2 2
E(t) = (Jl(‘ol + Jz(,Oz + J3(,03)/2
I HaxoXIeHUs MaKCMMyMa TaMUJIBTOHMAaHa
3anuiieM ¢pyHKuuw H B Buae

H =M/, + Myp,/J, + M3o3/J5 + H,

nv>

rae H,,, He 3aBUCUT SIBHO OT yIPaBASIOLINX PYyHK-
uuii M;. I[lyctb @ = {9, ¢,, 93} — BEKTOP CONPSIXKEH-
HBIX IEPEMEHHBIX ;. HeTpynHO BUAETH, UTO B CIly-
yae @ =0 Makcumym pyHkumu H nist yripaBiaeHui

M(?) npu orpaHuyeHun (3) IOCTUTAETCS, ECIU

o Uyo; ‘
\/(P12/J1 +(P§/J2 +(P22,/-73

B Havase m B KOHIIE pa3BOpOTa OTpaHUUYCHUE
(4) HecyleCTBEHHO, OHO TIEPEXOIUT B CTPOTOE He-
pPaBEHCTBO, TaK KaK yTJIOBBIE CKOPOCTH B Hayallb-
HBII ¥ KOHEYHBI1 MOMEHTBI BpEMEHH paBHBI HYJTIO:
®(0) =w(7T)=0. [loaToMy B MHTEpBaIaX IBUXKCHUS,
korna E(f) < E,,,, onTUMaabHOE PELIEHUE ONpee-
JgeTcsl 3aMKHYTOU cucteMoir ypaBHeHuii (1), (2),
(7)—(9) ¢ yueroM TpeboBanmii (5), (6). Cucreme
M, (7)—) ynosneTBOpsAIOT (PYHKUUU ¢, MPO-
nopLuoHaNbHbIE F;. C y4eTOM YCJIOBUI pa3BoOpoTa

M )

®(0) = o(7) = 0 cucrema ypaBHeHui (1), (7)—(9)
MMEEeT E€IMHCTBEHHOE PELIeHWE, B KOTOPOM ¢; U
YIJIOBbIE CKOPOCTH ®; CBSI3aHBI C MIEPEMEHHBIMMU 7;
3aBUCUMOCTSIMU

(10)
(11)

roe b(f) — ckamsgpHass QyHKLIUS BpeMeHU; a(f) =
= a(0) — ¢t (3Hauenue a(0) ompenensieTcss BpeMeH-
HbIMU TMapaMeTpaMu paszBoporta). IloactaBuB pa-
BeHcTBa (10), (11) B cucremy (8) ¢ yueToMm ypaB-
Henuii (1), (7), (9) monyyum Tpu TOXJECTBA, UTO
JloKasbiBaeT MCTUHHOCTL peleHus (10), (11). 3na-
yeHwue r(0) Takoe, YTOOBI B pe3yJIbTaTe MHTET PUPO-
BaHus ypaBHeHuit (1), (2), (7), (11) c HauaAbHBIMU
ycaoBusimu A(0) = A, IJ1s1 TPAEKTOPUU JBUXKEHU ST
A(?) BBINIONHSIOCH paBeHCTBO A(T) = A,.

PazBopor KA coBepliaeTcsi MakCUMaJIbHO ObI-
CTpO, €C/IM B KaXJblii MOMEHT BPEMEHHU ¢ yTjoBasi
CKOPOCTb MakCHMMaJsibHa, HACKOJIbKO 3TO MO3BOJISIIOT
orpanuyenus (3) u (4). Ecim E() < E,,, TO onTu-
MaJIbHEIM s1BJIsieTcs yipasieHue (9), u M = 0, eciu
¢ # 0. Ilpu ycnosum E(f) = const = E, ., obnacTb
BO3MOXHBIX 3HAQUEHWI BEKTOpa U C KOMIIOHEHTa-
mu u; = M;/\JJ; cokpawaercs u3 wapa ju| < u,
JI0 TIJIOCKOTO Kpyra, OorpaHMYeHHOT0 OKPY>KHOCThIO,
00pa3oBaHHOIW TiepeceyeHueM chepbl ¢ TJI0CKO-
CTBIO, TIEPIIEHINKYJISIPHOM BEKTOpPY, KOMITOHEHTa-
MU KOTOPOTO SIBJISIIOTCS co,-\/T,- (MOCKOJIbKY JIs1
BbINIOTHEHUA E(f) = const = E, | NOJXHO BBINOJI-
Hstbest E =0 wu, cnemoBarensHo, M @ = 0; 3HaK
YMHOXEHUS "*" 03HavaeT cKaJspHOE TTPOM3BeIcHIE
BeKTOpoB). OnTuManbHblli MOMeHT M 00s3aH Ha-
XOIUTBCS BHYTPH CeUeHUs uauIiconaa (3) IIoCKo-
CTblO, TEPIEHIUKYJISIPHON YIJIOBOH CKOPOCTH ®,
c TeM, uTo6bI £ = 0, MoKa He HACTYITUT MOMEHT Ha-
yajla OCTAHOBKM BpallleHUs (2 OH CYIIECTBYET, IO0-
ckonbKy o(7T) = 0).

IIpu pasrone (HaunHas1 ¢ MoMeHTa ¢ = (), Korma
E@®) < E,,, ¥ KUHETUYECKAsA SHEPTUS BpalLEHU
E(?) Bo3pacraetr, umeeM a(f) > 0 u M = 0 u, KaK
ClIeICTBME,

@; = a(t)r;;
(’Oi = b(t)rl/‘]h

Uy ;;

M; = 2 2 2
\/Jl(Dl +J20)2 +J3(D3

(12)

(ynpaBasiiomnii MoMeHT (12) memaeT packpyTKy
MakcuMaJbHO ObicTpoit [13]). Ha ydacTtke TopMO-
>keHUsl (B MHTepBajie BpEeMEHU cjieBa OT MOMEHTa
t=T), xorna E()<E,,; 1 KHHETUYECKAS DHEPTUA
BpaieHust E(f) ymenbiuaetcs, a(f) < 0 u M = 0,
uytoosl E <0, Te.
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_ —lyJ;;
i =
\/Jlﬁ)lz + Jzﬂ)% + J3(,0§

(ceBa oT MoMeHTa ¢ = T ymnpaBJSIOLIMI MOMEHT
M u KMHeTHYeCKMii MOMEHT L mMeloT mpoTuBO-
MOJIOXKHBIC HAIlpaBJeHMS, U IIUTEIbHOCTh OCTa-
HOBKM BpallleHus MuHuMaibHa [13]). Ha yyacTtkax
pasroHa M TopMoxeHus, Korga E(f) < E, ., KuHe-
THUYeCKasl SHePIrusl BpallleHUSI U3MEHSIETCSI B COOT-
BETCTBUM C ypaBHEHUEM E= iuox/ﬁ ("+" coot-
BETCTBYET pasrony, "—" — topmoxeHuio). [loaTomy
IJIs1 ydacTka pasroHa E(t) = ugt2 /2, a oS yJact-
Ka TopMoxeHus1 E(t)= ug(T —1)?/2. Tlockoib-
KY B MOMEHT Hayaja TOPMOXEHMSI KMHEeTHYeCKasl
SHEPrusl Takas ke, Kak BMOMEHT OKOHYaHMSsI pa3ro-
Ha, TO IJIMTEJIbHOCTU pa3roHa U TOPMOXKEHUS OIM-
HAKOBBI U PaBHbI T =1, =\2F . /u,, tne E,,, =
= F(1/2) — makcuMaJjbHasl 3HePIrusl BpallleHU .
Haiigem, kakum OygeT onTuMajabHOE yIIpaBJie-
Hue M, 4TOGBI YIOBIETBOPSIOCH yeiaoBue E =0
C OOHOBPEMEHHON MaKCUMMU3ALMEA TaMUJIBTOHU-
aHa H. Ilpu BpallleHUM ¢ MOCTOSHHON KMHETUYEe-
ckoii sHeprueit E(f) = E,  HEOOXOAUMO, YTOOBI

M (13)

Ml(’)l + Mz(})z + M3(D3 = 0. (14)
Hnsg pemienusa ypasHenuit (10), (11) npu ycio-
Bun E(f) = const = E, uMmeeM
o My + @y My/Jy + @3 M3/J3 =
= a()(Mo; + Mo, + M303)/b(1) = 0,
W [O3TOMY
H:(Dlr1+(02r2+(,03r3_1 (15)

(oueBuzaHo, b(H)#0, korma E(f) = E,;). Yriosble
CKOPOCTH ®;, IPU KOTOPBIX ITOCTUTAETCS MaKCHU-
MyM ramujbronuana H (c yuetom E(f) = E ),
OyayT CIeAyIOIMU:

ri\2F

1 JOIT

(16)

(,01' = .
Ji\/rlz/Jl +"22/J2 +"32/Js

IIpu BeImonHeHuM cootHowmeHui (10), (11) ra-
MUJIbTOHMAH H paBeH

H =—1+a(M11’1/J1 +M2/’2/J2 +M3"3/J3)+
+ b2 )T+ 12 )Ty + 1) T5).

[MoncraBuB 3aBucuMocTu (16) M onTUMab-
HBIX YTJOBBIX CKOPOCTEH ®; B JAWHAMUYECKUE
ypaBHeHUs (1) ¢ yueToM ypaBHeHuii (7) Ijs om-
TUMAJIbHBIX QYHKLWA 7;, TOJTYyYUM ONTUMAJIbHBII
cuioBoit MOMeHT M = () 111 MOMEHTOB BpEMEHHU,

xorna E(f) = const = E;, (Ha y4acTKe MEXY pas-
TOHOM M TOpMOXeHuewm), Tipu 3tom H =0, Tak
KakK Ha 3Talle pa3roHa ONMTUMAaJIbHBII MOMeHT M
M BEKTOP @ MMEIOT ONMHAKOBOE HaIpaBJIeHUE W
B MOMEHT OKOHYaHus pasroHa r; = Jw,/b. Jlerko
yOEaUTHCS, YTO

12 )Jy + 18 )]y +rf]J5 = const,

IMockoabKy |r| # 0 1 H = const BHyTpU OTpe3Ka
BpeMeHH, Ha KoTtopoM FE(f) = const E,, (tak
Kak H =0), 1o

b=const=(+H)/(r2/J +r )], +ri]]3).

DTO 03HAYAET, YTO B ONITUMAJILHOM Pa3BOPOTE B MH-
TepBaJie BpeMeHu, korna E(f) = const = E, ., Oyzer
|L| = const, uTo MOATBEPKAAET BBIBOI 00 ONTHUMAJIb-
HocTH 3HaYyeHuss M = () B MOMEHTHI BpeMeHHU, KOTaa
E(f) = const. BpaieHue 1o nHepLUU €CTh YaCTHbINI
cinyyvaii 3akoHoMepHocTH (11) ¢ yuetom (7). Ha mo-
MEHT JOCTMXEHMS paBeHCTBa E(f) = E, . Hampas-
JICHUST OTITMMAJIbHOTO BEKTOPA ¢ U KMHETUYECKOTO
MoMeHTa L coBmagalor, MO3TOMY €IMHCTBEHHBIM
peireHueM cucteMsl (1), (7), (8) B uHTepBaie Bpeme-
HU, Koraa E(f) = const, siBisioTcsa 3aBucumoctu (10),
B KOTOpBIX d =—1. W3 cBoOiCcTBa HENMPEpLIBHOCTHU
dynkuuu a(f) cnenyet, uto a(f) = a(0) — ¢ nys a1o-
0oro MoMeHTa BpeMeHH £, moka a(f) > 0. Kak Tojabpko
a(9)<0, Tak yrnpasieHue (9) CTaHOBUTCSI ONTUMAJIb-
HbIM, TIOTOMY 4TO ¢@ # 0 U cuyoBoit MoMeHT (9) (a
3HayuT, u (13)) He HapyiaeT TpeboBaHUs (4), HO-
CKOJIBKY ITPU TAKOM YIIPaBJICHUU OYAYT BBIIIOJIHSITh-
cst yenoust M-L< 0u E < 0. CrienoBarebHo, pe-
mreHue (10), (11), B kotopom a(f) = a(0) — ¢, cipaBen-
JIMBO JIJIsl BCEro uHTepBana ynpasieHus ¢ € [0, 7).
B ontumanwHom penteHuu a(0) > 0 u a(T) < 0.

CTpyKTypa ONTHMAJBHOTO YNPABJICHAS

B 3aBucumocTu OT ycioBuil pa3BopoTa (Code-
TaHUS 3HAYeHUN A,, A 1 Jy, J,, J3, Uy) B onTHU-
MaJbHOM IBUXEHMU M3 HAYaJbHOTO MOJOXEHUS
A,, B KOHEUHOE MOJIOXEeHUEe A, MaKCUMaJlbHasl KU-
HEeTUYeCKasi 3SHeprusl BpalleHUs MOXKET OBITh
MeHblIe E, ., a MOXET BO3HMKHYTb HEOOXOIM-
MOCTbh BpalllcH!SI B TEUEHHE KAaKOro-TO BPEMEHU
C BBINOJIHEHMEM paBeHCTBa E(f) = const = E, .
Onpeaenum yclioBUs, KOra ONTUMAaJbHOE YIIpaB-
JICHWE WMCKJII0YaeT HaJluvyrde MOMEHTOB BPEMEHH,
B KoTopble KA BpalllaeTcsl ¢ MOCTOSHHON KUHE-
THYecKoil sHeprueit. JIist Toro 4todsl E =0 Ha
BceM oTpe3ke BpeMeHU ¢ € [0, T], Bpems T mojixk-
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HO ObITb MeHblIE, yeM 2,/2FE, . /u,. YTobsl pac-

CYMTATh BPEMS ONTUMAJbHOIO pa3BopoTta 7, HMc-
MoJib3yeM 3HaueHue pyHKuuoHana nmytu [14]

T

S = [ 10F + J 103 + Jiold, a7)
0

KOTOpO€ He 3aBUCUT OT XapakTepa HM3MEeHEeHUS

ckansipHoi ¢yHKuumM b(f), ecam aBuxeHue KA

ynoieTBopseT ypaBHeHusm (7), (11) [14]. Ucxons

u3 cootHowenuit T\2E . =2S, E,.. = ust/2
u T = 2t nonyvaem T =2S/uy =Tp, — Mu-

HHUMaJbHO BO3MOXHOE BpeMsl pa3BopoTa IIpu
orpannueHuu (3) naxe 6e3 yuera TpedboBaHus (4)
K KHWHETUYECKOU sHepruu BpaiieHus. Hus om-
TUMAJIBHOTO YIIPABJEHUS C OJHOM TOYKOM Iiepe-
KJIIOYeHUSI B MOMEHT BpemMeHu t = 7/2 HeoOxo-
AUMO BbIonHeHue yenoBust 1, <2,2E, ., /uy.
Ecim uyS < 2E,,,, To BO BpeMs MaKCHMaJIbHO
OpIcTpOTO pa3BopoTa BpameHne KA B pexmnme
E(#) = const HeBo3moxHo. Ecimm uyS > 2E,,,, 10
HaJlnyue ydacTka ABUXeHUs1 KA ¢ IMOCTOSHHOI
KMHETUUYECKOM 3Hepruei BpallleHUs HEU30eXHO;
pasHuua S — 2E,,, /u, onpenenser JIMTEIbHOCTD
y4yacTKa JABUXKEHUS 110 MHEPLIUU.

TakuM o0Opa3oMm, B 3aBUCMMOCTU OT 3HAUYEHMUS
¢dynkumonana mytu (17), BBIYUCICHHOIO IJIST IBU-
KEHUSI B COOTBETCTBUM C ypaBHeHusamu (7), (11),
peayiuzyeTcs OJUH U3 ABYX BapUMAHTOB OMTUMAaJIb-
HOTO YIpaBJeHus: ecnu uyS < 2E, ., TO onrTu-
MaJIbHBIM SIBJISIETCS pejieiiHOe yMpaBJieHue C Ofl-
HOI TOYKOH IepeKarodyeHus, npu kotopoMm a(T) =
= —a(0), a ecim uyS > 2E,,,, TO ONTUMAJILHBIM
SIBJISIETCSI peJieliHOe yIIpaBJeHue ¢ IBYMsI TOUKaMU
nepexsodeHus, mpu kotopom a(0) > —a(T). Puc. 1
OTpaxkaeT OINTUMaJIbHOE YIpaBJieHWe, MpU KOTO-

POM CYILIECTBYET OTPe30K BpeMeHU ¢ E(f) = const

| a(t)

Puc. 1. K onpesaenenunio Touek nepexaoyeHns
Fig. 1. For determining the points of switching

(Tpy BBIMOJTHEHMHM ycnoBus S > 2E, . /uy 1 3Ha-
yeHus (17)); t; — OAMKaluuil K HaYaly pa3BopoTa
MOMEHT JOCTUXEHUS paBeHcTBAa E(f) = E o5 1, —
MOMEHT CMEHBI 3HaKa CKajspHoil (pyHKuum a(?)
(HauMHasi C MOMEHTa BPEMEHU f = f, PyHKUUA a(f)
ynoBJaeTBopsieT ycaosuio a(f) < 0). [ns t > t, umeem
a(f) < 0, u onTUMAaJIbHBIM SIBJSIETCS YMpaBJIeHUE
(9), moToMy 4TO IIpA TAKOM CHJIOBOM MOMEHTE Oy-
JIeT BBIMOTHSTBCS yesoBe M- = E <0 u orpa-
HuuyeHue (4) HecylleCTBEHHO BMJIOTh A0 ¢t = T.
B unTepBanax 1< f; u t > t, ONTUMAJIbHBIM YIIPaB-
JeHueM siysiercst (9), mpu KOTOpOM OyAeT BBITIOJ-
HeHo _ycioBue M| = const = u,/C, rae
C=\pi/J,+p3/]y+ p}/ds=const, p,= 1,/ n,
ry = const = |r| # 0.

Ha yuyacTke BpallleHHsI ¢ MaKCMMaJbHO AOMY-
CTUMOUN KWHETUYECKOW SHEPruei ONTHUMAaJIbHBIA
MOMeHT M omnpeaensieTcss U3 TPeX YCIAOBUM: U3
orpannueHus (3), TpedboBanus (14) u yciosus,
YTO B KaXJbIM TEKYIIMH MOMEHT BPEMEHHU £, TTIOKa
E(r) = const = E|;, raMuiIbTOHUaH H IpuHUMaeT
MakcuMmanabHOe 3HayeHue. M3 cTpyKTyphbl raMUJIb-
ToHuaHa (15) cieayeT, 4TO BO BpeMs BpallleHUS
KA ¢ mocTosiHHO#I MakCUMaJibHO JOMYyCTUMOM
KUHETUYECKOW BHEpPruel ONnTUMaJbHbIM SIBJISET-
cs Takoe yrnpapiaeHue M, Ipy KOTOPOM B Ka Kbl
TeKyILINiT MOMEHT BpeMeHH ? (rmoka E(f) = const =
= E,,n) YIJIOBas CKOPOCTb ® YIOBJIETBOPAET COOT-
HolreHusM (16).

TpeboBanue (14) mpuBeno k ctpykrype (15),
Mpu KOTOPOMl ramMmuiabToHWaH H He 3aBUCHUT SIB-
HbIM 00pa3oM OT cujioBoro momeHTa M. Onrtu-
MajbHOe 3HayeHrWe M BBIUHMCISIEM TyTeM MO[I-
CTaHOBKH OINTUMAJIbHBIX YTJIOBBIX CKopocTeii (16)
B ypaBHeHus (1) ¢ yuetom (7) njsi mepeMeHHBIX
r; M1 TIpOBEPKMW BbINIONIHEHUsA ycaoBuit (3), (14)
(T. e. ipoBepsieM, 4TOObBI MOMeHT M HaxomuJcs
BHYTPM 00JIaCTM JOMYCTMMBIX 3HauYeHuit). B pe-
gyabprate nmoayuyuM M = (. OQueBMIHO, YTO HaMi-
IeHHoe yrpaieHue ymosierBopsieTr (3), (14). Ta-
KUM 00pa3oM, CTPYKTypa ONTHMMAJbLHOTO YIpaB-
JIEHUS TOJIHOCTBIO OIpeesieHa:

ugsigna(r)
N
eciu E(f) < E, nam a(t) <0,
0, ecnu E(t) = E ;1 a(t) > 0.

M(t) =

3aMeTUM, 4YTO BpallleHUEe 110 MHEPUUU I10J-
HocThlo coorBeTcTBYET (10), (11) ((16) sBIsIeTCS
yacTHbIM ciyyaeM (11) u He nmpotuBopeuat (10)).
ITosTomy HaiineHHOe onTuMabHOe peuieHue (10),
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(11) cripaBeaiMBO Ha BCEM WHTepBajie yIpaBie-
Hus# te [0, T].

KoHcTaHTy |y onpenenum u3 ycloBUSI TpaHC-
BepcanbHocTu H(T) = 0 (Tak Kak BpeMs OKOHYa-
HHUS ONTHUMAJBHOTO Tpoliecca He (PUKCUPOBAHO).
Haiingem H(T) ¢ yuyetom (10):

H(T) =

= A+ a(T)(~ug\Jr2 [, + 12 /5 + 1 /J3) =
=—-1-uya(T)r,C.

3HaueHue a(7T) ontuMaabHOU GYyHKUUU a(f)
B KOHEGUHBIHI MOMEHT BpemMeHU paBHO a(Tl) =

—1/(uyryC). Tlpu n06OM TUME ONTUMAJIBHO-
ro ynpapjeHuUS (C OAHON WJIM C OABYMSI TOYKaMU
nepexkaodyeHus) a(T) = —t (HAaTIOMHUM, T — JIJIU-
TeJIbHOCTb pa3roHa u TopmoxeHust). [loatomy ry =
= 1/(uyrC). OTcrona ONTUMaAJIbHOE 3HAYEHUE 7
paBHO 7y =1/(C\2E ), ecau NPUCYTCTBYET yya-
CTOK BpalllcHUS ¢ TTIOCTOSTHHOM MaKCUMaJIbHO J0-
MyCTUMOM KMHETUYECKOM dHepruen E, .. [l on-
TUMAaJILHOTO YIIpaBJCHUSI C OJHON TOYKOIl mepe-
KJIOUeHUs T = /S/uy, MO3TOMY ry = 1/(C\/L4(TS).

Bpemst ontumanbHOro pasBopoTa 7' pacCUMTHI-
BaeTcsl Ha ocHoBaHUM (pyHKuMoHasa nyTH (17). ITo-
CKOJIbKY onTUMaJibHOe nBuxxeHue KA ynosaeTBopsi-
eT ypaBHeHUsIM (7), (11), To 3HaueHUe S He 3aBUCUT
OT XapakTepa U3MeHeHUsI cKalsipHoi GyHKUuU b(r)
U SBJSIETCS MUHMMaJbHO BO3MOXHBIM [14]. Ecnu
uyS > 2E,;, TO MIMEET MECTO yYacCTOK BpaLUEHMUS
KA ¢ E(f) = const, a BpeMsI ONTUMaJbLHOIO pa3Bo-
pota T, ANUTEIBHOCTH Pa3roHa T U HEYIPaBIsIeMO-
TO BpalligHUs BBIYUCIISIIOTCS MO (popMyIaM

T =8/ \2E o0 +\2E o /i, T = J2E ion /o
tew = S/\2E son = \2E son /g

Ecmm uyS < 2E,,;, TO B ONTUMAJIbHOM JIBUXKE-
HUM HE CYILIECTBYeT MOMEHTOB BpEeMEHM, KOrma
E(f) = const (f,, = 0), 1 BpeMs ONTUMAJIBHOIO pa3-
Bopota paBHO T =2,/S/uy = T,,.

VYpasnenus (7), (11) ynoBaeTBOpsSIOTCS Ha BCEM
otpe3ke BpemeHHU ¢ € [0, T], mo3TOMy ONTUMAJb-

HO€ OIBHN2KCHUEC ONIPEACTACTCA 3aBUCUMOCTAMMU

M = my[sign(#, — 1) + sign(f, — HIA o c,°oA/2; (18)
']lwi = mO(tp + tT - |t - tpl - |t - tT|)pi/27 (19)

rae my= uy/C, p; — KOMIIOHEHTBI BeKTopa p = r/|r],

fp — BpEeMs OKOHYAaHHWS pasroHa, #, — MOMEHT

Hayajla TOPMOXEHHUs, €, =const=A,opgo AH,
po = p(0):

t, = min(\S/uy, 2F o /ug),
t, = max(\JS/ug, S/\2E on)
p=/~\°AH°p0°/~\H°A'

3aBucumoctu (7), (18), (19) ¢ yyeToM paBEeHCTB
r; = Fop; — €IMHCTBEHHOE PEILICHUE 3a7a4M OINTH-
MaibHoro ynpasienus (1)—(6). U3 (7), (18) u co-
OTHOLUEHUM 7; = ryp; BUAHO, YTO MPU ONTUMAJb-
HOM yIpaBJeHMM MOMEHT M neiicTByeT BIOJIb
MIPSIMOM, HETIOABUKHOUW B MHEPLIMAJIBHOMU CUCTEME
KoopauHaT. ONTUMaJIbHBIM (B CMbICIE MUHUMY-
Ma BpemeHu 1) oynet pa3Bopot KA, ipu KoTopoMm
HampaBJIeHMe KMHETUYECKOro MOMEHTa OCTaeTCs
HEM3MEHHBIM OTHOCHUTEJIbHO MHEepLUAJIbHON CH-
cTeMbl KoopauHat (BekTopbl M u L KonnuHeap-
Hbl). Ha Bcem otrpeske Bpemenu ¢ € [0, 7] or-
HOIIIEHWEe KWHETMYECKON 3Hepruy BpalleHus F
K KBajJpaTy MOAYJsd KMHETUYEeCKOro MoMeHTa KA
MMOCTOSTHHO:

EJILP? =0,5(2/J, + 15 /Jy +1¢/J3)/|r)* = const.

Hns dynkumit a(f), b(f) onTMManbHOIO pelle-
Hud CripaBEaJIMBbBI COOTHOLLICHU A

a(0) = T — 1/(uyryC), a(T) = —1/(upryC),
b() = uo(T — |t — 1| — It = £)/2ryC).

BpeMms paszBopota 7' u onTMMaibHOE 3HAYEHUE
7o PaBHBI

T = max(2\,S/u0; S/\/ZEILOH + \/2Enon/u0)a
ry = max(1/\uyS, 1/\2E )/ C.

MaxcuManbHBIi MOLYJIb KMHETUYECKOTO MO-
MeHTa Ly, =/min(uyS,2E,,;)/C. Makcumab-
Hasl SHEPTUs BPALLEHUS 3a BPpeMsl ONTUMAJIbHOTO
pasBopora E = min(u,S/2, E ;).

Ecniu u,S < 2FE,,,, To B 3akoHax (18), (19)
t,=t,=T/2=,/S/uy (ONTUMAIBHBIM SIBISECTCS
peJieiiHOe yrnpaBJIeHUE C OJHOW TOYKON MEePEKIIIO-
4yeHus); npu 3toMm E .. = uyS/2, 1 orpaHnyeHue
(4) HecyuiecTBeHHO. Bpemsi onTuMaibHOro pa3Bo-
pora cocrasnser 1" =2,/S/uy. Ecnu uyS > 2F,,
10 t > f, (t, = 1, = T — 1), B ONTUMAJIBHOM
pPa3BOpPOTE UMEETCS y4acCTOK BpAalEHUS MO UHEpP-
UMUK (peanusyeTcsl pesieiiHoe ynpaBJieHUE C JBY-
MsI TOYKaMM TepeKJoueHus u ., # 0). Pemenue
3a7auM ONTUMAJbHOTO MO BPEMEHU pPa3BoOpoTa
C orpaHuyeHueM Ha (a3oBble MepeMeHHble (4)
nongunHsietcs ypaBHeHusM (7), (10), (11), a ynpas-

326

MexaTpoHnKa, aBTOMaTH3aMusd, ynpasjienue, Tom 22, Ne 6, 2021



JS0LME NTepeMeHHble M; M yIJIOBBIE CKOPOCTH ®;
M3MEHSIIOTCSI B COOTBETCTBUU ¢ 3akoHamu (18),
(19). Pemrenue (18), (19) onTuManbHO, MOTOMY YTO
OHO — E€IMHCTBEHHOE; TOJIbKO OHO OJHO (MU HUKa-
KOe JIpyroe) yIoBJAETBOPSIET HEOOXOAMMBIM YCJIO-
BUSIM ONMTUMATbHOCTU. ONITUMATBHBII BEKTOP P,
paccuMThIBaeTCSl B pe3ysbTaTe pelieHUus] KpaeBou
3ajlauyu npuHuuna makcumyma. Koncranrtor S, C,
M, TIOJHOCTBIO OMpPENesiioT MporpaMmy JIBUXe-
HUS TIPU ONITHMAaJIbHOM 3aKOHE yIIpaBJIeHUS MTPO-
CTPAaHCTBEHHBIM pa3BopoToM KA.

YacTHblil cayyail ONTHMAJBHOTO YIPABJIECHHS
passoporom KA

3amaya IMOCTPOEHUSI OINTUMAJILHOIO YIIpaBJe-
HUus1 M(f) COCTOUT TJIaBHBIM 00pa3oM B HaXOX]e-
HUM Takoro Bektopa p, = p(0) (u 3HaueHus S),
YTOOBI B pe3yJbTaTe NBUKCHUSI B COOTBETCTBUU
¢ ypaBHeHussMu (2), (7), (11) 1 HaYaabHBIMHU yC-
noBusiMU (5) BBIIOJHSIINCHL paBeHCTBa (6). Yka-
3aHHas CUCTeMa MMEET aHaJIUTUYECKOE pelLICHUE
TOJIbKO AJsI JUHAMUYECKM CUMMETPUUHOIO MU
chepuueckoro Tel.

Hnsa nuHamudecku cuMMmeTpudyHoro KA (Ha-
npumep, korga J, = J;) 3amaya ONTUMAaJbHOTO
yIIpaBJIEHHWsI Pa3BOPOTOM pellaeTcsd A0 KOHIIA.
OnTuManabHOE JBUXEHME MPEACTaBIsSIeT Cco00it
ogHOBpeMeHHoe BpameHue KA Kak TBepaoro
Tejla BOKPYT CBOei MpoaojibHOIM ocu OX 1 BOKpyT
BEKTOpAa P, HEMOABUXXHOI'O B MHEPLMAIBLHOM IIPO-
CTPAHCTBE U COCTABJISIIOLIETO C IIPOIOJIBHOI OChIO
KA onpeneneHHBIN MOCTOSHHBIN YroJl. YTJIOBEIE
CKOPOCTHU OTHOCUTEbHO oceil OX 1 p UBMEHSIOT-
cs1 IPONOPLIMOHAIBLHO, U II03TOMY JIJIsl ONITUMAJIb-
HOro pelieHus p(f) cupaBeIIMBbl ypaBHEHU S

AK — AH ° epoﬁ/z 1) eela/z’
P1 = Pio» P2 = P2oCOSK t+ p3sing,

. Jy—-J, !
p3 = —pyosink + pypcosk, k =2—L[w (1)dt,
Jy 0
rae py = pi{0); e, — opT npononsHoii ocu KA; a,
B — yrasl moBopoTa KA BOKpYyT MpOdOJbHOU OCU
OX ¥ BOKDYT BEKTOpPA p coOTBETCTBEHHO (|ar| < T,
0 < B < n); nmpononbpHas yrjaoBasg CKOPOCTb ()
BblyKciseTcda no gopmynaMm (19) ¢ yuetom p; = py,.
3aBUCUMOCTD p; 0> @, P OT Ay m Ay ompenensercs
3HaYeHUEM A, = A, oA U3 CUCTEMbI

J a . .
J_llploﬁ; cos%cosi—p10 s1n%sm5:\,o;

p p

.o . (0}
COS—Sin—+ p;o SIN-COS— = Vy;
20 Ay ’

Do sinEcongr D30 sinEsing =Vy;
2 2 22

-D sinEcosg + D3 sinEcosg =v3,
22 22

TO€ Vg, V|, V3, V3 — KOMIIOHEHTbI KBaTePHUOHA pa3-
BopoTa Ay, —n < o < 7, 0 < B < . CyuiectBoBaHue
pelleHust p, s JoObIX 3HAYEHUI KBaTepHUOHA
passopora A, nokasaHo panee B pabote [10]. TIpo-
rpaMMHbIe 3HauYeHUs1 GYHKUMHI ®; pACCUUTBIBAIOT-
cs1 1o popmyiiam (19). B sBHOM Bue oNTUMAabHOE
peuieHue M,(f) 3anuiLeM CIEAYIOLIUM 0Opa3oM:

M, = m(t)py, My = m(tW1 - p sin(x +7),

M3 = m()\1- pffy cos(x +7),

rae
m(f) = my|[sign(z, — 1) + sign (¢, — 1)]/2;
Iy = min(yJ,B/my, \/2E£{0n /uy);
t, = max(yJB/my, J,f C/M);
y = aresin(py /\/1 - piy). ecau py; > 0,
UId y =7 — arcsin(pm/m%
ecut p3g < 0 (|pyol = 1
ciyyait |p;)] = 1 He paccmarpuBaercsi, Tak Kak

OH COOTBETCTBYET IIOCKOMY BpallleHWIO0 BOKPYT
npoaojbHoi ocu OX). B 11000i TeKylInit MOMEHT
BpeMEHH ! KBaTEPHUOH OpPUEHTAllMd A OIUCHIBA-
eTcs (pyHKIuen

A(t) = A, o @Pd/2 eelp/z’
1 t
p=(r-J)pd/J; 0= J—j|L(t)|a’t, Wi

' 20
ez%({(tp 1, |t =1, ~ |1 - 1,]yr.

Tt HecummerpryHoro KA (xorma J, = J, # J3)
pellieHWe cucteMbl ypaBHeHuit (2), (7), (11) Haxo-
JUTCS TOJIBKO YUCJIEHHBIMU METOJAMM, HaIpHU-
Mep, METOIOM ITOCJIEeAOBATEIBHBIX ITPUOIMXKEHUN
(B yacTHoCTH, [12, 16]). Kak O6bLJI0 ITOKa3aHO paHb-
we [14], onTumasbHOE 3HAUYEHUE P, HE 3ABUCUT
OT XapaKTepa U3MEHEHUSI MOAYJISI KUHETUIECKOTO
momeHTa |L| B mporiecce pasBopora, eciu KA Bpa-
IIAeTCS IO TPACKTOPUM C HAMMEHBIINM 3HAYEeHU-

eM uHTerpazia (17), omucelBaeMoOil ypaBHEHUSIMU
(7), (11). CnemoBaTenbHO, KpaeBylo 3adadyy IIpUH-

raoc
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IIAMa MAaKCUMyMa MOXHO PEIIUTh C ITOMOIIBIO
METOJa UTepalnii, TOAPOOHO OMMMCAHHOTO B TIpe-
apiayieit padore [12].

KomnbloTepHas anpodanus ajJropurma
ONTHMAJILHOTO yNPaBJIEeHUS

[IpuBeneM YMCACHHBIN IpUMEpP pelIeHUs 3aaa-
Y{ ONTUMAJIBHOTO yHpaBieHUs1. PaccMorpuM pas-
BOpOT Ha 180 ° U3 UCXOAHOrO MOJOXEHUS A,, IpU
kotopoM ocu KA coBmajmaloT 1o HampaBIEHUIO
C ocsIMU oropHoro 6asuca I, B 3aJaHHOe KOHEYHOE
MOJIOXEHUE A,; DJIEMEHTbl KBATEPHUOHA A, PaBHBI:
Ao = 0; %, = 0,707107; 1, = 0,39; 13 = 0,59. MomeHTBI
unepuun KA: J; = 25603 K M2, J, = 91495 KM,
Jy = 80662 kr-Mm2, a uy = 0,07077 H-xr /2, E, . =
= 5 JIx. Ilocne penieHust KpaeBoii 3aga9y TIPUHIIM-
na MakCMMyMa IONYYMIW CleAyIoIIUe 3HAUYCHUS:
o= {0,455215; —0,347544; 0.819751} u S = 665 m-kr'/>.
Ucxonst U3 paccuuTaHHOTO P, MOAYYUTIU M, =

= 16,8 H-m. Tax xak u,S > 2E,,,, To onTu-
: taO/C :
| 0.8 - W |
| |
| |
| 0.6 |
| |
| uj} |
| |
1 0.4 4 |
| |
| |
| |
1 0.2 - W, |
| |
| |
I t,cl
1 0.0 T T T— |
: 60 120 180 240 |
| |
1-0.2 - l

Puc. 2. 3mMeHeHune yriioBbIX CKOPOCTEi BO BpeMsi ONTHMAJIbHOIO
pa3BopoTa
Fig. 2. Changing the angular velocities during optimal slew
maneuver

Puc. 3. I3MeHenne KOMIOHEHT KBATEPHHOHA A BO BpeMsi ONTH-
MaJbHOTO Pa3BOPOTA

Fig. 3. Changing the components of quaternion A during optimal
slew maneuver
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Puc. 4. I3MeHeHne KOMIIOHEHT €IMHUYHOIO BEKTOPA P BO BpemMs
ONTHMAJBHOTO Pa3BOPOTA

Fig. 4. Changing the components of the unit vector p during opti-
mal slew maneuver

MajlbHO€ yIIpaBjJeHUE MMeEeT JABEe TOUYKM IIepe-
KJIIOUEHHUSI C Y4YacTKOM BpallleHWsl MO0 WHEPLUMU.
Bpemst nmocTuxXeHuUsI MaKCHMMaJbHO JOMNYCTHU-
MOM KMHETUYECKOi osHeprum E, , cocraBiser
t, = 2E o /Uy = 44,7 ¢, a MOMEHT HaYaia TOPMO-
xeHus t, =8/2F ,, = 210,3 c. Bpems pa3popora
T=25c,unr=1/(CJ2E,,)=75c.

PesynbraThl YMCIEHHOTO MOICIMPOBAHUS IBU-
xeHnss KA Bo BpeMs ONTHMMAJILHOTO pa3BOpoOTa
npeacTaBieHbl Ha puc. 2—4. VI3 puc. 2 4eTKO BUI-
HBI Bce TpU da3bl — packpyTKa, HEyIIpaBJsieMoe
BpallieHue, TopMoxeHue 10 o = 0. Makcumaib-
Hasl BeJIMYMHA KHWHETUYECKOro MOMEHTa COCTa-
Buna L., = 750,7 H-m*c. B oTinume ot yrioBbixX
CKOPOCTEU MEPEMEHHBIE Ay, Ay, Ay, A3 U Py, Pa, D3 —
rmagkue GpyHKIUU BpEeMEHU.

3akiaouyenue

Hccnenayercsa 3amada OonNTUMAJbHOIO IO Bpe-
MeHM pa3BopoTa KA ¢ yyeToM orpaHMYeHHUiIl Ha
VIIPABISIOIINIT MOMEHT U KUHETUUYECKYIO BHEp-
ruio BpalleHusa. HaxoxaeHue onTHMMajbHOR IO
OBICTPOACHCTBUIO IIPOrpaMMBbl MEPEOPUECHTALIMU
KA ¢ kuHeTMYeckoil BSHeprueil BpalleHUs, He
MpeBbIIAIOLIe JONYCTUMOIO YPOBHS, BECbMa aK-
TyaJibHO. OTpaHMYEHHOCTh MaKCUMAaJIbHON KMHE-
TUYECKOM SHEPTUU BpalllcHUSI MO3BOJSET B 3KC-
TPEHHBIX CJydyasX MOracuTh YIJIOBYIO CKOPOCTh 3a
BpeMsl, He IpeBhIIIAIOIIee 3aJaHHOrO 3HAYEHUS
(B TOM 4YMCle B HELITaTHOW CHUTyallMM, KOTraa
TpeOyeTcss CpOYHO MPEKPAaTUTh MAaHEBP U MaKCU-
MaJIbHO OBICTPO cTabuau3MpoBaTh KA).

[IpencraBiaeHO aHATUTUYECKOE PEIICHME IIPEI-
JIOXKeHHOM 3amadyu. JlokazaHo, 4TO ABYXMMITYJIbC-
HOE€ YIIpaBJIeHWE, KOTrJa MEXIY pa3rOHOM U TOp-
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MmoxeHneM KA Bpammaercst 1o mHepuu, SIBISICTCS
ontuManbHEIM. IlokazaHo, 4TO B TeUYEHHE BCETO
WHTepBajla yIIpaBJeHUs HampaBjecHUEe KWHETH-
YEeCKOT0 MOMEHTAa TMOCTOSSHHO B WHEPIUAIbHOMN
cucreme KoopauHaT, u KA BpaiaeTcsa BAOJb
"TpaeKTOpMU CBOOOTHOrO ABUXeHM' Brimmuca-
HbI ()OpMaIM30BaHHBIC YpPaBHEHUS W PacyCTHBIC
BBIpaXXeHUS A IMOCTPOCHMS ONTUMAJIBbHON MpO-
rpaMMbl pa3BopoTa. [IpuBeneHbI BBIpAaXXEHUS OIS
HaXOXICHUS BpEMEHHBIX XapaKTepPUCTUK MaHeBpa.
JU1s1 IIUTEAbHOCTU pa3roHa U TOPMOXKEHUS ITaHBI
aHanuTudeckue ¢dopmyinnl. IlpuBeneHbl mpuMep
W pe3yabTaThl MaTEeMaTUIeCKOTO MOICINPOBAHUS
nprkeHust KA mpum onTmManibHOM YIIpaBIICHUU,
KOTOpEIE MOATBEPKIAIOT IMIPAKTUUYECKYIO peain3y-
€MOCTbh OTTMCAHHOTO METOIa YIIpaBJICHUS.
PaccmoTpenHast 3agaya J0OCTaTOYHO aKTyallb-
Ha. 3HaYeHHE M BaXXHOCTb COCTOSIT B TOM, 4YTO
WCKOMOE YIpaBjJeHHEe U COOTBETCTBYIOIIEE €My
JIBUXKEHUE OTrpaHMYEHO MAKCHUMAJbHO IOIYCTHU-
MO sHeprueil BpaueHus. Hanuuue orpaHnyeHui
Kak Ha ympapisioniue ¢GpyHKIMHU, TaK U Ha (a3o-
BbIe NEPEMEHHbIC — NPUHLUIKAAIBHOE OTINYME
MPEIJIOXKEHHOM 3aJa4d OTHOCUTEIbHO U3BECTHBIX
paboT; 3agaya ONTHMMAJbHOIO Pa3BOpOTa BKJIIOYA-
€T OrpaHMYEHHUSI HA CHJIOBOM MOMEHT M YIJIOBYIO
ckopocTh KA, 9TO mpumaeT moaydYeHHOMY pelle-
HUIO CYIIECTBEHHYIO HOBM3HY. Hanmmume roToBbIX
dopMyn Iy cMHTE3a OINTUMAJIBHON ITPOrpaMMEI
JIBUXKEHUS BO BpeMsl IOBOPOTHOIO MaHeBpa JeaaeT
BBITIOJIHEHHOE UCCIeI0BaHUE MPAKTUUYECKU 3HAUY M-
MBbIM U TIPUTOAHBIM [JIS1 HEMOCPEACTBEHHOTO MpU-
MEHEHUS B MPAKTUKE KOCMUYECKUX TIOJIETOB.
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Abstract

An analytical solution to the optimal control problem of spacecraft reorientation from an arbitrary initial angular position
into a required final angular position under the restrictions on control functions and phase variables is presented (the cont-
rolling moment and angular velocity are restricted). Time of slew maneuver is minimized. The specific case was considered
when maximum admissible kinetic energy of rotation is significant restriction. Constructing the optimal control of reorientation
is based on Pontryagin’s maximum principle and the quaternionic variables and models. It is shown that optimal mode is
Ppiecewise-continuous control when a direction of spacecraft’s angular momentum is constant relative to the inertial coordinate
system during rotation of a spacecraft; for a performing an optimal turn, the moment of forces is parallel to a straight line fixed
in inertial space. Two types of optimal control are possible depending on the given initial and final positions and spacecraft’s
moments of inertia — relay control with one switching point when the controlling moment is maximal over the entire time
interval of control (segments of acceleration and braking), and relay control with two switching point consisting of intensive
acceleration, motion by inertia with the absented moment and an exit onto restriction of rotation energy, and then final brak-
ing with the maximum controlling moment. The analytical equations and relations for a finding the optimal control program
are written down. The calculation formulas for determining the time characteristics of maneuver and computing a duration of
acceleration and braking are given. The proposed algorithm of control provides maximally fast implementation of spacecraft
reorientation under the limited kinetic energy of rotation. For an axially symmetric solid body (spacecraft), the optimal control
problem, in dynamical statement, was solved completely — we obtained the dependences as explicit functions of time for the
control variables, and relations for calculating the key parameters of the law of control are derived. The numerical example
and results of mathematical simulation of spacecraft motion under the optimal control are presented, demonstrating the practi-

cal feasibility of the developed method for control of spacecraft attitude.

Keywords: spacecraft, attitude, quaternion, energy of rotation, maximum principle, control function, relay control
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MockoBCkuin rocygapCTBEHHbIN TEXHUYEeCKnn yHnsepcuteT um. H. 3. baymaHa,
MAO PKK "OHeprus" um. C. . Koponesa, r. Kopones MO

MHBapuaHTHOCTb ynpaBrieHusi 60KOBbIM ABW)XeHMeM BepToneTa
no yrny KpeHa. AHanMTU4YEeCKUN CUHTE3

s auneapu3z08anHOl Moderu Hemeepmo2o nopsao0Ka U30AUPOBAHHO20 GOK06020 08UNCEHUS 00HOBUHMOB020 6epmoiema
Kak MIMO-cucmembl, codepaucaueii 06a 6xo00a, AHAAUMUYECKU CUHME3UPOBAHO YNPABAEHUEe, KOMOpoe 0becneuugaem uHeapu-
AHMHOCMb OBUIICEHUS NO YAy KPeHA NPU HAAUYUU 803MYUleHULl 6 KAHAAAX YNPABAeHUs, A MaKice mpebyemoe pasmeu,enue no-
AKCO8 3AMKHYMOU CUCMeMbl, 3A0aAHHbIX AH00bIMU KOHKDEMHbIMU 3HAYEHUAMU U3 oonacmu ux ycmouuusocmu. I100xo0 k cum-
me3y UHBAPUAHMHO20 YNPABACHUS 3AKANUACMCS 8 NOUCKe MAMPULbl KOIPDuUUUeHm08 00pamHol c8s13U AUHEUHOU cucmeMmsl,
Komopas y0081emeopsaem YCA08UAM UHEAPUAHMHOCMU, NPEOCMABASIOUWUM COO0L cUCmeMy CMeneHHbIX MAMPUUHbIX YPAGHe-
HUU onpedeieHHOU KOHCMpPYKyuu. B ocnose cunmesa aesxcum npumeHeHue meopem, 0CHOBAHHbIX HA UCHOAb308AHUU YCAOBUSL
PecyAapuU3ayUU MAmpU4HO20 YPAGHEHUs U YCAOBUL UHBADUAHMHOCMU NPU B03MYUEHUSX 8 KAHAAAX YNPAGAeHUs, d MAKice
meopem, NO360AAIOUUX C UCNOAbIOBAHUECM OPULUHANbHOU 0eKOMNO3UYUU 00seKxma ynpasienus pasmeuams noaroca MUMO-
cucmemsl. Tlod peeyaspuzayueli MamMpu4Ho20 YpagHeHUs NOHUMAEMCs peulerle 3a0ayu ooecne1eruss 3a0aHH020 MHOJCeCmea
CUH2YASAPHBIX 3HAYeHUL Y 00pawaeMoli cummempuuHol keadpamuou mampuysl. Uneapuanmuocmos MIMO-cucmemst paccma-
mpugaemcs no OMHOWEHUIO K HeUu3MepsieMblM 803MYUeHUAM 6 KaHaiax ynpaeienus. Hcnoav3oeanue makozo nooxooa K CuH-
me3y UHBAPUAHMHO20 YRPABACHUS NO360AUA0 NOAYHUMb AHAAUMUYECKOe PeuleHue, KOmopoe 00aadaem YHUBEPCAAbHOCIbIO U
Modcem Oblmb NPUMEHEHO HA PA3AUMHBLX PedCUMAX N0Aema 00HOBUHMOBHIX 6ePMOACMO8, UMEIOWUX PA3AUYHble OUHAMUYEeCKUe
ceoticmea. Ilokazanvl pe3yabmambl YUCAEHHO20 CUHME3a G0K08020 08UMNCEHUS 00HOBUHMOB020 8ePMOAEMA C UCHOAb30BAHUEM
NOAYHEHHBIX 3AKOHO8 UHBAPUAHMHO20 YNPABACHUS, NOOmEepicdaruue 00CMO8ePHOCMb AHAAUMUYECKUX 8bIPANCEHUU.

Karwwueewvie caosa: uneapuanmuocms, 603myuwenus 6 kanasax ynpaeienus, MUMO-cucmema, dekomnozuyus, pasmeuje-
Hue NoaCo8, AHANUMUYECKUU cunmes, 60K080e d8uliceHUe 00HOBUHMO0B020 Gepmoaema, NOAHCA OUHAMUUECKOU CUCmeMbl

Bsenenne
ll aII//Zz a;’Zx aIO/)Zy agvz b;: b;zp ’
CoBpeMEHHOE pPa3BUTHE METONOB WMHBAPUAHT- Ve a9 g™ 0 v ,
Horo ympasieHus [l—3], ynpaBieHUs JMHEWHHBI- 4= o, Yo, Yo, B- bmi bwi
MM CHCTEMaMM Ha OCHOBE TOYHOIO PasMEIICHMUSI % a® 4™ 0 ’ pic plom ’
nomtocoB (pole placement, eigenvalue assignment, @y Oy Oy o, oy
modal control) [4—9] no3BONSIET OCYLIECTBISTD 0 1 a> 0 0 0

3G (GEKTUBHBIA CHHTE3 3aKOHOB CTAa0MIIM3allvH,
B TOM YMKCJIe aHAJUTUYECKW, TUHAMUUYECKUX CH-
CTEM C MHOTMMHU BXOAaMM M MHOTMMU BbIXOIaMU
(MIMO-cuctem) He TOJBKO IO KaxKJI0My U3 MOAX0-

Y

a BCKTOPbI COCTOAHHMA M yHNpaBJICHHUA, COOTBCT-
CTBCHHO, paBHBbI

JIOB B OTIEIBHOCTHM, HO M KOMILJIEKCHO, KOTa 00e- AV,

CIICUYMBACTCS KaK MHBAPUMAHTHOCTD 10 OTHOIICHUIO x = Ao, "= Au,

K KaKOMY-TU00 BO3MYILIEHHIO, TaK U 3aJaHHOE pa3- Ao, ’ Aty )
MeIlIeHUe TI00COB. B maHHOI cTaThe MpUMEHEHUE Ay

TaKoro IMoaxoia B BapMaHTe aHAJIUTUUYECKOTO CUH-
Te3a pacCMaTPUBAETCS TTO OTHOIIIEHHUIO K OOKOBOMY
JIBUKEHUIO OMHOBMHTOBOTO BeprojieTa (OB).

ITocTanoBka 3agaum

OB kak 00beKT ynpaBjiaeHus OyaeM paccMaTpu-
BaTh B (popme Koilim B BUAE B3aMMOCBSI3aHHOIO

rae AV — oTkJIoHeHUe GOKOBOIl CKOPOCTH; Aw, —

OTKJIOHEHHE YIJIOBOM CKOPOCTH KPEHA; A®, — OT-

KJIOHEHUE YTJIOBOI CKOPOCTH PhICKaHMSI; Ay — OT-

KJIOHEHME yTIJla KpPeHa; Au, — yroj OTKJIOHEHUs

KOHYyCa HeCyIIero BUHTA B TOIEPEUHOM HaIlpaB-

JIEHMU U Auy, — LIAT PYJEBOTO BUHTA.
[TapameTpbl Momenn

OOKOBOTO IBUXEHUS (KpeH—pBICKaHbe). B hopme 5 a® a® at d a® a™ g%
"pxon—coctostiue”" OB nmeer Bun [1, 2] Ve BV BV TV Poy oy Toy Yoy
. o Oy Oy ply plUpy Uy plps plz plps
X(1) = Ax(1) + Bu(r), (1) ayrs g’y ay”s byt by byt b, by by
rIe MaTpUllbl KYCOYHO-TIOCTOSTHHBIX KO3(huIIn- SBIISIIOTCS KO3 GUIIMEeHTaMU  JMHeapu3aluu
€HTOB paBHBI [1, 2, 9—12].
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Hnst yHudukamMyu 3anucy ypaBHeHU B Jajb-
HEUIIMX UCCIEA0OBAHUSX BBEAEM Clleaytole 000-
3HAUCHUS:

_ 4 — 4@ — g% —ql
app =ay’, A =ay*, a3 =4y, diy =ay,

_ v _ 40 —_ 4%

ay, = a@i, ayy =4, dy3=4,’,
a =a’c, ay, =a®, as =a”, a;=a’
31 o,° 32 o)’ 33 ®,° 43 v

u u u u
biy = by, by = by, by =b,:, by =b,,
u u
by = by, by = b,
torma OB Kak OOBEKT yNpaBieHUs B Pa3BepHY-
TOM BUJIE 3AIMILIETCS CJAEAYIOIUM 00pa3oM:

AV, ajy a4z a |(AV
Ab, | |y axn a3 0 || Ao, .
Ao, | |a3 an a3 0 |l Ao,
A ) Lo 1 a0 ) ay o
by by,
by, by [A”zJ
by by |\Athpy )
0 0

Honara;{, 4YTO BCE€ KOMIIOHCHTBI BEKTOpa CO-
CTOSIHUS TOJTHOCTbIO HaOJ10gaeMble, CUHTE3UPY-
€M YIIpaBJIEHWE, NHBAPUAHTHOE MO KPEHY K BO3-
MYLUICHUSAM B KaHaJaX YIIpaBJI€CHUS C 3aJaHHBIM
pa3MelleHeM MOJII0COB, KOTOphle B aHaJUTUYE-
CKOM BHJIe 3alulleM O0OOILIEHHO B BUIE

)

(3mech M maliee 3aJaHHBIC TTOIIOCA MOTYT IIPUHU-
MaTh JII00ble 3HAYeHUSsI, ONpeaeasieMble TEeMU WU
WHBIMUA TaKTUKO-TEXHUYSCKUMU TPEOOBAHUSIMM).

Marpuna C, ompeneisioniass KOHTPOJIUpYe-
MYIO KOOpAWHATY IJIs Halllel 3aJauu, MMeeT BUJI

C=(0 0 0 1), “)

a YCJIOBHE MHBAPYMAHTHOCTHU BBIXOMA Y TMHAMUYECKON
MIMO-cucrems! (2), 3agaHHOI B IIPOCTPAHCTBE CO-
CTOSTHUU OTHOCUTEHO BXOIHOTO BO3MYILIEHUST W,

x(t) = Ax(t) + B (u(t) + w(1)),

u(t) = Fx(1),

y(1) = Cx(1),
rae y — BeKTOp BbIxona; F'— MaTpuua Ko3gphu-
LIMEHTOB OOpaTHOI CBSI3U, B COOTBETCTBUM C pa-
ootoii [3] uMeeT BMJ CUCTEMBI CTEIEHHBLIX Ma-
TPUYHBIX YPaBHEHM I
CB=0;
C(A+BF)B=0;
C(A+ BF)’B=0;
C(A+ BF)’B =0;
C(A+ BF)*B=0.

eig(A.) =1{s; s, 3 54}

©)

(6)

Ins obecnieueHust ycioBuii (6) TpeOyeTcs Haii-
TU TaKylo Marpuiy F, 4To BBINOJHSIOTCS BCe pa-
BEHCTBA M3 CHCTeMBbl ypaBHeHU (6), dyHKIIHMO-
HaJIbHO 3aBUCSIIME OT 3TON MaTPUIIBI.

AHaIMTHYECKHii CHHTE3 HHBAPUAHTHOIO YIpaBJICHUA

B paGore mpennaraercs pelieHue chopmyiu-
pPOBAHHOI 3alauy Ha OCHOBE ITOAXOAa, M3JIOXKCH-
Horo B pabote [3]. B o61ieM ciaydae BMECTO CUCTe-
MHI (4) paccmoTpuM MIMO-cucremy Buaa

x(t) = Ax(t) + BFx(t) + LB"x(¢) + Bw(?),
y(t) = Cx(1),
rae L — MaTpuua HabaoaaTe sl COCTOSIHUS, U,
B COOTBETCTBUU ¢ paboToii [3], Marpulla MHbBEK-
uuu Mopca.
Torma cipaBensimBa clieayiolnast Teopema [3].
Teopema. s cuctemnl (5), Tae UMEIOT MECTO
paBeHcTBa CB = ()

(7)

L=B"s,-AB'T; (8)
A=3yB* —B*(A+ (B, - AB"")B")  (9)
BBIMTOJIHAIOTCA YCJIOBUA MHBAPUAaHTHOCTH
C(A+ LB" + BF)B =0;
A+ LB" + BF)’B =0;
C(A+ + BF) 0; 10)

C(A+LB" + BF)’B =0
C(A+LB" + BF)*B=0.

[Ipu 5TOM BBEIIONHSIETCA BKIIOUEHME OJISI MHO-
KECTB COOCTBEHHBIX 3HAUEHU M (TIOJIOCOB)

eig(A+ LB + BF) > eig(Z). (11)

3nech ¥, — MaTpula, onpeaesonias coOCTBEH-
HbIe 3HaUeHU S (M10JII0Ca) 3aMKHYTOI cUcTeMbl [3].

VYcnoBue (9) MOXHO Ha3BaTh CIIEKTPAIbHBIM YC-
JIOBUEM, TTOCKOJIBKY OHO OIpeAesieT CIIeKTpalbHbIE
CBOICTBa 3aMKHYTOM cucTteMbl. Ha ¢urypupyro-
1yt B cooTHoleHusax (7), (8) marpuuy %, MOryT
HaKJaAblBaTbCsl pa3M4yHbIe YCIOBUS B 3aBUCH-
MOCTU OT JOMNOJHUTEIbHBIX TpeboBaHuil. Hampu-
Mep, 3TO MOXET ObIThb TpeOOBaHMUE YCTOMYMBOCTH,
YCTOMUYMBOCTH C 3aJaHHBIM 3aIlacoM U Jp.

C yuetoM (1), (4) npoBepuM BLINIOJIHEHME MEp-
Boro yciaosus (6): CB = 0.

OtMeTuM, 4To 1JIA (6) TaKXKe CrpaBeaIUBbl He-
paBeHCTBa

CAB #0,CA*B =0, CA’B =0, CA*B 0.
BoruuciauMm gajnee mceBIooOpaTHYIO MaTpULly
11 12 13
bt b2 b} 0

21 22 23
b2 b2 b2 0

+

b
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Ac Mpu yCJIOBUUM HEPABCHCTBA HYJIIO

Ay = (bi1b3, + biib3y — 2by1by2by by —
=2by1by3b5,b5, + b122b221 + b122b321 + b221b322 -

= 2by1byyb31b5; + b22b321)a

KOMITIOHEHTHI IICEBI00OPATHOM MaTPHUIIBLI OIIpeIe-
JISIIOTCSI BRIPAKEHUSIMU

bzlal = (b11b222 = byyby by, + b11b322 = biabs1b3y)/ Ay
by? = (byibiy = byibysbyy + by b3y — bysbsibsy)Ay;
b}J3 = (b31b122 = by 1b3ybyy + b31b222 = by1b33b35) /Ay
b2 = (byab3y — by1baybyy + byabdy — by ybsybsy) /Ay
b2 = (byybiy — biyby by + byyb3) — byibybs ) /Ay
by* = (bsabfy = byabyibyy +b3yb3y = basbsiby)A,.

C yuerom MHOXecTBa (3) Ha3HaUYUM MaTPUILY
3aJJaHHOTO Pa3MEelIeHUs TOJICOB X, B CIEAYIO-

1IeM IIPOCTOM (AuaroHaJbHOM) BHJE:

zy = diag(s;, ;).

p P P p
b1 = anbfy — aisbfs - aybf

P p p p
biys1 = axnbfy - axbfy - aybf;

_pp p ) ) p p
kyy = b3\sy + b3, (byy(a1bf) + apabfy +ap3bfy — bfys, ) -
)4 )4 )4 )4
—ayy +byy(ay by + aabyy + apsbyy —byysy)) +
p p p p p
+ by (by1(ayibf| + aybfy + arsbly - bfys)) —ay +

p P P _p
+ byy(ay,b5) + aybyy 23053 —4 537)) +
p p p P _pp
+ b3 (byy(a3b{| + asbfy + assbfy - bfys)) -

)4 J4 )4 )4 .

— a3y + byy(as b3 + asyby, + assbyy — byss,));

'y p p p p p

kyy = b3ysy + b3\ (by1(ay1bf) + ay2b{y + aysbfs — bfys)) —

p P p p

= ayy +byy(ay1b3) + appbys + aysbyy — b3)s;y)) +

)4 )4 12 )4 )4
+ b3, (by(aybf] + ayb,” + aysbfy —biys; ) —ay, +

p p p p
+ byy(ay,b3) + axbsy + aysbis — byss,)) +
p p p p p
+ b35(by (as,bf| + asbfs + assbfs —bfs)) -
p p p p
asy + byy(as by + asbs) + assbyy — biss,)).

Hcnonb3yss cooTHomeHue (8), HalgeM majee
MaTpuly nHbeKuuu Mopca [3]:

p p p p
b5y —ainbyy —arshys —ayby

p p D p
b3Sy = axbyy —axsbyy —ar by

L= 13)
B cooTrBeTcTBUM C BBIpa- » » p » P P P |
XeHueM (9) BBIYMCTMM Ma- bf3s) —aybf, —azsbfs —asbfy  byys, —ayby, —aysbyy —azbg)
o P P P P
TpULy OOpPaTHOM CBSI3U =bly — ay3bf; -bl, — a0l
kiy kiy kizo ki ! B
F= ' 12) pe3ysibraTe MaTpulia 3aMKHYTOIO YIIpaBJie-
kyi kyy ka3 ko | Huem OB A, = A+ LB" + BF mnpuHumaer cieny-
3n1ech | IOLIUI BUI:
|
|
Y b2 (b b7 b7 b2 — bP l aj, ap ajz agp
11 = 0181 + b (b1 (a6, + apybf; + ay3bf5 - bys,) - : . aS as af
_ P P _pP | |41 axn 4y a4y
ayy + byy(ay1b3) + aybg; + ap3hys - bsy)) + i A= s g gt gt P (14)
p p p P p
+ by (b1 (axby) + axbiy + aysbfy —=bfys)) —ay + 332 M3 T4
C C C
+ byy(ay b8 + aybl, + aysbdy —blhs,)) + ! ag agp a0
|
)4 )4 )4 P _pp _ rae
+ b{3(by1(a31bf) + asyb; + azsbfy —biysy) —az; + | .
+ biy(az bl + azbl, + azsbly — blis,)); | apy = ayy + by kyy + bigkyy -
! p P P _pp
| — by(a;bf, + a,bh, + a;5bE; — bls, ) —
koo = bls +bp(b (a b2 +a bl +a bp_bps)_ | 11\¥11711 12712 13713 11°1
12 = 01281 + 011 (014@y1Ory + A13015 + a13013 = D135 ! b (ay b, +apbl +a bl — bls,):
» » Y | 01204 1Dyy + 4130y + A13053 = D7153)5
—ayy + byy(ay b3y + ab, + ay3b3s - bjisy)) + ! c bk v bk
aj, = a;, + + -
+ bfy(by1 (a3, + anbfs + axsbfs — brs)) —ay, + | 12 = T2 TR 2R
» » » » | — by (aybf, + a,bf, + a,3bf; — bls, ) —
+ byy(ay b, + aysbdy + aryibls — bhsy)) + ! 21811017 + a120p5 + dy3bi3 = Oy
! p p D D .
p p p p_pp | — by, (ay (b3 + ay,by, + a;3b45 — bYs
+ bf3(by (a3 by + asybf; + assbfy - bfss;) - | 22(anb3y + diaby; + ay3byy = b5152);
I ? p p . ' ¢ _
— ayy + byy(a3,b5) + azby, + azsbyy — b33sy)); ! a3 = ayz + by ks + byykys -
|
_ P P P _phPe )_
ki3 = blis; + bl (b3 (ay bf) + apbly + a3bF — blis; ) — | byy(ay,bf) + arybi; + aysbi; - bysy)
p p p p ! .
— ay3 + byy(ay,b3) + aypbg, +ay3b55 — by)s,)) + : = byy(ay,b3) + a3b3) + ay3b3y — bjisy);
P p p P _hPo ) I
+ by (b31(ay1bf| + anbiy + aysbiy = biysi) - ar + ! ayy = ayg + by kg + byokyg;
+ b3y(ay1b3) + aybs, + aysbgs — b3rs,)) + | 4 = ot boikes + bk
p p D P P | 21 — “21 21711 22721 —
+ b3(b3 (a31bf} + asbf; + azsbfs - bfzs;) - : 5 po bo Y
— a33 + byy(a3 b8 + a3by, + az3bly — blis,)); : — byy(aybf) + aynbf; + aybfs —bfys) -
. I p P p JRY
kiy = —apbfy; ! = by(ayby) + ayby, + aysbys — biys,);
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C
a3y = ayy +by1kyy + byyksyy —
p
—bfys;) -
)4 p )4
= byy(ay,b3) + aybsy; +aysbsy — b

p p p
= by (ay b} + aybfy + axbf;
P .
3252);

c
ay3 = Ays + by kg3 + bykys —

= by (aybf) + aynbf, + aysbfy — bhs,) -
= b3y(ay b3, + aybd) +abiy - bi)s,);
a3y = byikiy + byrkyy;
a3y = asy + by kyy + byrkyy —
= by(a31bf) + azbf, + az3bf - biys, ) -
— biy(az b3 + azbf, +az3bfy - bssy);

as, = az + by kiy + byskyy —
blys) -
= byy(azb3) + azbyy + azsbgy - biys,);
asy = azy + by ki3 + bykys -
blys) -

b}ss,);

p p p
= by (as,bf| + asbfs + azsbfy -

= by (a3 bfy + aybf; + as3bf; -
= byy(ay b3y + asbi, +azby; -

a3y = byikyiy + bykoy;

agy = =by (b, + ay3bfy) — b1y (b3, + ay3bg3);
agy = 1=y (b3 +ay3bfy) — by (bf; + agsbfy);
agy = aq3 = by  (bf; + ag3bfy) — b3y (b3, + aysbgy).

ITpoBepka ycinoBuit MHBApUAHTHOCTH (8) MOKa3bI-
BaeT, YTO OHU AEUCTBUTEIBHO BBINOJHSIOTCS. Ilpu
3TOM COOCTBEHHBIE 3HAUYEHUSI MaTpuubl A, He co-
OTBETCTBYIOT TpeOOBaHUIO 3aJAHHOIO pa3MEILEHUS
nojirocoB (3). st paspellieHrs JaHHOUM TIpoOJIeMBbl
CKOpPPEKTUpPYEM MOJYYEHHYIO MaTpUlly MHBEKIIUU
Mopca. JIs1 3TuX Liesieid BOCIIONIb3yeMCsl IEKOMIIO31-
LIMOHHBIM METOIOM MOJAJIbHOTO CMHTE3a, KOTOPhIA
paHee MHOTOKpPaTHO IIPUMEHSIJICSI aBTOpaMu IJIsl pe-
LIEHNS pa3JIMYHbBIX 3a1a4 cuHTe3a [13—16].

C ydeToM COOTHOLIEHUI pa3MepHOCTEN BeK-
TOpa COCTOSIHMS (YEThIpE) M BEKTOpa YIIpaBiie-
HUS (OBa) OpU NEKOMIO3UIIMMU pacCcMaTpUBaeMOi
MIMO-cuctemsl OyayT MMeTh MECTO TOJBLKO JIBa
YPOBHS JEKOMITO3UIIMU: HYJIEBOM U TIepBBINA. 3a-
JaauM COOCTBEHHBbIE 3HAYEHMS IO YPOBHSIM Jie-
KOMITO3UIIMM B BUIE CKaJsIpOB (CKAJSIPHBIX Ma-
TpUL) CAEAYIOLIEero BUaa:

Z] = S3, 22 = S4.

151 mepBOro ypoBHSI AEKOMIIO3MLIMMA HEO0XO-
JUMbIe MAaTpULbI AJIS1 pacuyeTa KOppeKLU MU MaTpu-
Lbl MHBbEKLIMK Mopca onpeaensiioTcs CaeayIoum-
MU BhIpaxeHussMu [13]:

A, = (Cx)'A.Cx; C, = CAAg, (15)

rne Cx — IpaBblil AeNUTENb HYIs (AHHYJISATOD)
Matpullbl C. AHaJIUTUYECKUE 3HAUYCHMS yKa3aH-
HBIX B popMynax (15) mMarpull UMEIOT BU

0 0 -1 ¢ ¢ ¢
Lo o ayy 43 —ap
CL _ A=\ a a —as. |:
R 0 1 O 5 cl 33 33 C3l >
00 0 4y —d4;3 4y

c c c
Cor = (a42 43 —a41).
[Ipu 5TOM CKOppeKTUpOBaHHAS MaTpULa MHBEK-
M Mopca MoXeT OBITh BBIYMCIICHA TT0 (DOpMyIaM

L=C3,-AC; (16)
C™ =C"=Cx(C{s, — A,CP), 17)

IJIe IOMMMO IIPUBEASHHBIX paHee MaTpuil U3 ¢op-
Myl (15) purypupyet rceBmooopaTHass MaTpuiia

c2 c2
a, /(a5 +ag + ag3

c2 c2
as; /(041 +a4 +4y;3

c2 c2
041/(041 T a4y +ag3
B pesynbrare Beruncienuii cornacHo (16), (17),
MpU YCJIOBUU, UTO

Ci -

1 c c ,C c C
Iy = —(a31a4, + ayag, + ay3a4; -
c c2
— agysy)/ (a5 + 4§ + a53);

—(a5,a4, + anag, +as;a5; -
- agzsy)/(agi +ags +ag3);
I3y = (af\a§, + afya§, + ajass -
- 02134)/(02% + 0522 + aﬁ )
nMeeM

C_=(1311 Iy -y 1)T§

alc2llll —ajy + afﬂ%l - alcllBll + 131153
7= 0521111 —aj + 053151 —0511311 + 111153 (18)
a3c21111 —as, + a§31211 —03611311 + 15133
S3 + 0521111 - 0511311 + ‘123151

OkoHuyaTenbHO MaTpuua 3aMKHyToir MIMO-
CHUCTEMBI, BBIYMCIIEHHAs 1O popmyiie

Ac=A, +LC,

¢ yuetoM (16) IpuMeT BUL

ap a, aj alc21111 + alc3l%1 - alc11311 + /311S3

A - ay ay axy 0521111 + 053151 —0511311 + 1111S3 .(19)
as; ay as a§21111 + 0303151 - a§11311 + 15133
ag Ay A Syt 0221111 - 0211311 + 0231%1
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Ilpw oToM  coberhemiiic ~0,0001197  —0,0000008278 —0,00001823 —3,76857
SHAYCHUA MaTpPUIIbI OKa3bI-

satotes pasHbivi satanke | 4_po3| 0-000024149  ~0,0019583  0,0012295 0,003086

-0,0000192  0,0000325  -0,0010413 0,078637 |’

eig(de) = {s1, 5, 53 54}, ~0,00000018586 -0,000000007 —0,00000018 —0,01188

T. €. TIORJIEMEHTHO COBMAJA0T ¢ MHOXeCcTBOM (3).
OxoHyaTebHast MPOBEPKA YCJIOBUI MHBApUAHT-
HoctH (8) mist ciaydast A, = Ac TakXe NMOATBEPXK-
JaeT noJjiyueHue TpebyeMoro pesyjbrara.

Pe 3yJbTAThl YHCJICHHBIX HUCCJIeIOBAHUMA

Bocmonb3yemMcss  CleayIOIIUMH  YHUCIOBBIMU
3HAYCHUSIMU MaTpUll KO3(PPUIIUEHTOB:

~0,1520  0,4226  0,9063 0,0960
| ~18,6430 ~1,0600 -1,6000 0
~1,7570 -0,1530 -0,1360 0 |
0 1 -0,4663 0
~0,0320 —0,0010
5| 18740 -8,9660
~1,4600 0,3040
0 0

Hasnaumwm mnositoca 3aMKHYTOI CUCTEMBI B CO-
oTBeTCTBUU C (3) B BUIE

eig(4,)={-1,-2,-5 -7} 20)

HMcnonb3ysa ananutudyeckue Boipaxenue (10) u
(11), nonyyum

F=(—1,5663 0,7870  0,0060 0,0013)
~1,7500 -0,1628 —0,0915 —0,0003)’
0,6156 —0,0842
~1,3066 0,3716
“1 0,5394 -0,2671|
~0,2837 -0,2837

I1pu aTOM MaTpuiia 3aMKHYTOM cucteMbl (12) paBHa

-0,1197 -0,0008 -0,0182 0,0960
4 - 0,0241 -1,9583 11,2295 -0,0001
¢ 1-0,0192 0,0325 -1,0413 -0,0020 |

0,0089 -0,0000 -0,0002 0

ITpoBepka coOMIOACHUSI YCIOBUI MHBapU-
anTHOCTH (10) maeT MOJIOXMTEIbHBIN pPe3yJIbTarT,
a COOCTBEHHBIE 3HAUYCHUSI PaBHEI

eig(A4.) = {-1, -2, -0,1261, 0,0068},

YTO HE COOTBETCTBYET ycaoBUIo (20).

Koppexkuust nabekuuu Mopca, OCyIIeCTBICH-
Hasl 110 OMMCAaHHOM BhIIIE METOAUKE HA OCHOBAaHUU
npumeHeHus BbipaxeHus (18), ¢ yuerom s; = —35,
s4 = —7 maer

YTO COOTBETCTBYET COOCTBEHHBIM 3HaUueHUsM (18)
U YCJIOBUSIM MHBApUaHTHOCTHU (8).

3akioyeHue

Ut muHeapu30BaHHOM MOJENW M30JIMPOBAHHO-
ro GOKOBOro JABMXKEHUSI OMHOBUHTOBOI'O BEPTOJETA,
paccMmarpuBaeMoii kak MIMO-cucrema, ITONTydYeHBI
aHAJIMTUYECKME BBIPAXXCHUSI 3aKOHOB CTaOMJIM3a-
LMK, obecrnedyrBarolle YCIOBUSI WHBAPUAHTHOCTU
0 yIIy KpeHa Ipy BO3MYILLEHUSIX B KaHaax yrpaB-
JIEHWS W 3aIaHHOE pa3MeEIeHUe MOJI0CcoB. IIpuBene-
HBbI pe3yJIbTaThl YMCJAECHHOTO pellieH s 3aJa41 YIIpaB-
JieHust 60KOBBIM aBIKeHMeM OB ¢ ucrnonb3oBaHreM
MOJYYEHHBIX aHAJIUTUYECKUX COOTHOLLICHUA.

CHnHCOK JIHuTEepaTypbl

1. Mucpuxanos M. III. UuBapuaHTHOE yIpaBieHNE MHOTO-
MEPHBIMU cucTeMaMu. Anredpanueckuit mogxoa. M.: Hayka, 2007.

2. Mukpnu E. A., 3yoos H. E., Mucpuxanos M. III.,
Paduenko B. H. MHBapuaHTHOe yrnpaBjieHHE MaJIOBBICOTHBIM
MOJIETOM OJHOBMHTOBOTO BepToJsieTa //ABToMaTu3auus. CoBpe-
MeHHBbIe TexHosoruu. 2015. Ne 6. C. 3—8.

3. 3yoos H. E., Mukpun E. A., Mucpuxanos M. III., Ps6-
yenko B. H. Yci0BMSI MHBApMAHTHOCTU TMHAMUYECKON CUCTEMBbI
Ha ocHoBe peryisipusanuu // JJAH. 2015. T. 465, Ne 1. C. 20—23.

4. Dion J. M., Commault C. Feedback decoupling of structured
systems // IEEE Trans. on Automat. Contr. 1993. AC-38. P. 1132—1135.

5. Van der Woude J. W., Murota K. Disturbance decoupling with
pole placement for structured systems; a graph theoretic approach //
SIAM J. on Matr. Anal. and Appl. 1995. 16(3). P. 922—942.

6. Wang Q. G. Decoupling Control. Springer-Verlag. 2003.

7. 3yoos H. E., Mukpun E. A., Paouenko B. H. Marpuunbie
METO/Ibl B TEOPUU U MPAKTUKE CUCTEM aBTOMATUYECKOTO yIpaBIeHUsI
JIleTaTeNbHBIX anmapatoB. M.: M3n-Bo MI'TY umenn H. O. baymana,
2016. 666 c.

8. Ryabchenko V. N., Zubov N. E., Sorokin I. V., Proletarskii A. V.
Complete Pole Placement Method for Linear Mimo Systems // Mekha-
tronika, Avtomatizatsiya, Upravlenie. 2018. Vol. 19, N. 1. P. 11—18.

9. Zubov N. E., Ryabchenko V. N., Sorokin I. V. Synthesis of Stabi-
lization Laws of a Single-Airscrew Helicopters Lateral Motion for Lack of
Information about its Lateral Speed: Analytical Solution // Mekhatronika,
Avtomatizatsiya, Upravlenie. 2018. Vol. 19, N. 4. P. 273—281.

10. 3yoos H. E., Paoyenko B. H., Copokun WU. B. YnpasneHue
IO BBIXOAY CIIEKTPOM TMPOIOIBHOTO ABUXEHMUSI OMHOBUHTOBOTO BEP-
Toneta // U3B. BbiculL. y4eb. 3aBea. ABuall. TexH. 2020. Ne 2. C. 70—79.

11. Pomanenko JI. I., Pomanenko A. I., Camaposa I. T.
VYrpasieHrue NpoJdoJibHBIM JIBUXEHHUEM JIETaTEJIbHOIO arnmnapara
MpY OTCYTCTBUU B aBTONMJIOTE CUTHAJA MO yriy TaHraxa // U3B.
BY30B.. ABnaiimoHHas Texuuka. 2014. Ne 4. C. 25—29.

12. Pomanenko JI. I., Camaposa I. I., Pomanenko A. T.
YnpaBiaeHre GOKOBBIM IBUXXEHHUEM JIETaTEJIbHOTO arrmapaTa mpu
OTCYTCTBMM B aBTOMMJIOTE CUTHAJA MO yriy kpeHa // V3B. By30B.
ABuanunonHas TexHuka. 2014. Ne 2. C. 19—-23.

13. 3yoos H. E., Muxkpun E. A., Oneitnuk A. C., Paouenko B. H.
O1eHKa YIJIOBOM CKOPOCTM KOCMMYECKOTO arlfapara B peXXume opou-
TaJILHOW CTAOMJIM3ALIMY TIO pe3yJbTaTaM U3MEpeHUit qaTyrMKa MEeCTHOM
Beptukanu // Becthuk MI'TY. IIpu6opocrpoenue. 2014. Ne 5. C. 3—15.

14. 3yoos H. E., Mukpun E. A., Paouyenko B. H., IIpoae-
Tapckuii A. B. AHaIuUTUYEeCKUil CHHTE3 3aKOHOB YIpaBJIEHUs
OOKOBBIM ABHMKEHUEM JieTaTeJbHOro ammnapara // W3B. BbicIl.
yueb. 3aBen. ABmail. texH. 2015. Ne 3. C. 14—20.

15. 3yo6os H. E., Mukpun E. A., Mucpuxanos M. III., Oneii-
K A. C., Paouenko B. H. TepMuHanibHOE pesleiitHO-UMITYIbCHOE
yrpaBjJeHue JUHEWHBIMU CTAllMOHAPHBIMU JIMHAMUYECKUMU
cucrtemamu // U3B. PAH. TuCy. 2014. Ne 3. C. 134—149.

MexaTpoHuKa, aBTOMaTH3alMusd, ynpasienue, Tom 22, Ne 6, 2021

335



Lateral Motion Control Invariance Helicopter on the Roll Angle.
Analytical Synthesis

N. E. Zubov, nezubov@bmstu.ru, V. N. Ryabchenko, Ryabchenko.vn@yandex.ru,
Bauman Moscow State Technical University, Moscow, 105005, Russian Federation,
PJSC Korolev Rocket and Space Corporation, Korolev, Russian Federation

Corresponding author: Zubov Nickolay E., Ph.D., Professor, Bauman State University,
Moscow, 105005, Russian Federation, e-mail: nezubov@bmstu.ru

Accepted on November 29, 2020
Abstract

For the linearized fourth-order model of the isolated lateral motion of a single-rotor helicopter as a MIMO system containing
two inputs, the control is analytically synthesized, which ensures the invariance of the roll angle motion in the presence of distur-
bances in the control channels, as well as the required placement of the poles of the closed-loop system, given any specific values
from the area of their stability. The approach to the synthesis of invariant control consists in finding a matrix of feedback coefficients
of a linear system that satisfies the invariance conditions, which are a system of power matrix equations of a certain design. The
synthesis is based on the application of theorems based on the use of the regularization condition of the matrix equation and the
invariance conditions under disturbances in the control channels, as well as theorems that make it possible to place the poles of the
MIMO system using the original decomposition of the control object. Regularization of a matrix equation is understood as a solution
to the problem of providing a given set of singular values for an inverted symmetric square matrix. The invariance of the MIMO
system is considered with respect to unmeasured disturbances in the control channels. The use of such an approach to the synthesis
of invariant control made it possible to obtain an analytical solution that is versatile and can be applied in various flight modes of
single-rotor helicopters with different dynamic properties. The results of the numerical synthesis of the lateral motion of a single-
rotor helicopter using the obtained laws of invariant control, which confirm the reliability of the analytical expressions, are shown.

Keywords: invariance, disturbances in control channels, MIMO system, decomposition, pole placement, analytical

synthesis, side motion of a single-rotor helicopter, poles of a dynamic system
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Puc. 3. OnrnMaibHBIH IyTh aKTHBATOPa 10 CPaBHEHHIO ¢ KoJieOaHusivMH HexoHoi Mojtenn OXH

Fig. 3. Optimal activator path compared with the oscillations of the original FHN model
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Fig 4. Case 2: dynamics of the activator (a) and the action functional (6)
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