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KypraHckun rocyfapCTBEHHbIV YHUBEPCUTET

AHTUPE30HAHC — Pe30HaHC CKOpocTeMn

3adaueii uccaedosanus seasiemcs yCmaHogieHUe XapaKkmepa MexaHu4ecKko2o pe3oHaunca, a UMeHHo, mozo akma, s61s-
emcsi OH Pe30HAHCOM CUA UAU ckopocmell. Beodamces onpedenenus pe3onanca cun u pe3oHanca ckopocmei. Ypaenenuio evi-
HYHCOCHHbIX MEXAHUYECKUX KOAeOAHUL COOMEemcmeyem cxema napaiieibHo20 cOeOUHeHUs, NPU KOMopom UHepmHoe meao u
UBMEHeHUSI PA3Mep08 Yupye020 dNeMeHma u demngepa umerom eOUHy0 CKOPOCMb, a UX PeaKmugHble CUAbl CKAAObI8AIOMCS.
IIpu smom cymma peakmuenvix cus nompebumeneil MEXaHU4eCKou MOWHOCMU PAGHA CUAe, PA36UBAeMOU UCMOYHUKOM MeXd-
HUYeCKOU MOWHOCMU, KOMOPbI NO00OHO UCMOYHUKY HANPAICEHUS 8 IAeKMPOMEXHUKE MOJUCHO HA36AMb UCMOYHUKOM CUAbL.
HnepmHoe meno, ynpyeuii snemenm u oemngep Mo’CHO COeOUHAMb He MOAbKO NAPAALeAbHO, HO U nocaedogamensvro. Ilpu no-
c1edoeamenbHOM COeOUHEeHUU K INeMEeHMAM CUCMeMbl NPUAONCEHA eOUHAS CUAA, d CKOPOCMU UHEPMHO20 MeAd U USMEeHeHUs
pasmepoe ynpyzoeo ajnemenma u demngpepa ckaadviearomcesa. Ilpu smom cymma ckopocmeii nompebumeneil MexXaHu4eckol
MOWHOCMU PABHA CKOPOCMU, PA36UBAEMOL UCMOYHUKOM MeXAHUYeCKOU MOWHOCMU, KOMOPbll NOO0OHO UCMOYHUKY MOKA 8
2NEKMPOMEXHUKEe MONCHO HA38AMb UCMOUYHUKOM ckopocmu. Onucblieaembliili 6 Kypcax meopemuveckol MexaHuKu MexaHu-
Yeckuil pe3oHanc Aeasemcs pe3oHancom cunr. Emy coomeemcmeyem napannenvnoe coedunenue uHepmHo20 meaa, yApy2020
anemenma u demngpepa. Ilpu nociedosamenvHom coeOuHeHUU IMUX INeMEHMO8 GOZHUKAEm Pe30HAHC CKOPpOCcmel.

Karwueeote caosa: PEe30HAaHC cuu, czcopocmeﬁ, napanineabHoe coe@uHeHue, nocxzedoeame/zbﬂoe, UCMOYHUK CcUlbl, CKoOpocmu

BBenenune

Yuer pe30HAHCHBIX SIBJICHUI B MEXaTPOHHBIX
chcTeMax sBJsETCI aKTyaJlbHOR 3ajmadeir [1—6].
B ocHoBe ux omuMcaHUil JIEKUT IIMPOKO M3BECT-
Hoe nuddepeHInanbHOe ypaBHEHNE

d’x x .
Ay — +a,—— + adyx = 4, sin of, 0))
dt dt
KOTOpOE MMEEeT pellieHue X = X| + Xx,, I1e
x, = ae " sin(o,f + a) Q)
— COOCTBEHHbIE 3aTyxalue KojiebaHus,
X, = Asin(ot — @) 3

— BBIHYXJIEHHbIE KOJI€OaHUS; d, @ — IMOCTOSIH-
Hble UHTEeTPUPOBaHUS;

b =i,m1 = \100(2) —b2,®0 = a—o,
2a, a,
5 @
A= 0 ,
JA =222 +4n%2
2h ® b a
tgop=——>5,A=—,h=—,5, =—2. 5
£ 1-2 0y ®g 0 a, ©)
ITpu moacTaHoBKax
a,=m,a; =r,ay,=k,a,=F (6)

ypaBHeHue (1) mpeBpalaeTcsi B KJIACCHUECKOE
nugdepeHIIMaIbHOE ypaBHEHUE BBIHYXISHHBIX
MeXaHNYeCKUX KoJeOaHU It

2
md—§+rd—x+kx = Fsinot
dt dt
dv .

UIn mE+rv+kfvdt:Fsmoot. 7)

ITpn
o= % ®)

m

HMeeT MECTO PE30HaHC.

TeopeTnyeckass 3JeKTPOTEXHUKA, OOBEKTHI U
IpOoLIeCChl KOTOPOM MaTeMaTU4eCKM H30MOPQHBI
MeXaHMYEeCKHUM, pa3jiuyaeT ABa pe3oHaHCa — pe-
30HAHC HAMPS>KEHUH U pe30HAHC TOKOB.

B 1873 r. MakcBe1 BBeJ IepBYIO (U3 ABYX) CHU-
CTEMY BJIEKTPO-MeXaHUUYeCKHUX aHaJOTuil, B COOT-
BETCTBUM C KOTOPOM HAIIPSIXKEHME NYyaJbHO CUJIe,
a TOK — CKOpOCTHU. B CBSI3U ¢ 3TUM BO3HMKAET 3a-
KOHOMEPHBII BOIIPOC: pe30HAHC IIPUMEHUTEIHLHO K
ypaBHeHMIO (7) — 3TO pe30HAHC CUJI UJIU CKOPO-
creii? OTBET HA 3TOT U CBSI3aHHBIE C HUM BOITPOCHI
COCTaBJISIET IIPEAMET HACTOSILEr0 UCCASIOBaHMSI.

Onpedenenue 1. Pe3oHaHC cUJI — 3TO pPe30-
HaHC, BO3HMKAIOIIU Ha yacToTe (8) B MexaHU-
YEeCKOM cucTeMe, BKIIOYAIOE WHEPTHOE TEJO
U YIPYTUH 3JIeMEHT, IpU KOTOPOM pa3BUBaeMEbIe
HMU peaKTUBHBIE CUJIBl MaKCHMMAaJIbHbI U IIPOTU-
BOITOJIOXKHBI.
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Onpeodenenue 2. PezoHaHC CKOpPOCTEl — 3TO pe-
30HAHC, BO3HMKAIOIIMK Ha 4yactoTe (8) B MexaHU-
YeCKOi cucTeMe, BKJIIoYalolleil WHepTHOE Telo U
YIIPYTHIT 3JIEMEHT, TP KOTOPOM pa3BUBaeMble MU
CKOPOCTH MaKCHMaJIbHBI U TTIPOTUBOMOJIOKHBI.

Pe3onanc cua

VYpaBHeHuw (7) COOTBETCTBYET cXeMa Ilapa-
JISJILHOTO coeauHeHus1 (puc. 1), mpum KOTOpOM
MHEPTHOE TEJIO U U3MEHEHHUs pa3MepOB YIIPYTOro
3JIeMEHTa U AeMIldepa UMEIOT eIMHYI0 CKOPOCTb,
a MX peakTUBHBIE CHUJIBI CKjaaabiBaloTcs. Ilpu
3TOM CyMMa PEaKTUBHBIX CUJ IIOTpeOuTeneii Me-
XaHUYECKOU MOIIHOCTH paBHA CUJI€, pa3BUBACMOM
MCTOYHMKOM MEXaHMUYECKON MOILIHOCTHU, KOTOPBIA
Moa00HO MCTOYHUKY HAIPSIKEHUS B BJIEKTPOTEX-
HMKE MOXHO Ha3BaTb UCTOYHUKOM CHJIBI.

CnpaBennuBa

Teopema 1. 1lpu BeImoNHeHUU yciioBUS (8) B
MEXAaHUYECKON CHUCTEME, COCTOSIICH M3 I1apaj-
JISJIbHO CO€AMHEHHBIX NHEPTHOTO Teja, YIPYIoro
aJIeMeHTa U AeMmIigepa, YTO COOTBETCTBYET ypaB-
HeHu1o (7), BOBHUKAET pe30HAHC CHUJL.

JHokazamenbcmeo. B cOOTBETCTBUU C BBIpaxe-
Huem (4)—(6)

Puc. 1. ITapannensHoe coeaguneHue
Fig. 1. Parallel connection

B YCTAaHOBUBLICMCA PCXKUME

x = Asin(ot — ) = il sin(w? - 9);
oo\/(k/oo - mm)2 +r?
fi = ox = L sini-9): ©)
co\/(k/co - mo)” + r?
2 2
fo=m ‘jh;‘ __ mo"F sin(of - ¢). (10)

co\/(k/co - mm)2 +r?
[Tpu BbIMONIHEHU M ycaoBus (8)

: kF
= X
© O JkImy kS Tm - mJkm)? + r?

xsin(wf — @) = @sin(mt —@) = (11)
- —Wsin(mt —o) = K Gin(or - ¢):
or or
o myk/mF y
" ks Sk m - mJkm)? + P
xsin(wt — @) = —@Sin((»t —@) = (12)
= —@sin(oﬁ —p)=— omF sin(of — @).

Jk/mr

Breipaxxenus (11) u (12) moka3bIBalT, UTO f,: u

f,: PaBHBI U MPOTUBOMOJOXHBI. COOTHOIICHUS
) u (11), (10) m (12) moka3pIBAIOT, YTO f,: n f,;
MaKCHMaJbHHI.

Teopema noka3zaHa.

Cnedcmeue 1.1. B 1iepBy10 (MaKCBEJJIOBCKYIO)
CUCTEMY DBJIEKTPO-MEXaHUYECKMX aHaJOTUil He-
00XoouMMO J00aBisgeTCsS Clenylollee AyaabHO-
WHBEPCHOE COOTBETCTBHE — IIOCJEAOBATEIbHOE
COeIMHEHUE MOTpeOUTeNIel 2IeKTPUIECKON MOIII-
HOCTHU TIpU PE30HAHCE HAIPSKEHWI AyaJibHO Ma-
pajjieIbHOMY COCAMHEHMIO IOTpeOuTeNeil Mexa-
HUYECKO MOIIHOCTU MPHU PE30HAHCE CHUJL.

Cnedcmeue 1.2. Ilpu pe3oHaHCe CUJI PEaKTUB-
Hasl CUJia CUCTEMBbl YIPYTUH 3JeMEHT—HUHEPTHOE
TEJIO paBHA HYJIO, TIOCKOJBKY f,: =- f,:.

BennunHy ~/mk 10 aHANOTMU C 2MEKTPOTEX-
HUKOI MOXHO Ha3BaTb GOIHOBbIM CONPOMUBACHU-
em (CUCTEMBI).

Cnedcmeue 1.3. Eciu /mk > r, TOo peakTHBHBIE
CUJIbI, pa3BMBaeMble MHEPTHBIM TEJIOM U YIPYTUM
3JIEMEHTOM, IPEBBIIIAIOT MPUIOXKEHHYIO CHUITY.

Ilpumep 1. F= 100 H, ® = 2 pan/c, m = 10 KT,
k=40 kr-c?, r=5«kr-c . Haittu f, u f,,.
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B cooTBeTcTBUM ¢ BhipaxeHuem (11) u (12)

oo wsin(mt _0) = 400sin(of — g) (H);
s = 210100 G r — ) = ~400sin(or - ¢) (H).

5

PeakTuBHBIE CUJIBI, pa3BUBaeMble MHEPTHBIM
TEJIOM U YIIPYTUM 3JIEMEHTOM, MPEBHIIIAIOT MPHU-
JIOXXEHHYIO CHITY.

ITocienoBarebHOE COeTHHEHHE

HMHepTHOE TEJI0, YIIPYTUM 3JIEMEHT U AeMIIpep
MOXHO COEIMHSTHh HE TOJIBKO MapajjeibHO, HO U
nocjaeaoBaTesIbHO (puc. 2).

—O—

Puc. 2. IlocaexoBaTenbHO€e COeTHHEHNE
Fig. 2. Serial connection

IIpn mocnemoBaTeNbHOM COEAWHEHWU K 3JIe-
MEHTaM CHUCTEeMBlI MPUJIOXKEHA eIWHas cuaa, a
CKOPOCTHM WHEPTHOTO TeJIa U UBMEHEHU S pa3MepOB
VIIPYTOTro 3JIEMEHTA U JeMIipepa CKIIAABIBAIOTCS.
IIpn sTOM cymMMa CKOpOCTElW TOTpeOuTesel me-
XaHUYECKOW MOIIIHOCTU paBHA CKOPOCTH, pa3BU-
BaeMOM MCTOYHUKOM MEXaHMYECKOW MOIIHOCTH,
KOTOpPBIA MOAOOHO MCTOYHMKY TOKa B 2JIEKTPO-
TEXHUKE MOXHO Ha3BaThb UCTOYHUKOM CKOPOCTH.

CKOpOCTH KOMITOHEHT CUCTEMbI PaBHBI

1 1,dx 1df
=—|(fdt,v, =——k—=—=-
Y = e == R =
v, :L,v = -V coswf;
r
Vi + Ve +V, =V,
%%+%+%jfdt:—lfcosoat
1d*f 1df 1 .
ni ;W'F;E'FE]‘:V(DSIH(DL (13)

[Tocnennee ypaBHeHME HM30MOPGHHO ypaBHE-
Huto (1). CobcTBEeHHBIE 3aTyXxalolue KojebdaHUs
CUJIBI Ha IITOKE MCTOYHUKA CKOPOCTH IJIsI TTOCIIe-

JOBATCJIBbHOIoO COCAMHCHUA B COOTBETCTBUU C CO-
OTHOILICHUEM (2) OIIPCACTIAIOTCA BbIPAKCHNUCM

by X (ke k2
fi =ae" sin(of +a) =ae " sin| | —-—57+a
m  4r

BoiHyXaeHHBIE KOJeOaHUSI CUJIBI Ha IITOKE
UCTOYHMKA CKOPOCTH JIJIsl TTIOCJIEN0BATEIBHOIO CO-
eIVMHEHNSI B COOTBETCTBUM C COOTHolueHueMm (3)
OIPeAEISIIOTCST BhIpaXXeHUSIMU

A= ) _
Ja=22)% + 4n%2
B Vom 3
2 2
k" m »m
-2 yqf M2M
( @ kj Tk C
B Vom
om [1_mj2+1
om k 2
tgp= 2 _pkom 1 _
PTIIN T k1 —olm/k
—_ wm .
rom(l/om-o/k)’
fr = Asin(ot — ¢) = v X

JI/(om) — o/k]? +1/r2

Xsin {oot —arctg

1
r(l/om - oo/k)}.
Pe3onanc ckopocreit

CnpasenjinBa

Teopema 2. Tlpu BbImONHEHMU ycaoBUs (8) B
MeXaHUYEeCKON CUCTEeME, COCTOSIIIEH U3 TOCIea0-
BaTeJIbHO COEAMHEHHBIX MHEPTHOrO TeJla, YIIpy-
roro sjeMeHTa M jaemmndepa, 4YTO COOTBETCTBYET
ypaBHeHUIO (15), BO3HMKAeT pe30HAHC CKOPOCTEH.

Jloxazameabcmeo. B yCTaHOBUBILIEMCS pEXUME

% .
f= sin(w? - ¢);
1/ om)—o/k]? +1/r2
Vi = %jfdt =
| v (14)
=—— cos(wt —);
oM 11 f@m) — o/k]> +1/ r?
_ldr
T dr )
= % 4 cos(wf — ).

J/om) - o/k]? +1/r
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[1pu BeITTOJTHEHUM yCIOBUS (8)

" Jk/mm

v
% X
/G fmm) K /m kP 1/
xcos(wt — @) =— \/VLk cos(of — @) =
m
B _fﬁ—d%cos(m’ —0)= ‘OI:—;COS(W - 0);
vi = kk/m y
X 4 y
1/ mm) & /m kP <1/
Vr

xXcos(wf —¢) = cos(of — @) =

vmk
oVr

=————cos(wf—0) = (D—Vrcos(cot -0).
om

Tk

Boipaxenus (16) u (17) moka3bIBalT, 4TO v,t u
v; pPaBHBI U IIPOTUBOIIOJOXHEI. Beipaxenue (14)
u (16), (15) u (17) mokaspIBaIOT, YTO vZ u v; MaK-
CHMaJIbHHI.

Teopema nokazana.

Caedcmeue 2.1. B nepBylo (MaKCBEJJIOBCKYIO)
CUCTEMY DJJIEKTPO-MEXaHMYECKMX aHaJloruii He-
00xoaMMO J00aBisIeTCs Claeaylolee nyaJabHO-MH-
BEpPCHOE COOTBETCTBHUE — IapajjelibHOE COeoU-
HeHUE MOTpeduTesiell BJIEKTPUUYECKO MOLIHOCTU
Ipyd pe30HaHCE TOKOB AyaJIbHO IIOCJed0BaTe/b-
HOMY COEIMHEHUIO MOTpeduTeseil MexaHn4eCcKon
MOIIIHOCTH IIPU PE€30HAHCE CKOPOCTEN.

Cnedcmeue 2.2. ITlpnm pe3oHaHce CKOpPOCTEH
TOYKA IIPUJIOKEHMSI CHJIBI K CHUCTeMe YIIPYTHid
3JIEMEHT—HMHEPTHOE TeJIO HeMOABUXXHA, ITOCKOIb-
Ky vZ = —v:,.

Cnedcmeue 2.3. Ecnn Jmk < r, To ckopoctH,
pa3BUBaeMble MHEPTHBIM TEJIOM U YIOPYTUM dJie-
MEHTOM, MPEBHIIAIOT CKOPOCTH IITOKA UCTOYHMU-
Ka BO3JIEVCTBUSA.

Ipumep 2. V=10m-c" !, r=80 kr-c”!, ocranp-
Hble TaHHble u3 npumepa 1. Haittu v u v,,.

B coorBercTBUU ¢ BhIpaxkeHueM (16) u (17)

v, = —%cos(cot —¢) = —40cos(wf —¢) (M-c1);
vZ = Mcos(mt —¢)=40cos(wt—¢) (M-c).

40

CKOpOCTI/I, pa3BMBACMbIC HMHCPTHBIM TCJIOM
n ylnpyrum 3JICMCHTOM, IIPCBLIIIAIOT CKOPOCTb
IITOKA UCTOYHHUKA BO3JIECUCTBUS.

ApTedaxTpl

CylIecTBYIOT YCTPOICTBA, B YIOBJICTBOPU-
TEJIbHOM IIPUOJMXEHUM CIIOCOOHBIC BBIMOJHSITH
(pyHKIIMY UCTOYHUKOB CUJIBI 1 UCTOYHUKOB CKO-
poctu. MCTOYHMKOM TapMOHMYECKOM CKOPOCTH
MOXKET BBICTYIIATh IIPUBOJ, ¢ KPUBOIIUITHO-KYJIMC-
HBIM MEXaHMU3MOM M MaXxOBUKOM C OOJIBIIMM MO-
MEHTOM HMHepUuM. MICTOYHUKOM TapMOHMYECKOM
CHUJIBI MOXET BBICTYIIATh IITOK ITHEBMOLMJIMHIPA,
MMOJIOCTh KOTOPOTO COOOIIAeTCs C MOJOCThIO APY-
roro IMHEBMOLUMJIMHApPA, JUAMETP KOTOPOro Hen3-
MEpHMMO BEHILIIE, YeM Y IIePBOI0, a MOpIIeHb COBEP-
1IaeT rapMOHUYECKHE KOJIcOaHMsI.

B pabote [7] onncaHa MexaHW4ecKasl CMCTeMa
U3 06yX MHEPTHHIX TEJl U 08YyX YIIPYTUX DJIEMEH-
TOB, IJISI KOTOPOW OOHApyXeHO "yAMBUTEIBHOE
gBJIeHME", TIPM KOTOPOM TOYKa IPUIJIOXKEHUS Tap-
MOHMYECKON CHUJIBI OCTAeTCSl HEMOABUKHOU. DTO
SIBJICHUE, Ka3aJIOCh Obl, OUEBUIHBIM OOpPa30M Ha-
3BaHO aHTUpe3oHaHcoM. CTeneHb HEYAaYHOCTHU
5TOTO TEPMHUHA MOXHO OLICHUTh, IPUMEHUB €T0 K
PE30HAHCY TOKOB B 2JICKTPOTEXHUKE.

B neiicTBUTENBbHOCTU YHOMSIHYTasi CUCTeMa
MpeaCcTaBIsIeT COOOM CYIIePIIO3UIINIO "3JIeMEeHTap-
HBIX" CHCTEM, paccMOTpeHHBIX Bble. [lo 3TOM
MPUYMHE IIPOLECChI, IPOUCXOASIINE B HEil, IBJISI-
I0TCS CYyIEpIIO3ULIUEH COOTBETCTBYIOLIMX IIPOLIEC-
COB, OTHMM M3 KOTOPHIX U OBLJI PE30HAHC CKOPO-
CTeil, OIIMOOYHO MPUHSTHIA 3a "aHTHUpPe30HaHC".
I[Ipy >TOM HENOABUXKHOCTb TOYKU IPUJIOXKCHUS
rapMoOHU4YecKoil cuibl ("yAUBUTEIbHOE IBJIeHUE")
COOTBETCTBYET CJEACTBUIO 2.2.

3akuaoyenue

OnuceiBaeMbIil B Kypcax TEOpEeTHUYECKON Me-
XaHUKM MEXaHMYECKUI pe30HaHC SIBJISIETCSI Pe30-
HaHcoM cuj. EMy cOOTBeTCTByeT IapajliejibHOe
COeIMHEHNEe MHEPTHOIO Teja, YIPYIroro sjJeMeHTa
u nemndepa. I1pu nmociaegoBaTeIbHOM COSAUHEHU
3TUX 3JEMEHTOB BO3HMKAET PE30HAHC CKOPOCTEH.
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The task of the study is to establish the nature of mechanical resonance, namely, it is a resonance of forces or speeds.
Two definitions are introduced. Definition 1. Resonance of forces is a resonance arising at a frequency o = (k/m)%> in
a mechanical system including an inert body and an elastic element, at which the reactive forces developed by them are
maximal and opposite. Definition 2. The velocity resonance is a resonance arising at a frequency o = (k/m)0’5 in a me-
chanical system, including an inert body and an elastic element, at which the speeds developed by them are maximum and
opposite. The equation of forced mechanical oscillations corresponds to a parallel connection scheme, in which the inert
body and changes in the dimensions of the elastic element and damper have a uniform speed, and their reactive forces are
added. The sum of the reactive forces of the consumers of mechanical power is equal to the force developed by the source of
mechanical power, which, like a voltage source in electrical engineering, can be called a source of power. Theorem 1 holds.
If the condition © = (k/m)0’5 is satisfied in a mechanical system consisting of parallel-connected inert bodies, an elastic
element and a damper, a resonance of forces occurs. The inert body, the elastic element and the damper can be connected
not only in parallel but also in series. With a series connection, a single force is applied to the elements of the system, and
the velocities of the inert body and the changes in the dimensions of the elastic element and damper are added. The sum
of the speeds of consumers of mechanical power is equal to the speed developed by the source of mechanical power, which,
like a current source in electrical engineering, can be called a source of speed. Theorem 2 is valid. Under the condition
® = (k/m)0’5 in a mechanical system consisting of a series-connected inert body, an elastic element and a damper, a velocity
resonance occurs. The mechanical resonance described in the courses of theoretical mechanics is the resonance of forces. It
corresponds to a parallel connection of an inert body, an elastic element and a damper. When these elements are connected
in series, a velocity resonance occurs.

Keywords: resonance of forces, velocities, parallel connection, series, source of force, speed
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