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Quaternion Models and Algorithms of Solving the General Problem
of Energetically Optimal Spacecraft Orbit Reorientation

Abstract

The problem of optimal reorientation of the spacecraft orbit is considered in quaternion formulation. Control (vector of the acceleration
of the jet thrust) is limited in magnitude. It is required to determine the optimal orientation of the vector of the acceleration in space to solve
the problem. It is necessary to minimize the energy consumption of the process of reorientation of the spacecraft orbit. We used quaternion
differential equation of the orientation of the spacecraft orbit to describe the motion of the center of mass of the spacecraft. The problem was
solved using the maximum principle of L. S. Pontryagin. We simplified the differential equations of the problem using known partial solution
of the equation for the variable conjugated to true anomaly. The problem of optimal reorientation of the spacecraft orbit was reduced to a
boundary value problem with a moving right end of the trajectory described by a system of nonlinear differential equations of fifteenth order.
For the numerical solution of the obtained boundary value problem the transition to dimensionless variables was carried out. At the same
time a characteristic dimensionless parameter of the problem appeared in the phase and conjugate equations. We constructed an original
numerical algorithm for finding unknown initial values of conjugate variables. The algorithm is a combination of Runge-Kutta 4th order
method and two methods for solving boundary value problems: modified Newton method and gradient descent method. The using of these
two methods for solving boundary value problems has improved the accuracy of the solution of the investigated boundary value problem of
optimal control. Examples of numerical solution of the problem are given for the cases when the difference (in angular measure) between
initial and final orientations of the spacecraft orbit is equals to a few (or tens of) degrees. Graphs of changes component of the quaternion of
the spacecraft orbit orientation; variables characterizing the shape and dimensions of the spacecraft orbit; optimal control are plotted. The
analysis of the obtained solutions is given. The features and regularities of the process of optimal reorientation of the spacecraft orbit are
established. We found that when the difference between initial and final spacecraft orbits is small there is a one point of extremum for the
eccentricity of the spacecraft orbit and for modulo of the vector of orbital velocity moment of the spacecraft. And there are a few points of
local extremum for these functions when the difference between initial and final spacecraft orbits is large.
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KBaTepHUOHHbIE MOAENU M anNrOPUTMbI peLLeHUA obLLen 3agadmn IHepreTUYecku
onTUManbHOM NepeopueHTaLm oponUTbI KOCMUYECKOro annapaTa1

'PaGora BbIMONHEHA npu noaaepxke Poccuiickoro ¢oHma hyHaaMeHTaIbHBIX UCCaenoBaHuit — mpoekT Ne 19-01-00205.

498 MexaTponnka, asToMaTu3anus, ynpasienne, Tom 20, Ne 8, 2019



B keamepHUOHHOU NOCMAHOBKEe PACCMOMpPeHa 3a0a4a ONMUMAAbHOU nepeopueHmayuy opoumsl Kocmu1ecKkoeo annapama.
Ynpaenenue (6exkmop yckopenus om peaKkmuerou mseu) 0eparuiero no eeaudute. Tpebyemcsa onpedeaums onMUMAibHYIO OpU-
eHmayuio 3moeo eekmopa 6 npocmpancmee. Ilpu smom Heo6X00UMO MUHUMUIUPOBAMD 3amMPamsl IHepeUU HA NPoyecc nepe-
opuenmayuu opoumsl KocMuveckoeo annapama. Jns onucanus 08UNCeHUs YeHmpa MAacc KOCMU4eck020 annapama Ucnoab3o-
6aHO K6amepHUOHHOe Judhepenyuarsroe ypasrenue opuenmayuu opoumsl. Illocmaesennasn 3adava pewiena ¢ UCnoAb308AHUEM
npunyuna maxcumyma JI. C. [lonmpseuna. Jupghepenyuanrvroie ypagnenus 3a0auu 0biau ynpoujeHvl ¢ NOMOUWBIO U3BECHHO20
YACMHO20 pelleHUs YPaeHeHUs 015 NePeMeHHOl, CONPANCEHHOU K UCMUHHOU aHOMaAuu. 3ada4ya onmumaibHol nepeopueHmayuu
opbumbl Kocmuuecko2o annapama 6vlaa céedeHa K Kpaeeoi 3adaue ¢ NOOBUINCHHIM NPAGIM KOHUOM MPAeKmopuu, onucolieae-
MOU cucmemoi HeauHelHbiX OupdepeHyuatbHblX ypagHeHui nAmHadyamoeo nopsaoka. Jis vucieHHo2o peuwleHus noay4eHHou
Kpaesoll 3adauu Obia ocywecmener nepexod Kk 6e3paszmepruim nepemernsim. I[lpu smom 6 §azoewix u cONPANCeHHbIX YPABHEHUAX
nosasuacs xapaKkmepHolii 6e3pazmepHulii napamemp 3a0auu. JJia HaxolcoeHus HeUu38eCmMHbIX Ha4a bHbIX 3HAYEHUL CONPANCEHHBIX
nepemMeHHbIX Obla NOCMPOeH OPUSUHAABHBLI YUCACHHBIL AA20pUmMM. DMOm aieopumm s16845emcs Komounayuei memooog Pynee-
Kymma 4-e0 nopsdka mounocmu u 08yx memo0oe peuieHus Kpaeewlx zadau: moduguuyuposarnnozo memoda Hotomona u memoda
epaduenmuoeo cnycka. Hcnoabsosanue 08yx memo0og peulenus Kpaeswvix 3a0au N03604UA0 NOBLICUMb MOYHOCMb PeuleHUs UcC-
caedyemoli kpaegoi 3a0ayu ONMUMaibHo20 ynpaeienus. Ipueedensl npumepst HucieHHO20 peleHUs 3a0a4u 04 cay4aes, Ko2oa
omauyue (8 y2n0601 mepe) mMencoy OpUeHMAYUAMYU HAYAALHOU U KOHEYHOU 0pOum KocmMu4ecKko2o annapama cocmaeisem eouHu-
ybl (uau decamru) epadycog. Ilocmpoenvr epauku uzmeHeHUs KOMNOHEHM K8AMEPHUOHA OPUEHMAyUl 0pOUmbl KOCMU4ECK020
annapama; nepemenHbIX, XapaKmepusyuux Gopmy u pazmepsl opoumvl KOCMUYECK020 annapama; OnNMuUMAaibHo20 ynpasieHus.
Jlan anaau3 noayuenHwlx pewleHui. YcmanogaeHsl 0CO0eHHOCMU U 3AKOHOMEPHOCMU NPOUecca ONMUMANbHOU NepeopueHmayuu
opbumsl kocmuueckoeo annapama. Tak, 6 cayuae, koeoa omauyue mexncoy OpUeHMAYUAMU HAYANLHOU U KOHEUHOU 0pOUm Koc-
MUHECK020 annapama Mano, SKCYeHmpucumem opoumsl KOCMUYECK020 annapama u mooyib 6eKmopa MOMeHma opoumanbHoi
CKOPOCMU KOCMUYECKO20 Annapama umerwm Aumb 00HYy mMouky skcmpemyma. Hanpomue, é cayuae, koeda omauuue medxncoy
OPUEHMAYUAMU HAYAALHOU U KOHEYHOU 0pOUmM KOCMUYECK020 annapama 6eAuko, yKasanHole QYHKYUU UMEOm HeCKOAbKO MoYeK
AOKANBHO20 IKCMPEeMYMA.

Karoueesnie caosa: kocmuueckuii annapam, opouma, onmumMu3ayus, ONMUMaibHoe ynpasienue, K6amepHuoH, memod Hoio-
mona, memoo epadueHmHoz20 CnycKa

this reorientation.

ple were solved numerically by shooting method. In
the present article we consider the general problem
of reorientation of the spacecraft orbit. There are no
additional restrictions on the shape and size of the
initial and final orbits.

In contrast to the control of angular motion of a
solid body, where quaternion models have been used
for a long time, in the majority of articles, dedicated
to reorientation of the spacecraft orbit, equations of
motion in traditional angular elements of the orbit
are used. In most papers the problem is reduced
to the numerical solution of nonlinear boundary
problems of high dimensionality, obtained by ap-
plication of the L. S. Pontryagin maximum prin-
ciple. Analytical study of differential equations of
orbit orientation in classical angular elements (and
the resulting boundary value problems) is the quite
complex problem. Note the papers of S. A. Ishkov,
V. V. Salmin, etc. [11, 12]. Increasing the efficiency
of numerical solution of problems in this area can
be obtained using quaternion models of spacecraft
orbital motion. In the present paper we develop the
research, initiated in [13].

Introduction

In this paper we consider the problem of optimal
reorientation of an orbit of a spacecraft regarded as
a figure changeable in the course of motion control.
The motion of a spacecraft, which is considered as
a material point of a variable mass, is studied in
the coordinate system with an origin at the point of
attraction. The coordinate axes of this coordinate
system are parallel to the axes of inertial frame of
reference. It is required to determine the optimal
control p (vector of jet acceleration) which transfers
spacecraft from its initial orbit to desired one. Also
we have to minimize the energy consumption for

It is well known that the problem of spacecraft
interorbital flights is greatly simplified if the start
and final orbits lie in the same plane. It becomes
possible to find the optimal transition trajectories
analytically (accurately or approximately). This has
led to the significant number of publications in
this area. Note also that due to its complexity, the
problem of performance was rarely solved (we can
note papers [1—4]). Basically the energy cost or the
characteristic velocity was minimized (refer to the
papers of 1. S. Grigoriev, K. G. Grigoriev [5—§],
S. N. Kirpichnikov and coauthors [9, 10]).

In these papers optimal control problems were
solved on the basis of the maximum principle.
Boundary value problems of the maximum princi-

1. Statement of the problem

It is required to determine the bounded (in mag-
nitude) control p:

0<p< Ppoax> 2= D, (L.1)
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which transfers the spacecraft whose motion is de-
scribed by equations [14]:

ro=v, vy =2 = fMr? 4 py,
¢ =rpy, 2N =A-Q,,
Q. = rc‘1p3(cos ol +sinei,) - r(c? — fMr)~'x

(1.2)
X cos(cp; cosp—(c+ erc‘l)pz sin @)is,
o =cr?+r(c?- fMr) " cosgx
X (cpy cos - (c+ fMrc™")p,sing),
from specified initial state
=0,10)- r, m - We®=c" o
0(0) =¢", A(0) = A",
into the final state
t=t =2c(t)=c0)=c"
se(t)=c0)=c’, (1.4)

e, (t") =e,.(0), vect[A(t ) o A']=0
and minimizing the functional

t*
J = [(pi +p3 +p3)dt.
0

Here r is the spacecraft radius-vector drawn from
the attraction center, » = |r|; v, is the projection of
spacecraft velocity vector onto its radius-vector; c is
the modulo of the vector of orbital velocity moment
of the spacecraft, ¢ = |rxr’|; fis the gravitational
constant, M is the mass of the attracting body; p,
are the components of the control p; A = A, +
+ Aji; + Ayi, + Aji; is the normalized quaternion of
spacecraft orbit orientation, ij, i, and i5 are the unit
vectors of a hypercomplex space (Hamilton imagi-
nary units); is the symbol of quaternion multipli-
cation; ¢ is the true anomaly of the spacecraft; a
line over a quaternion means conjugate quaternion;
A" is the quaternion of the orientation of the desired
spacecraft orbit.

In this problem the values of c, p, e, A, A" and
¢ are assumed to be specified. One can calculate
the eccentricity of the spacecraft orbit either by the
formula [15, 16]:

e, = (L+ 22 +c2r 2 = 2ur Y2 u= M,

or by the formula
eor = rvi(csinpu 2 — rv cosg) L.

Functional J characterizes the energy consump-
tion for a spacecraft transfer from the initial to final
state.

The final time moment #" is not fixed and should
be determined as a result of solving the problem,
therefore, the problem under consideration is a
problem with a movable right boundary.

Note that, in contrast to papers [17, 18], the val-
ues of the large semimajor axes of the initial and
final orbits do not generally coincide. So the size of
the final orbit may differ from the size of the initial
spacecraft orbit.

2. Optimal control law

We solve the problem using the Pontryagin max-
imum principle [19]. Let us introduce conjugate
variables p, sy, e, x, M = M, + Mi; + Myi, + M;i;
corresponding to the phase variables r, v|, ¢, ¢, A.
It is known [13] that conjugate equation for variable
x has a partial solution

1 = Ny/2. Q.1)

In this case the Hamilton-Pontryagin function
has the form

H =—~(p{ + p3 +p3) +pv; +
+ sl(czr’3 - er’2p1) + erp, + xcr"2 + (2.2)
+(1/2)(N; cos@ + N, sine)(r/c)ps,
where N, are the components of the quaternion
N=A-M.
The conjugate system has the form
S| =—p;
p =356 /r" =25, fM — )/ 1 —ep; -
- (1/(2¢)) p3(N; cos ¢ + N, sin ¢);
e =-2cs,/r’ —y/r?+
+(1/2)r(p3/c*)(N; cos o+ Ny sing);
2M' =M-Q,.

(2.3

The optimal control p° is found from the condi-
tion of a maximum in variable p of the H function,
determined by relation (2.2), with allowance made
for constraint (1.1):
p° = p”'n/Inf, n = sy + eri, +
+ (1/2)(N cose + N,sing)(r/c)is, 2.4)
where p?" = 0.5n|, if 0.5n| < p,,.,; and p°”"' = p_..,
if 0.5]n] > pax-

Here and below, by the optimal control we meant
the control, satisfying the necessary conditions of
optimality (Pontryagin’s maximum principle). The
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optimal trajectory is the trajectory corresponding to
this control.

Thus the posed problem is reduced to integra-
tion fifteen differential equations (1.2), (2.3), (2.4).
When the system of equations is integrated, fifteen
arbitrary constants will appear, the variable ¢ is the
sixteenth unknown. For determining the constants
we have sixteen conditions: thirteen boundary con-
ditions (1.3), (1.4), the relations

t= t*9 p_sl(c2 —r)/(V1r2c2) :Os

* * * * (25)
AO .MO +A1 'M] +A2'M2 +A3'M3 :O
following from the conditions of transversality, and

the equality
H|«=0,

which takes place for the optimal control p and the
optimal spacecraft trajectory.

3. Equations in dimensionless variables

To obtain numerical solution, the equations and
relations of the boundary optimization problem were
written in the dimensionless form. The dimension-
less variables and controls are connected with dimen-
sion analogues by the relations: » = erl, t=Ti t‘”,
D= pmaxp,fl (k=1, 2, 3). Here R is a typical distance
(the quantity close to the major semi-axis of the ini-
tial orbit of the controlled spacecraft is taken), V'is
a typical velocity, C is a typical sector velocity, and
T is a typical time, determined as V = (fM/R)l/ 2,
C = RVand T = R/V, respectively. Note that in the
transition to dimensionless variables in the equations
for the phase and conjugate variables, the typical di-
mensionless parameter N° = p_. R3/C? arises.

Let us present the equations and relations of the
optimization boundary value problem in the di-
mensionless variables (superscripts “dl” are omit-
ted). The equations of the motion of the spacecraft
center of mass take the form

T

r=v, v = cr
c = Nbrp2, 2N =A-Q,,

Q. = N”rc’lp3(cos ol +sin¢i,) —
— Nr(c* - fMr)' cos o(cp, cosp — 3.1
~(c+re™)pysin o)is,

¢ =cr 2+ Nor(c*-r) " cosp(cp, coso—

—(c+ rc‘l)pz sin ).

The conjugate system of equations has the form

S1=—p;
p =3s,c2/r* = 2(s; —yc)/r’ - Nlep, -
- (Nb/(QC))P3(N1 coso + N, sing);

3.2
e :—2cs1/r3—x/r2+ G.2)
+(N®/2)r(ps/c*)(N; cos o+ N, sing);
XM =M-Q,.

The dimensionless optimal control is subject to
condition pf + p3 + p? <1.

Dimensionless conditions of transversality are
the same as (2.5).

Thus the posed problem is reduced to integration
fifteen differential equations (3.1), (3.2) with thir-
teen boundary conditions, two conditions of trans-
versality and the equality H°|,~ = 0, which takes
place for the optimal control p and the optimal
spacecraft trajectory.

4. An example of numerical solution of problem

Figures 1, 2 present the results of numerical so-
lution of the boundary value problem of optimiza-
tion described in Section 2. The equations and rela-
tions of the optimization boundary value problem
were written in the dimensionless form considered
in Section 3. An algorithm for solving the problem
numerically is realized with two methods to solve
the boundary value problem: the modified Newton
method and the method of gradient descent [20].
For integration of phase and conjugate equations
Runge-Kutta method was used.

The quantities characterizing the forms and di-
mensions of spacecraft orbit, initial and final ori-
entations of spacecraft orbit are equal to (a,, is the
semi-major axis of an orbit) [21]:

e, = 0.8257, a,, = 37936238.7597 m,
0o = 2.954779 rad,
Pmax = 0.101907 m/sec?,
NP =0.35;

initial spacecraft position

Ad =0.679417,AY = -0.245862,
AS =-0.539909,A9 = —0.353860;

final spacecraft position

MexaTpoHuKa, aBToMaTn3anus, ynpasjienue, Tom 20, Ne 8, 2019
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0.1

With a small difference in the
orientations of the initial and fi-
nal spacecraft orbits (variant 1), the
duration of the reorientation of the
spacecraft orbit was 0.652198 di-
mensionless units or 2.042 hours.
Note that p; ~ p, » —0.003 at 7 =

b)

0 0.1 02 030405006¢

= 0.333101. Up to this point in time,
modulo of the spacecraft orbital ve-

or

0.675
0.65
0.625
0.6
0.575

0.8

0.775

0.75F - —4---->
Il Il

locity moment has been increasing,
and then it begins to decrease. And,
on the contrary, the eccentricity of
the spacecraft orbit decreases at first,
and at r = 0.333101 begins to in-

crease, reaching its initial value at the
end of the motion. The components
of the quaternion of the spacecraft

/\jl

0.5

0

-0.5

orbit orientation are slowly changing
variables.

With a large difference in the
orientations of the initial and fi-
nal spacecraft orbits (variant 2), the
duration of the reorientation of the

0 0102 03 04 05 06¢

Fig. 1. Elliptical orbit, variant 1:

a — modulo of spacecraft radius-vector; b — the projection of spacecraft velocity vector
onto its radius-vector; ¢ — modulo of the vector of orbital velocity moment of the space-
craft; d — the eccentricity of the spacecraft orbit; e — components of the quaternion of

spacecraft orbit orientation; f — optimal control

variant 1 (small difference between initial and
final spacecraft orbits):

Ay =0.678275, A| =-0.268667,
Ay =-0.577802, A;=-0.366116;

variant 2 (large difference between initial and fi-
nal spacecraft orbits):

Ag =—-0.440542, A; =-0.522476,
Ay =-0.125336, A5 =-0.719189.

The optimal control problem was solved for a
spacecraft whose initial Cartesian coordinates and
projections of the velocity vector of the center of
mass on the axes of inertial coordinate system were
given in [22].

The chosen scaling multipliers are R
= 37000000.0 m, ¥ = = 3282.220738 m/sec?, C =
= 121442167306.088539 m/sec?, T = 11272.855470 sec.
The initial values of the involved dimensionless vari-
ables are r = 1.729360, v, = 0.268527, ¢ = 0.571134.

spacecraft orbit was 5.113406 di-
mensionless units or 16.012 hours.
Note that at r = 1.930153 the space-
craft orbit is close to circular. Then
the eccentricity of the orbit begins
to increase. The maximum eccentri-
city value (close to one) is greater
than its initial value. Also, when
t = 1.930153 modulo of the spacecraft orbital ve-
locity moment reaches its maximum value. At the
same point, the phase variables Ay, A, have local
extremes, and A;, A; change their signs. The eccen-
tricity reaches its maximum value at ¢ = 4.318343,
at the same point modulo of the spacecraft orbital
velocity moment reaches its minimum value.

Note that under the same boundary conditions
in the formulation of the boundary value problem
of optimal control various solutions for the laws of
motion, control and behavior of conjugate variables
were obtained. It is associated with the nonlinearity
of the differential equations of the problem. From
these solutions we chose that one with the minimal
value of functional J.

Note also that unlike [13], the authors obtained
a solution for the case where the difference in the
orientations of the initial and final spacecraft orbits
was equal to tens of degrees in angular measure.
Also the combination of two methods for solving
boundary value problems has improved the accura-
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Fig. 2. Elliptical orbit, variant 2:

a — modulo of spacecraft radius-vector; » — the projection of spacecraft velocity vector
onto its radius-vector; ¢ — modulo of the vector of orbital velocity moment of the space-
craft; d — the eccentricity of the spacecraft orbit; e — components of the quaternion of

spacecraft orbit orientation; f— optimal control

cy of the numerical solution of the boundary value
problem from 0.002 to 102 dimensionless units.
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