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In this paper, the new strategy of controlling complicated dynamical objects with variable or unknown parameters during 
their movement along smooth spatial trajectories is proposed. The proposed strategy is based on correcting program signals 
that define the movement of this object depending on accurate dynamical-object movement. Using this strategy considers 
the variance of dynamical object parameters and increased accuracy of their movement when typical linear controllers are 
used. The simulations and experimental researches confirmed the workability and efficacy of the proposed strategy.
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1. Introduction

There  are three basic strategies used for con-
trolling different dynamical objects (DOs) in track-
ing mode: the feedback strategies [1], the invariance 
principle [2], and the strategy of joint nominal and 
local control. However, using these known strategies 
often does not solve the task of accuracy control 
by means of simple controllers for a new class of 
complex multiconnected systems with variable and 
unknown parameters (underwater vehicles and mul-
tilink manipulators).

The generalized structure diagram of a tra cking 
system with n control channels and using of the 
feedback strategy is presented in Fig. 1, and the fol-
lowing notation is used in this diagram: DO is the 
dynamical object, MCU represents the main control 
units installed in each control channel, FBS rep-
resents the feedback sensors, and XB(t), X*(t), ε(t),
u(t) ∈ Rn, where α(t) is the vector of controlled 
coordinates, X*(t) is the vector of desired (program) 
values of these coordinates, ε(t) = X*(t) – XB(t) is 
the vector of errors in corresponded control chan-
nels, and u(t) is the vector of control signals. To 
reach the high control accuracy in the schema pre-

1The work was supported by the Russian Foundation for  Basic 
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sented in Fig. 1, the controllers with transfer func-
tion Wk(s) similar to k/Wok(s) should be entered in 
each control channel. Here Wok(s) is the transfer 
function of DO, k is the large gain, and s is the 
Laplace operator. However, the transfer function
k/Wok(s) cannot be implemented, as all real DO 
has reduced frequency response, and larger values 
of k decreases the stability of the system. Further-
more, if the frequency and amplitude of X*(t), which 
approach harmonic signals, is increased, then the 
values ε(t) increases as well while considering the 
limited bandwidth of DO even when adaptive con-
trollers are used.

It can provide the robustness of quality para-
meters of system working by means of the invari-
ance principle (two-channel control) [2]. The gen-
eralized diagram that implements this strategy is 
shown in Fig. 2. In this diagram, the ACU are 
the additional control units with transfer functions 
Wak(s) = 1/(Wok(s)Wk(s)) that enter in each con-

Fig. 1. The generalized structural diagram of the tracking system
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trol channel. However, the transfer function Wak(s) 
cannot be implemented exactly because of the rea-
son described earlier in the introduction. Thus, it is 
impossible to provide precise invariance of quality 
parameters to different external unknown and vari-
able influences.

The third known strategy of local, global, and 
adaptive control [3, 4] can be used for controlling 
complex multiconnected DO (multilink manipula-
tors and underwater vehicles) with variable and un-
known parameters. The generalized schema of im-
plementation of this strategy is presented in Fig. 3, 
where Ug(t) ∈ Rn is the vector of global control.

The general idea of this strategy is to calculate 
the signal for movement of DO for each control 
channel (manipulator of underwater vehicle) at cor-
responding coordinates while considering its dy-
namic properties. It supposes that DO has nomi-
nal values of its parameters, that the restrictions of 
power of DO actuators are not consi de red, and that 
the arbitrary (unknown and unmeasured) external 
influences are presented. This control must provide 
the main trend of required movement of DO but 
signal u(t), which forms by means of the first-con-
trol strategy [1], and the control must compensate 
for the inevitable errors due to accounting for its 
dynamic properties and unknown external influ-
ences. The MCU may also include the typical or 
adaptive controllers by considering the presence of 
unknown or variable parameters of DO.

A disadvantage of this strategy is the necessity to 
use complicated CS [5—9] that nevertheless cannot 
provide for the actuator restrictions in each control 

channel of DO. This can lead to control loss of
this DO.

Therefore, the analysis above shows that there is 
no control strategy that easily creates implemented 
CS for high-accuracy control of complicated DO 
with variable and unknown parameters during its 
movement along arbitrary smooth spatial trajectories.

2. Task setting

In this paper, the following task is set and solved. 
It is necessary to develop the new control strategy 
for complicated nonlinear DO with va ria ble and 
unknown parameters to provide high accuracy con-
trol by considering the restricted DO actuators by 
means of easily implemented CS. To develop the 
new synthesis methods, these CS that provide the 
deviation of DO from desired trajectories cannot 
exceed the allowable values.

This new strategy supposes not only the direct 
control of DO when it moves along desirable tra-
jectories (it usually needs to use the differential 
equations instrument) but also the control of pro-
gram signals coupled with simple tracking control 
systems installed in each control channel and pro-
viding only stability of the corresponding control 
loop. These CS must control the program signals 
that form such coordinates of the moving target 
points which ensure DO movement near all parts of 
the desirable trajectories with high accuracy even if 
large errors of tracking are present.

3. The description of movement of dynamic
control object along spatial trajectory

The DO already has the typical (simple) CS as 
follows:

 u(t) = Fu(ε(t), X*(t)), (1)

which provide its stable movement along spatial 
trajectory. The vector X*(t) is formed in the global 
coordinate frame (GCF) by means of the following 
expression [10, 11]:
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Fig. 2. The generalized diagram of implementing the invariance 
principle

Fig. 3. The generalized schema of implementing this strategy
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are the functions describing the desired trajectory of 
DO movement in vertical and horizontal plans, re-
spectively; v* is the program velocity of DO move-
ment along this trajectory.

The values of elements of vector ε(t) depend on 
the curvature of current path of trajectory, velocity 
of Do movement along this trajectory, used CS, and 
vector P of the variable parameters of DO

 ε(t) = Fε(X*(t), Fu(•), P). (3)

If DO moves along the curvilinear trajectory and 
ε(t) ≠ 0, then vector εn(t) = Fn(X(t), gy(•), gz(•), ε(t)) ≠
≠ 0 ∈ Rn always arises (see Fig. 4). This vector de-
fines the deviation of DO from the trajectory and 
always satisfies the following inequality:

 0 m ||εn|| m ||ε||. (4)

If value of vector P is variable and control law 
Fu(•) is unchanged, then value ||εn|| can be decreased 
by means of changing of coordinates of vector 
X*(t). Expression (2) shows that it can be possible 
by means of decreasing the value v* on the part of 
the trajectory having a large curvature. However, it 
is undesirable if actuators of DO have a reserve of 
power to provide the high-speed movement.

In accordance with task setting described above 
and using typical tracking CS (TCS) described by 
(1) and vector X*(t) described by (2), we develop the 
new control strategy for DO on the basis of form-
ing a program signal of its movement that allows 
movement along all parts of trajectory based on the 

saturation of DO actuators and satisfying the fol-
lowing condition:

 ||εn(t) || m εmax, (5)

where εmax is the allowable deviation of DO from 
the desired trajectory.

The generalized structure diagram that imple-
ments this new control strategy is presented in 
Fig. 5, where X**(t) ∈ R3 is the vector of the current 
coordinates of desired position of target point which 
enter the inputs of each control channel (typical 
tracking systems). This diagram differs significantly 
from other diagrams presented in Fig. 1—3.

4. The forming of program signals
of dynamical object movement

The truth equation

( )

( ( ), ( ), ( ), ( ( ), ( ), )) 0
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ensures that the DO movement is along the arbitrary 
spatial trajectory with any achievable velocity and 
zero deviation from this trajectory. However, solving 
(6) at a relatively desired position of target point 
X**(t) ∈ R3 is possible only for simplest cases, and 
numerical solutions in real time is very complicated. 
For this reason, instead of the exact solution 
presented in (6), numerical solutions should find 
and use the approximate solution that satisfies (5).

The value X**(t) that provides approximately the 
truth of (6) we find in the following form:

 X**(t) = X*(t) + ΔX*(t), (7)

where ΔX*(t) ∈ R3 is the vector of additional pro-
gram signal that shifts the target point X*(t) from 
the desired trajectory of DO movement.

The signal X*(t) should be entered on inputs of 
CS DO and the real position X(t) of DO (dashed 
line in Fig. 6) on distance ||εn(t)|| from trajectory 
X*(t) (solid line in Fig. 6). If signal X**(t) (dotted 
line in Fig. 6) that is copied from X(t) and is located 
symmetric about trajectory X*(t) is used instead of 
signal X*(t), then real movement of DO XB(t) (dash-
dotted line in Fig. 6) has a decreased distance from 
trajectory X*(t). Herewith the following condition 
is valid:

 ε(t) = X*(t) – X(t) ≈ X**(t) – XB(t) = ε*(t).

Fig. 4. The vectors of dynamic errors and deviation

Fig. 5. The generalized diagram of CS DO that implements the 
new control strategy
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It is impossible to define the value ||εn(t)|| a prio-
ri, as it depends on the curvature of X*(t), velocity, 
DO dynamic parameters and parameters of interac-
tion with the environment. Thus, the X**(t) can be 
formed during the DO movement only.

The vector ΔX*(t)can be defined as follows:

 *( ) ( ) ( ) ( ).n nX t X t X t tΔ = − = ε  (8)

Then considering the expressions of (7) and (8), 
we have

 * * *( ) ( ) ( ) ( ) ( ).nX t X t t X t X t∗∗ = + ε = + Δ  (9)

The value ε*(t) is large when the vector ΔX*(t) is 

entered, but value || ( )||n t∗ε  (see Fig. 2) is decreased 
significantly. However, forming vector X**(t) is a 
complicated task as DO is on a point XB(t) near 
the trajectory X*(t) and the Х(t) cannot be defined. 
Thus, the vector ΔX*(t) that holds DO near to X*(t) 
while signaling X**(t) needs to be estimated. We 
then solve this task by means of CS, whose block 
diagram is shown in Fig. 7, where BFD is the block 
of forming the deviation DO from trajectory X*(t).

The CS shown in this figure has two inputs. 
The signal X*(t) enters in the first input, and sig-

nal ΔX**(t) ≈ ΔX*(t) enters in second 
input. The signal ΔX**(t) is calculated 
during DO movement near the trajec-
tory X*(t) by means of the expression

( ) [ ( ) ( )]
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n n n n
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ε
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ε
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= ε ε εn
 (10)

where knε = const > 1 is the coefficient 
that is selected so that the condition (5) 
will be true for all parts of trajectory 
and the stability of TCS is maintained.

The proposed control strategy of 
DO movement along trajectory X*(t) 

is correct for any stable TCS (1). The main task for 

forming signal (10) is calculating vector n
∗ε . This 

task is solved in section 5.

5. Calculation of vector *en

To calculate the coordinates of point ( )nX t∗  and 
vector n

∗ε , we can use the method proposed in the 
work [11]. This method requires the numerical solu-
tion of system of nonlinear equation by means of a 
powerful onboard computer. However, we can esti-
mate the ( )n tε�  of vector n

∗ε , because the value 
|| ( )||n t∗ε  is usually much less than the radius of cur-
vature for all parts of trajectory X*(t). In this case, 
the vector ( )n tε�  is found as perpendicular to tan-
gent line N of trajectory X*(t) (see Fig. 8). The co-
ordinates of point � ( )n tX  (see Fig. 8) are defined in 
semi-body fixed coordinate frames with axis � � �, ,x y z  
that are parallel to the axis of GCF, while its center 
is the center of mass of DO (point XB(t)).

In this coordinate frame, the point Х*(t) is de-

fined by coordinates of vector � � �( ) ( , , ) ,T
x y ztε = ε ε ε  

and point � ( )n tX  by coordinates of vector ( )n tε� . 
The equation of the tangent line N passing through 
point Х*(t) and coinciding with vector v* has the 
following form [12]:

� � �

1 2 3

,
y zx

y zx

f f f

− ε − ε− ε
= =  (11)

where f1, f2, f3 are the elements of 
vector fv(x*) (2). The equation of 
plane G passing through point XB(t) 
and being perpendicular to line N has 
the following form [12]

 � � �
1 2 3 0.f x f y f z+ + =  (12)

Fig. 6. The schema of DO movement near the program trajectory

Fig. 7. The block diagram of the system that implements the new control strategy
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After solving system (11) and (12) we have the 
following expression:
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which can define the vector ΔX**(t) with enough 
accuracy in the form:

 ( ) ( ).n nX t k t∗∗
εΔ ≈ ε�  (13)

6. The results of study of proposed control system

The simulation was performed to study the work-
ability and efficacy of the proposed control strategy. 
In this simulation, the underwater vehicle (UV) was 
used as DO. This UV is described by means of the 
mathematical model from [7]. The actuators of UV 
have equal parameters and its dynamic, which is 
described as the aperiodical dynamic link of the 
first order. The other parameters of this model 
were the UV mass ma = 100 kg; the main iner-
tia moments, Jxx = 2 kg•m2, Jyy = 10 kg•m2, and

Jzz = 10 kg•m2; the hydrodynamic coefficients,
d1x = 25 kg•s–1, d2х = 50 kg•m–1, d1y = 50 kg•s–1, 
d2у = 100 kg•m–1, d1z = 50 kg•s–1, d2z = 100 kg•m–1,

1xd ′  = 4 Nms, 1yd ′  = 7,5 Nms, 1zd ′  = 7,5 Nms,

2xd ′  = 8 Nms2, 2yd ′  = 15 Nms2, and 2zd ′  = 15 Nms2;
the added mass and inertia moments of fluid,
λ1 = 20 kg, λ2 = 40 kg, λ3 = 40 kg, λ4 = 0,5 kg•m2, 
λ5 = 1 kg•m2, and λ6 = 1 kg•m2; the metacentric 
height, Yc = 0,02 m; and the time constant of actua-
tors, Тa = 0,1 s.

It is supposed that UV (see Fig. 7) has CS that 
includes the position and orientation of the simplest 
controllers in each channel. The transfer function 
of these controllers has the following perspective, 
W(s) = K(T1s + 1)/(T2s + 1), and its parameters 
have the following values, K = 20, T1 = 2,51 s, and
T2 = 0,01 s. The parameters of the system of con-
trolling the program signal (see Fig. 7) have the 
following values, knε = 8.

The planar horizontal movement of UV along 
trajectory with the described expression y*(t) = 
= 10  sin(πx*(t)/20) was studied. This movement begins 

at the zero-initial conditions *
0 0x =  and *

0 0y = , 
the longitudinal axis of UV is directed always to 
moving point X*(t), and the desirable velocity is 
constant. The desirable yaw angle is calculated by 
the expression ϕ*(t) = arctg((y**(t) – y(t))/(|x**(t) – 
– x(t)|)) [7].

The processes of changing the values v(t), ||ε*(t)||, 
*|| ( )||n tε  and y(t) during UV movement with using 

program signal (9), (10) and v* = const = 1 m/s are 
shown in Fig. 9. This figure shows that the maximal 

value *|| ( )||n tε  is 0,13 m.

Fig. 8. The schema for calculating vector �en

Fig. 9. Process of UV movement when the proposed control stra-
tegy is used
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For comparison, the processes of changing these 
values at signal X*(t) by means of (2) are shown in 
Fig. 10. This figure shows that the maximal value 
of deviation UV from the desired trajectory is 0,95 
m. Thus, by using signal X**(t) (9), (10) more, the 
accuracy of UV movement along desired trajectory 
was increased 7-fold without changing its CS. 
Additionally, the values of the dynamical errors 
||ε(t)|| and ||ε*(t)|| (see Fig. 6) for program signals 
X*(t) and X**(t) are almost equal.

The desired trajectory of UV movement (curve 1), 
the virtual trajectory forming by means of signal X**(t) 
(curve 2), and the real trajectory of UV movement 
(curve 3) are shown in Fig. 11. This figure shows that 
the UV position and target point X**(t) are always on 
opposite sides regarding the desired trajectory.

In addition, the marine experiments that use 
AUV MARK (see Fig. 12) and were designed in Far 
Eastern Federal University and Institute of Marine 
Technology Problems were performed [13, 14].

The AUV movement along trajectory is defined 
by means of Bezier splines passing through points 
(0,0,0)—(0,20,0)—(20,20,0)—(20,0,0)—(0,0.0) is 
studied during these experiments. MARK has 
three control channels: channel controlling forward 
movement and channels controlling angles of yaw 
and pitch. The PD-controllers are used in the first 
and second channels, and the PID-controller is 
used in third channel. The knε = 2 (see Fig. 7) and 
the AUV desired velocity is 1 m/s.

Fig. 11. The features of forming the virtual trajectory

Fig. 10. Process of UV movement when the traditional control 
strategy is used
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Fig. 12. The external view of AUV MARK
Fig. 13. Trajectories of AUV movement without using (a) the addi-
tional loop of forming signal DX**(t) and with the additional loop (b)
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The AUV movement (black curve) along the 
defined trajectory (gray line) without additional loop 
of forming of signal ΔX**(t) are shown in Fig. 13a and 
with using of this loop in Fig. 13b. Here, the dashed 
curve is the virtual trajectory formed by signal ΔX**(t).

The deviations of AUV from the defined 
trajectory using (gray curve) the additional loop of 
formation of signal ΔX**(t) and without it (black 
curve) are shown in Fig. 14. This figure shows that 
using this additional loop decreases the deviation 
of AUV from the defined trajectory more than four 
times (from 1,3 m to 0,3 m).

Thus, the results of mathematical simulation 
confirm the workability and high efficacy of the new 
control strategy for DO, which enables designing 
the systems to automatically form program signals 
X**(t) for the movement of DO along spatial 
trajectories.

Conclusions

The new control strategy of high accuracy con-
trol of spatial movement of complicated multichan-
nel DO in tracking mode is proposed in this pa-
per. This strategy bases on control of not only DO 
but also of its program signals and shows that it 
is easier, useful, and effective. Herewith as against 
traditional strategies, using virtual trajectories that 
provide high accuracy movement of DO along de-
sired trajectory is allowed by means of simple con-
trollers even if dynamic errors reach large values. In 
other words, high accuracy movement of DO along 
smooth desired trajectories is provided by means of 
forming new program signals but not by using the 
complicated high quality CS, which minimized the 
dynamical errors of tracking.

The results of the mathematical simulation show 
that using the new control strategy increases the 
dynamic accuracy of movement of complicated DO 
along desired trajectories without improving the 
quality of its tracking CS.

Fig. 14. Change in AUV deviation from the defined trajectory 
without using an additional loop of forming the signal DX**(t) and 
the additional loop


