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СИСТЕМНЫЙ АНАЛИЗ,
УПРАВЛЕНИЕ И ОБРАБОТКА ИНФОРМАЦИИ

Abstract

A theoretical result is presented in the form of a new algorithm for the synthesis of a control system over a non-linear object, whose 
mathematical model represents a stochastic matrix difference equation having noise with a zero mean and finite dispersion in the right-
hand part. The new algorithm for synthesizing stochastic control for such an object is based on a three-stage procedure. In the first stage, 
the structure of the control system is formed in accordance with the classical method of analytical design of aggregated regulators (ADAR) 
in a fixed-noise assumption. In the second stage, the conditional mathematical expectation of the resulting expression for the first-stage 
control is determined. In the third stage, the control model is refined by excluding the noise variable from the control formula based on 
decomposing the initial control system affected by the new control. It is shown that the proposed control strategies minimize the target 
macro variable dispersion and ensure a stable, on average, achievement of the target manifold. A detailed example of an application of 
the algorithm for synthesizing control over the motion of an immobile center of mass is given, whose analog is represented by the objects 
such as by robot-manipulators, is given. The results of numerical modeling are presented, which confirm the operability of the constructed 
controller. Numerical simulations of the designed control system was performed using the authentic working equipment data.

Keywords: multidimensional discrete stochastic object, stochastic model of discrete control over motion of immobile center of mass, 
minimum the variance of the output macro variable

В работе представлен теоретический результат в виде нового алгоритма синтеза системы управления стохастиче-
ским нелинейным объектом, математическая модель которого есть разностное стохастическое матричное уравнение, 
в правой части которого присутствуют шумы с нулевым средним и конечной дисперсией. Основой нового алгоритма 
синтеза стохастического управления является трехэтапная процедура. На первом этапе формируется структура си-
стемы управления в соответствии с классическим методом аналитического конструирования агрегированных регуля-
торов в предположении зафиксированного шума. На втором этапе определяется условное математическое ожидание 
от найденного выражения для управления на первом этапе. На третьем этапе осуществляется декомпозиция исходной
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Introduction

The paper discusses a generalization of the de-
terministic method of control over non-linear mul-
tidimensional objects on manifolds (for detail see a 
complete review in [1—5]) — the method of analyti-
cal design of aggregated regulators (ADAR) [1] — 
for a stochastic non-linear object prescribed by a 
system of stochastic difference equation.

The principal success of its application for sol-
ving a non-trivial problem of control over nonlinear 
multivariate objects stems from the formation of the 
control system invariates or target laws of the con-
trol object behavior; using a set description of its 
"final causes" (according to L. Euler) or the target 
system’s properties, the ‘actions are derived’ which 
are necessary for the control target to be reached. 
An analytical description of the set of target states 
of a control object and a selection of a special con-
trol quality functional meet the requirements of the 
physical control theory principles [6].

The proposed system of discrete control is char-
acterized by the following initial statements and ex-
pected properties:

1) the control object is represented as a system of 
stochastic difference equations;

2) no knowledge on the probabilistic properties 
of the control object description is required; a ne-
cessary thing is the boundedness of the right-hand 
parts (noise dispersion boundedness);

3) setting the target manifold (analytical descrip-
tion of the target properties of the synthesized con-
trol system by introducing ad hoc macrovariables as 
a function of the initial object variables;

4) control effected in the space of states X[t] =
= (X1[t], ..., Xn[t]), t ∈ {0, 1, ...} of the stochastic 
object under study;

5) stable, on average, achievement of the target 
manifold;

6) minimal dispersion of the output macrova-
riable [7, 8];

7) control system robustness with respect to ran-
dom uncertainties of an arbitrary probability distri-
bution type.

Formulation of the problem of control
over a discrete stochastic object

In the probability space (Ω, F, (Fk)k l 0, P), 

11{ [ ] ( [ ],..., [ ]), },k mt t t t k= σ ξ = ξ ξF m  sequences 
of independent, equally-distributed non-correlated 
random quantities 0 1 1{ [ ]} , 1, ,ti i m m nt =ξ l m  with 
the properties 2{ [ ]} 0 { [ ]},i i iE t D tξ = ξ = σ  are pre-
scribed (by E{ζ}, D{ζ} denote mathematical expecta-
tion and dispersion of random quantity ζ, respectively).

A discrete control object is described by the fol-
lowing:

 [ 1] [ ] [ ] [ 1] [ ],X t F t u t t c t+ = + + ξ + + ξ  (1)

where X[t] = (X1[t], ..., Xn[t]) is the vector variable of 
state; F[t] := F(X[t]) ∈ Rn is the non-linear function; 
u ∈ Rm, m m n is the control; ξ[t] ∈ Rl, l m n is the
random function with the above properties; 0 < c < 1
is a certain constant interpreted as the noise 
damping coefficient; and t ∈ {0, 1, ...}. We assume a 
pairwise independence of the random values from
the system {ξk[t], ξd[t], Xi[t]}, , , 1, ,i k d n=  k ≠ d.

It is necessary to determine the control law u(t), 
ensuring that the following properties of the control 
system are fulfilled:

1) 
{ [ 1] [ ]} 0 0 1, const ,  

 1, ;,

j jE t t

mj t

ψ + + ωψ = λ <

=

=

→ ∞

<

2) { [ 1] [ ]} min ,  1,,  ;j jD t t j tmψ + + ωψ → → ∞=
3) minimum average value of the quality func-

tional

{ } 2 2 2

0 1
( [ ] ( [ ]) ) min .

m

j j
t j

E E t t
∞

= =

⎧ ⎫⎪ ⎪Φ = α ψ + Δψ →⎨ ⎬
⎪ ⎪⎩ ⎭

∑ ∑  (2)

Here ψj[t] := ψj(X[t]) is a known function of states, 
which is referred to as a target macrovariable [1].

Coefficients α, ω are the parameters of the syn-
thesized control system, they have a denotative 
meaning and are interrelated by the following ex-
pression 2 2 20,5(2 (2 ) 4).ω = + α − + α −

системы уравнений под воздействием найденного управления, определяется зависимость для переменной шума от наблю-
дений, использование которой дает итоговую формулу для стохастического регулятора. Показано, что найденные стра-
тегии управления минимизируют дисперсию целевой макропеременной и обеспечивают устойчивое в среднем достижение 
целевого многообразия. Приведен подробный пример применения алгоритма синтеза для объекта управления движением 
неподвижного центра масс, аналогом которого являются объекты роботов-манипуляторов. Представлены результаты 
численного моделирования с использованием достоверных данных, которые подтверждают работоспособность и эффек-
тивность построенного стохастического регулятора по сравнению с детерминированным при его применении в нерас-
четных условиях.

Ключевые слова: многомерный нелинейный дискретный стохастический объект, стохастическая модель дис-
кретного управления движением неподвижного центра масс, управление, минимизирующее дисперсию выходной ма-
кропеременной
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Solution of the problem of analytical design
of control over a discrete stochastic object

For the sake of a convenient reference to the 
proposed method and its implementation algorithm 
of analytical design of a stochastic discrete regula-
tor in the ADAR-class, let us term them as the 
ADAR(S) (Analytical Design of Aggregated Regu-
lator for a Stochastic discrete object).

Restrictions on the choice of control actions are 
the following:

1) control strategies are selected from the ADAR-
control class;

2) only those strategies are admitted, for which 
the value of the control variable u[t] is a function of 
the preceding states and controls

 
[ ], [ 1],..., [0];

[ ] ,  {0,1,...}.
[ 1], [ 2],..., [0]

X t X t X
u t u t

u t u t u

−⎛ ⎞
= ∈⎜ ⎟− −⎝ ⎠

The major statements of constructing a discrete 
system of control over a non-linear object from 
among the ADAR-strategies, minimizing the target 
variable dispersion, shall be formed as the following 
algorithm.

АDАR(S) algorithm. We list the main stages of 
the algorithm based on a combination of the clas-
sical ADAR technique and the apparatus of condi-
tional mathematical expectations (see e.g., [7]).

1. Searching for the control structure [ ],Au t�  
{0,1,...}t ∈  on the basis of the classical ADAR at

a fixed noise.
2.  Assuming a conventional mathematical expecta-

tion �[ ] { [ ] | },A tu t E u t= ξ�  where ( [0], [1]... [ ]),t tξ = ξ ξ ξ
1[ ] ( [ ],..., [ ]), 1, .nk k k k nξ = ξ ξ =

3. Decomposing description (1), with the equa-
tions [ 1] [ ] 0 1, , j j jt t j mψ + = =+ ω ψ  (left-hand parts 
of the Euler-Lagrange equations for the functional of 
type (2) taken into consideration). Excluding va-
riable ξ[t] from expression �[ ] { [ ] | }.A tu t E u t= ξ�

Thus the synthesis of a discrete regulator has 
been completed.

Sample application of the ADAR(S) algorithm
for a discrete object of control over the motion

of the immobile center of mass

Let us discuss an example of application of the 
algorithm for synthesizing control strategies minimi-
zing the dispersion of the output target macro variable, 
whose description is a discrete analog of the control 
object over the immobile center-of-mass motion.

Control problem statement. We deal with the 
matrix description of a control object

 
1 1

2 2

[ 1] [ ],

[ 1] [ ] [ ] [ 1] [ ],

{0,1,...},

x k F k

x k F k Au k k c k

k

+ =
+ = + τ + ξ + + ξ

∈
 (3)

and the purpose of control

 * 3
1 1( [ ]) [ ] 0,  ,  x k x k b R kψ = − → ψ ∈ → ∞  (4)

where

 1 1 2

2 2 1 2

[ ] [ ] [ ],

[ ] [ ] ( [ ], [ ]),

F k x k x k

F k x k Aq x k x k

= + τ
= + τ

 (5)

1 3
3 3, , , , 1,2, || || ;i ijA m x q u R i m m−

×= ∈ = =  ξ[k]}k l 0
is the random sequence of quantities at a fixed va-
lues of k and constant c possesses the same pro-
perties as in the description of object (1); τ is the 
discretization parameter.

Remark 1. Object (3) is a discretized analog of a 
continuous model given by ( ) ( ( ), ( )) ,mb t q b t b t u= +�� �  

0t l  (see e.g., [9, 10]), where b ∈ R3 is the state vec-
tor with the coordinates 1 2 3( ) ( ( ), ( ), ( )) ,Tb t b t b t b t=  

0;t l  3( , )q q b b R= ∈�  are the generalized forces 
acting on the control object; 3 3|| ||ijm m ×=  is the ki-
netic energy matrix, and 3,  ( ( ), ( ))u R u u b t b t∈ = �  is 
the control vector. Using a consecutive substitution 
of the variables 1 2( ) ( ),  ( ) ( )x t b t x t b t= = �  and trans-
forming the resulting object via the Euler scheme by 
adding noise into the right-hand part of its descrip-
tion, we obtain (3).

Random functions { [ 1] [ ]},  {0,1,...}k c k kξ + + ξ ∈  
in the right-hand part of system (3) given by the 
sliding mean have a transparent physical interpreta-
tion and traditionally characterize the instrumental 
(see e.g., [7]), measurement and control errors; the 
value of coefficient 0 < c < 1 is associated with the 
degree of influence of the previous measurement.

Now formulate the problem of stabilizing the 
vector variable x1[k] in the neighborhood of the pre-
scribed value of b*

* 3
1 1{ ( [ ])} { [ ] } 0, ,E x k E x k b R kψ = − → ψ ∈ → ∞  (6)

with the control quality conditions listed as 1) — 3) 
in Section 1, specifically

{ }
3

2 2 2

0 1

{ [ 1] [ ]} min,  { [ ]} min,

,  ;

( [ ] ( [ ]) ) min,

0

1,2 3

1

,

.

j j

j j
t j

D k k D k

j k

E E k k
∞

= =

ψ + + ωψ → ψ →

→ ∞

⎧ ⎫⎪ ⎪Φ = α ψ + Δψ →⎨ ⎬
⎪ ⎪⎩

=

⎭
< ω <

∑ ∑
 (7)
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Remark 2. From the expression

 [ ]

*
1

1 2 1

2

1 2

{ [ 1]} { [ 1] }

{ [ ] [ ]} { [ ]

( [ 1] [ 1] [ 1])}

{ [ ] ( [ 1] [ 1]

[ 1])} { [ ]} { [ ]}

j j

j j j

j

D k D x k b

D x k x k D x k

F k Au k k c k

D x k F k Au k

c k D k D k

ψ + = + − =

= + τ = +

+ τ − + τ − + ξ + ξ − =

= + τ − + τ − +

+ ξ − + ξ ξl

it follows that the response macrovariable ψj[k] va-
riance cannot be smaller that of the noise presented 
in any description of an object under any type of con-
trol. In this case, it is reasonably that there is a con-
trol, where the variance D{ψj[k]} is minimal [7, 12].

Solving the control applied problem with 
ADAR(S). According to the above ADAR(S) algo-
rithm, we will perform the following steps.

Step 1. Derivation of a control system structure. 
Let us fix the random functions ξ[k], k ∈ {0, 1, ...} and 
perform a deterministic ADAR-synthesis [1] for the 
control object (4)—(6) including a quality functional 
of the synthesized control system expressed as follows

 

3
2 2 2

0 1

*
1 1

( [ ] ( [ ]) ) min,

( [ ]) [ ] , 1,2,3. 

i i
k i

j j j

k k

x k x k b j

∞

= =
Φ = α ψ + Δψ →

ψ = =−

∑ ∑
 (8)

For the sake of convenience in what follows prob-
lem (8) will be denoted by a pair of symbols (Φ, ψ).

The solution of the first step relies on the ideo-
logy of the classical ADAR-method for determining 
control at fixed {ξ[k]}k l 0. To do so, first we intro-
duce an auxiliary macrovariable given by

 (I)
2 1[ ] [ ] ( [ ]),  {0,1,...}.k x k x k kψ = − ϕ ∈  (9)

Here (I) (I) (I) (I)
1 2 3( , , )ψ = ψ ψ ψ  and an intermediate 

control target is the manifold (I){ : ( ) 0}.x xψ =
Formulate the problem (Φ1, ψ

(I)), accompanying 
the control system synthesis, where

 
3

2 (I) 2 (I) 2
1 1

0 1
( ( [ ]) ( [ ]) ).j j

k j
k k

∞

= =
Φ = α ψ + Δψ∑ ∑

Сontrols ,  1, 2, 3,iu i =�  according to the deter-
ministic ADAR, are sought for from the matrix 
equation

 
(I) (I) (I) 3

1

1

[ 1] [ ] 0,  [ ] ,

0 1,  {0,1,...},

k k k R

k

ψ + + ω ψ = ψ ∈
< ω < ∈

on whose solutions in turn an unconstrained 
minimum of functional Φ1 is achieved.

Thus we obtain the control structure accurate to 
the further determined function ϕ(x1)

 
2 2 2 2

1 2

1 2 1 1

[ ] [ ] [ 1] [ ]

[ ] [ ],

[ ] ( [ ] [ ]) ( [ ]).

Au k F k k c k

x k k

k x k x k x k

τ = − − ξ + − ξ −
− ω + ϕ
ϕ = ϕ + τ + ω ϕ

�
�

�
 (10)

Determination of the form of an auxiliary variable 
at fixed {ξ[k]}k l 0. In order to obtain ϕ(x1), object (3), 
(5) is reduced on the manifold ψ(I) = 0, which,
when fulfilled, gives us 2 1[ ] ( [ ]),  x k x k k= ϕ → ∞
(follows from (9)), and the reduced system of equa-
tions acquires the following form

 1 1 1[ 1] [ ] ( [ ]), .x k x k x k k+ = + τϕ → ∞
� � �

 (11)

Here for the sake of understanding the subsequent 
actions, variable 1x

�
 in description (11) has the mean-

ing of behavior (4) on manifold ψ(I) = 0. In what 
follows we would again use the initial notations.

Now in order to determine function ϕ(x1) we 
introduce a macrovariable of the following type

 (II) * *
1 1[ ] ( [ ]) [ ] ,  k x k x k b k Z +ψ = ψ = − ∈
� �

. (12)

The second problem is formulated (Φ2, ψ(II)), 
which accompanies the control system synthesis, 
where its quality criterion will be given by

 
3

2 (II) 2 (II) 2
2 2

0 1
( ( [ ]) ( [ ]) ) min,j j

k j
k k

∞

= =
Φ = α ψ + Δψ →∑ ∑

and the control target — by  (II)[ ] 0,kψ =  (II)[ ]kψ =  
(II) (II) (II)
1 2 3( [ ], [ ], [ ]),  .k k k k Z += ψ ψ ψ ∈

Variable 1[ ] : ( [ ])k x kϕ = ϕ
�

 is sought for from the 
solutions of the matrix equation (II)[ 1]kψ + +  

(II)
2 [ ] 0,k+ ω ψ =  (II) 3[ ] ,k Rψ ∈  20 1,< ω <  upon 

which an unconstrained minimum of functional Φ2 
is in its turn found. From the said equation, now 
using descriptions (11) and (12), we obtain

 
1 * *

1 1 2 2( [ ]) ( [ ](1 ) ),

.

x k x k b b

k Z

−

+

ϕ = −τ + ω − − ω
∈

� �
 (13)

The result of Step 1, according to our ADAR(S) 
algorithm, is the structure of control (at fixed noise) 
as a combination of equations (3)—(5), (10), and (13)

( )

1 1 1 1 2

2 2

2 2 1 2

* (I)
1 1 2 1

2

1 1 1 2 2

[ 1] [ ],  [ ] [ ] [ ],

[ 1] [ ] [ ] [ 1] [ ],  

[ ] [ ] [ ], [ ] ,

( [ ]) [ ] ,  [ ] [ ] ( [ ]),

[ ] [ ] [ 1] [ ]

(1 ) ( [ ]) (1 ) [ ],

(

x k F k F k x k x k

x k F k Au k k c k

F k x k Aq x k x k

x k x k b k x k x k

Au k F k k c k

x k x k

+ = = + τ
+ = + τ + ξ + + ξ

= + τ

ψ = − ψ = − ϕ
τ = − − ξ + − ξ +

+ + ω ϕ − + ω + ω

ϕ

�

�

1 *
1 1 2

1
2 1

[ ]) ( [ ] )(1 )

(1 ) ( [ ]), .

x k x k b

x k k Z

−

−
+

= −τ − + ω =

= −τ + ω ψ ∈

 (14)
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Statement 1. The system of equations (14) under 
deterministic conditions (ξ[k] = 0, k l 0) ensures 
that the control target *

1 1( [ ]) [ ] 0,x k x k bψ = − =  
3,  R kψ ∈ → ∞  and the global minimum of the fol-

lowing form 
3

2 2 2

0 1
( [ ] ( [ ]) ) minj j

k j
k k

∞

= =
Φ = α ψ + Δψ →∑ ∑  

are achieved for the quality functional, where α is 
the control system parameter proportional to the 
transition process duration.

Proof of Statement 1 relies directly on the classi-
cal ADAR-method [1].

Step 2. Derivation of a stochastic control system 
for problem (4)—(6). The conditional mathematical 

expectation  [ ] { [ ] },  {0,1,...},ku k E u k k= ξ ∈�  taking 
into account the initial conditions, in particular, the 
pairwise independence of the random values ξi[t], 
ξj[t], xj[t], i ≠ j will acquire the following form

 2

1 1 1 2 2

2 1 1

1 2 2

[ ] { [ ] } { [ ] [ 1]

[ ] (1 ) ( [ ]) (1 ) [ ] | }

[ ] [ ] (1 ) ( [ ])

(1 ) [ ].

k

k

Au k E Au k E F k k

c k x k x k

F k c k x k

x k

τ = τ ξ = − − ξ + −

− ξ + + ω ϕ − + ω + ω ξ =
= − − ξ + + ω ϕ −

− + ω + ω

�

 (15)

Step 3. Refinement of the stochastic control sys-
tem using the properties of the control object random 
functions. Substitute (15) into (3), (5). After simple 
transformations (decomposition of the initial sys-
tem) we obtain

 (I) (I)
1[ 1] [ ] [ 1].k k kψ + + ω ψ = ξ +  (16)

Considering (15), obtain an explicit control after 
simplification as follows

 
(I)

2 1

(I)
1 2 2

[ ] [ ] [ 1]

(1 ) [ ] [ ].

Au k F k c k

c k x k

τ = − − ω ψ − −

− + ω + ψ − ω
 (17)

Final description of the stochastic control system 
represents a family of equations (3)—(5), (17)

1 1 1 1 2

2 2

2 2 1 2

* (I)
1 1 2 1

(I)
2 1

( )
1 2 2

1

[ 1] [ ],  [ ] [ ] [ ],

[ 1] [ ] [ ] [ 1] [ ],

[ ] [ ] ( [ ], [ ]),

( [ ]) [ ] ,  [ ] [ ] ( [ ]),

[ ] [ ] [ 1]

(1 ) [ ] [ ],

( [ ])

I

x k F k F k x k x k

x k F k Au k k c k

F k x k Aq x k x k

x k x k b k x k x k

Au k F k c k

c k x k

x k

+ = = + τ
+ = + τ + ξ + + ξ
= + τ

ψ = − ψ = − ϕ

τ = − − ω ψ − −

− + ω + ψ − ω

ϕ

�

1
2 1(1 ) ( [ ]), .x k k Z−

+= −τ + ω ψ ∈

 (18)

Properties of the stochastic control system (18). 
Let us deal with the behavior of the control object 
under the resulting control (17).

Statement 2. 

(I) (I) 2
1

2

min { [ 1] [ ]} ,

{ [ 1] [ ]} min,

 .1,2,3,

j j

j j

D k k

D k k

j k

ψ + + ω ψ = σ
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The proof of Statement 2 immediately follows 
from the representation (16) and the obvious fact
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due to the properties of random variables ξ[k] = 0, 
k l 0.

After substituting (17) into the system of equa-
tions (3), (5) we obtain the result
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Statement 3.
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The proof of Statement 3.
Consider the second equation in (19) and apply 

the operation of mathematical expectation to both 
parts of thi s equation including into consideration 
the properties of the random components
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It is also easy to show the fairness of expressions
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The result 1) of Statement 3 immediately follows 
from last relations.

The result 2) of Statement 3 follows from expres-
sion
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Finally, result 3) of Statement 3 follows from the 
expression

 

1

1 1
2 1 2

1
2 1

0 { [ 1] [ ]}

{ (1 ) [ 1] (1 ) [ ]}

(1 ) { [ 1] [ ]},

E k k

E k k

E k k

− −

−

= ϕ + + ω ϕ =

= −τ + ω ψ + − ω τ + ω ψ =

= −τ + ω ψ + + ω ψ

based on the last formula from (18). Statement 3 is 
proved.

The validity of the properties (7) follows from 
statements 1—3.

Numerical simulation

For the sake of illustration, let us use the de-
scription of control object (3)—(5).

The operation of the designed control algorithm 
has been performed for a model problem (see e.g., 
[9—11]): positioning of object (3) into a predeter-
mined point of the working surface.

Comparative numerical simulation of system 
(14) under computational conditions (x[k] = 0,
k l 0) and stochastic system (18)

The simulation (Fig. 1) was performed for the 
following initial data:

initial state—vector x1(0) = (0,997; 2,129; 0,14) 
(rad.); target values b*(0) = (–0,052; –1,125; 0). Val-
ues of the matrices m, q correspond to model data 
from [9—11].

Comparative numerical simulation of system (14) 
under off-design conditions and stochastic system 
(18) at the same noise levels. Judging from the re-
sults of a preliminary simulation, the following con-
clusions are permissible:

1) classical deterministic ADAR-models for a 
low random-noise level (5—10 %) (off-design con-
ditions) exhibit robustness with respect to the target 
being achieved;

2) qualities of control of a stochastic regulator 
based on the ADAR(S)-structure and the determin-
istic regulator ADAR in the off-design conditions 
for a low random-noise level are commensurable;

3) stochastic regulator based on the ADAR(S)-
control structure is robust to the arbitrary distrib-
uted noise of a sub-critical level (here noise/signal 
ratio ∼15—18 %).

A conclusion follows from Fig. 2 and Table on 
the performance of control system (18) and robust-
ness of the ADAR-model (14) in the off-design 
conditions at a low noise level (the number in the 
numerator of the fraction is the standard deviation 
σ(x1j), j = 1, 2, 3 and the number in the denomina-

Fig. 1. а)—с) — transition processes for the phase coordinates x1j, j = 1, 2, 3 of systems (14) without noise (here 1 1:= ,A
j jx x  j = 1, 2, 3 —

solid line) and with (18) (x1j, j = 1, 2, 3 — dotted line), respectively; the regulator parameters w1 = 0,1; w2 = 0,001; t = 0,1
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tor of the fraction is the standard deviation 1( ),A
jxσ  

j = 1, 2, 3 (ADAR in the off-design conditions)).

Summary

The proposed new algorithm for designing a sto-
chastic discrete regulator on manifolds for a non-
linear multidimensional object essentially usesthe 
method of analytical design of aggregated regulators 
earlier developed for deterministic non-linear objects.

Based on the methodology of ADAR-synthesis, 
a formula has been obtained for the vector-control 
strategy minimizing dispersion of the target mac-
rovariable [12].

The properties of a stochastic discrete regulator 
(stable on average achievement of the target mani-
fold, minimal dispersion of the target variable) have 
been formulated and proved.

Relying on the proposed algorithm, the vector-
control law has been constructed for the problem of 
control over the immobile center-of-mass motion. 
For this sample case it has been shown that disper-
sion of the second-order moving average/ (linear 
combination) of the target variable coincides with 
that of the noise in the right-hand part of the sys-
tem of stochastic difference equations.

The results of numerical simulation have been 
presented, which validate the consistency and per-
formance of the regulator constructed in this study.

An inheritance of the stochastic regulator deve-
loped in this study and the earlier developed (e.g., 
[13]) method of non-linear adaptation has been 
shown in terms of their application to a discrete 
object with deterministic noise [14].

References

 1. Kolesni kov А. А. Synergetics and problems of control theory: 
Collected articles, Moscow, Fizmatlit, 2004, 504 p. (In Russian).

 2. Khalil H. K. Nonlinear systems, Prentice Hall, 1996, 734 p.
 3. Kokotović P., Arcak M. Activation of Nonlinear Feedback 

Concepts. In: Djaferis T. E., Schick I. C. (eds) System Theory, The 
Springer International Series in Engineering and Computer Science, 
2000, vol. 518. Springer, Boston, MA, pp. 379—389, available at: 
https://doi.org/10.1007/978-1-4615-5223-9_28.

 4. Utkin V. I. Sliding modes in control and optimization, Sprin-
ger, 2012, 286 p, available at: http://bookre.org/reader?file=1220607.

 5. Tyukin I. Yu., Terekhov V. A. Adaptation in nonlinear 
dynamical systems, SPb, LKI, 2008, 384 p. (in Russian), available 
at: http://bookre.org/reader?file=760301.

 6. Krasovskiy A. A. Problems of Control Physical Theory, 
Avtomatika i telemehanika, 1990, no. 1, pp. 3—28 (in Russian).

 7. Astroem K. J. Introduction to Stochastic Control Theory, 
New York and London, Academic Press, 1970, 299 p.

 8. Astroem K. J., Wittenmark B. Adaptive control, New 
York, Dover Publications, 2008, 590 p.

 9. Matyukhin V. I. Stabilizing manipulator motion along a 
given surface. Automation and Remote Control, 2011, vol. 72, no. 4, 
pp. 740—753.

 10. Matyukhin V. I. Stability of the manifolds of controlled 
motions of a manipulator, Automation and Remote Control, 1998, 
vol. 59, no. 4, pp. 494—501.

 11. Pobegailo P. A. The working equipment of a single-bucket 
hydraulic excavator: on the accuracy of bucket movement, Gornyy 
informatsionno-analiticheskiy byulleten (nauchno-tekhnicheskiy 
zhurnal), 2017, no. 11, pp. 113-117 (in Russian).

 12. Kolesnikova S. I. A multiple-control system for nonlinear 
discrete object under uncertainty, Optimization Methods and Soft-
ware, 2018, vol. 34, no. 3, pp. 578—585, available at: https://doi.org/
10.1080/10556788.2018.1472258.

 13. Kolesnikov A. A. New nonlinear methods of flight control, 
Moscow, Fizmatlit, 2013, 193 p. (in Russian).

 14. Kolesnikova S. I. Synthesis of a stochastic controller on 
manifolds for a nonlinear discrete object, Prikladnaya informatika, 
2018, no. 6, pp. 18—30 (in Russian), available at: https://www.
litres.ru/s-kolesnikova/sintez-stohasticheskogo-regulyatora-dlya-
vyvoda-nel-40275083/.

Fig. 2. а)—с) — transition processes for the phase coordinates x1j, j = 1, 2, 3 of systems (14) in the off-design conditions (here 1 1:= ,A
j jx x  

j = 1, 2, 3 — solid line) and (18) (x1j, j = 1, 2, 3  — dotted line), respectively; the regulator parameters: w1 = 0,1; w2 = 0,001; t = 0,1

Comparison of standard deviations

σ(•) 11 11( )/ ( )Ax xσ σ 12 12( )/ ( )Ax xσ σ 13 13( )/ ( )Ax xσ σ

1 0,180/0,181 0,470/0,477 0,109/0,128

2,5 0,28/0,291 0,521/0,538 0,277/0,376

5 0,481/0,579 0,672/0,724 0,535/0,687


