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CeBacTononbCKMin rOCyaapCTBEHHbLIN YHUBEPCUTET

AcuMmntoTnyeckoe pa3noxeHune 3aKkoHa TEpMUNHAJIbHOTIO yrnpaBsJieHns
BbIXOA4O0M Pa3HOTEMMNMOBbLIX CUCTEM

pa3n0ocerus doxaszambl YCUneHHble OUeHKU mOoYHoCcmu.

nmomu4eckoe npu5/1u34ce/-1ue, Memod NOZPAHUUHOCO CA0A

[loayueno payuonansroe no ghopme acumnmomuueckoe pasnodicenue 3aK0Ha MePMUHAAbHOR0 YAPABAEHUsl 8bIXO00M PAZHOMEMNOBBIX
cucmem 6 gopme cunmesa. Hcnoav3osanue noepanudHoix GyHKYUL deraem e20 paGHOMEPHbLIM HA Ompe3Ke epemeHu ynpaeaeHus. /s

Karoueevie caoea: mepmuHanbHoe ynpaenerue, pasHomemnoeasi 0uHammca, Manvlii napamemp, CUHCYAAPHbIE B603MYULCHUA, ACUM-

BBenenune

MHorue coBpeMeHHbIE TEXHOJIOTMU CBSI3aHbI C He-
00XOIMMOCTbBIO PUBEAECHUS ABIKYIIMXCS OOHEKTOB B
3aJaHHOE TTOJIOKEHNE 32 KOHEYHBII ITPOMEXKYTOK Bpe-
MeHU. Takas mpobjemMa BO3HHMKAeT, HAIIpUMep, B 3a-
Jlayax aBTOMAaTUYECKOI TTOCaaKK caMoJieTa, TTO3ULIMOHM -
pPOBaHUSI UCIIOJTHUTEIBHOTO OpTraHa TEXHOJIOTMYECKOM
YCTaHOBKH, TIepeMeIleHIs] MOOMJIBHOTO po0OTa B 3a0aH-
HYIO TOYKY Ha MECTHOCTH M T. 11. [locienoBaTeIbHOCTh
pU3nYEeCKUX BO3ACHCTBUIA, IMOAABAEMBIX Ha OOBEKT
JUIST MOCTVKEHUST YKA3aHHOM LIeJIA, IIPUHSITO HAa3bIBaTh
TepMUHAILHBIM YIIPABJIEHUEM.

Pa3paboTka 3aKOHOB TEpMUHAJILHOTO YIPaBIEHUS
OCYILIECTBJISIETCSI B OCHOBHOM C TTOMOIIBIO METOJIOB
ONTUMaJbHOrO yrparieHus. Kputepuii ontuMaaibHOCTU
COAEPXKUT B 3TOM CJlyyae CHelMaibHbIi, TepMUHATb-
HBII, YWIeH, BhIpaxKkalouyii mrpad 3a mpomMax, T. €. 3a
OTKJIOHEHVE KOHEYHOTO TOJIOXKEHUST 0ObEKTA OT 3a/1aH-
HOro, JIMOO Ha MpaBblii KOHELl TPAEKTOPUU HaKJIalbl-
BatloTCs orpaHuyeHus. [Tpy UCMONBb30BaHUM KBaIpaTyy-
HOI'0 KpUTEpUS U JIMHEMHON MaTeMaTUYe€CKON MOAEIU
00beKTa pellleHWe YyaaeTcsl JOBECTH 10 TOJyYeHUs
3aMKHYTOI'O 3aKOHa yIIpaBieHUs1 — B opme oOpar-
HO cBs13U. JJaHHOMY MOIXOAY TMOCBSIIEHO MHOXKECT-
BO paboT, IpencTaBlieHHBIX B 0030pe [1].

MareMaTtnuueckoe pelieHrue TEPMUHAJIBHOW 3a1auyn
He 03HAYaeT, OJIHAKO, YCIIeIIIHOTO 3aBepIleHUs pa3pa-
00TKM 3aKoHa yrpaBiaeHus1. OMHON U3 TPUIMH BO3MOX-
HBIX 3aTPYIHEHUI MOXET IMOCIYKUTh OCOOBII XapaKTep

JUHAMUKM, BCTPEYAIOLIUICS Y MHOIMX IBUXKYIIUXCS
00bekTOB. OH COCTOUT B HAJIMYMU Y HUX MEUICHHBIX
MOCTYIATEbHBIX U OBICTPBIX BpalllaTeJbHbIX COOCTBEH -
HbIX ABMKeHUH. Takasi pa3HOTeMIIOBOCTh, pa3HOMAC-
IITAOHOCTD TIPOLIECCOB 10 BPEMEHU YCIIOXKHSIET YUCICH-
Hoe pelieHue 3agayd. Korma mocTosiHHble BpeMeHU
JBIDKEHUI pa3HECEeHb!, MPUXOAUTCS BBIMUCIISITH C MATBIM
IIaTOM MHTETPUPOBAHUS OBICTPOIIEPEMEHHBIE COCTAB-
JISIIOIIIMEe JBUXKEHUI Ha OOJIbLIMX BPEMEHHBIX UHTEP-
Bajlax M OINEepUPOBATh MPU 3TOM ILIOXO OOYCIOBJIEH-
HBIMU MaTpULIaMU. YKa3aHHasi 0COOEHHOCTb U3BECTHA
MOJ, Ha3BaHUEM KECTKOCTU CUCTEM.

HecmoTtps Ha NpUHIMOMAIBHBINA XapakTep BO3HU-
KawlyX 3aTpydHeHUii, (akTop pa3HOTEMIIOBOCTU
MOXET OBbITh OOpallieH, TEM He MEHee, Ha I0JIb3y MC-
cliefoBaHUSIM. DTO yAaeTcs caesaTh, €CIU MOIMbITaThCs
MPUMEHUTb AaCUMINITOTUYeCKUE MeToabl. OHU TTO3BOJISIIOT
COCTaBJISITb TIPUOIMXKEHHBIC YpaBHEHMS, KOTOPHIMU
OIMCHIBAIOTCS OBICTPbIE U MEJJIEHHbIE COCTaBJISIIONIE
MO OTACIBLHOCTU. DTU ypaBHEHMSI MOXHO CUMUTATh Ha
KOMITBIOTEpEe — KaxXIoe B CBOEM MacIlTabe BpeMeHU
[1, 2]. B pe3ynbTaTe He TOJIbKO YCTPAHSIIOTCS TPYIHOCTU
MOJIEIUPOBAHYsI, CBSI3aHHbIE C XKECTKOCThIO CUCTEM, HO
1 YIPOLIAIOTCI cCaMy MOJIEY crucTeM. JlaHHOE TosIoxe-
HUE OTHOCHUTCS M K 3aKOHaM YIpaBJIeHUsT pa3HOTEMITO-
BbIMU OOBEKTaMU: 3aKOHBI CTAHOBSITCS TPOILE, €CIU
pas3neauThb UX Ha ObICTPbIE Y MEIJIEHHbIE KOMIIOHEHTHI.

CBOICTBO Pa3HOTEMIIOBOCTM MaTeMaTUYeCKW MO-
JETUPYETCS IyTeM BBEACHUS MAJIOTO MHOXKUTENS TIPU
YacTy MPOU3BOAHBIX YpaBHEHU cucTeMBbl. Te nepeMeH-
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Hble, TIPU MPOU3BOIHBIX KOTOPBIX HAXOAUTCS MaJbli
napameTp, SIBISIOTCS "OBICTPhIMM'', OCTAJIbHbIE — "MeJI-
JneHHbIMK". Takoil moaXon HOCUT Ha3BaHWE TEOpUU
CUHTYJIIpHBIX Bo3MyllUeHui [2]. OH mo3BosisieT CTpo-
UTb aCUMIITOTUYECKHUE TMPUOIMXKEHUSI PELISHUI Tpu
CTPEMJICHUM MaJIOTO TTapaMeTpa K HYJIIO, SIBIISIOIINECS
VIIPOIIEHUEM TOUYHBIX PEIICHUH, U OCYIIECTBIISATh pa3-
OueHue (ICKOMIO3MIIMIO) pellieHUs Ha ObICTpble U
MeIJIEHHbIe KOMIIOHEHThI. B maHHOI1 paboTe ¢ momMo-
1IbI0 paccMaTpUBAEMOTO MOAX0AA CTPOSATCS aCUMIITO-
TUYECKHE MPUOIMKEHUST MPOLIECCOB TEPMUHAIBHOTO
yIpaBlACHUS IS TMHEUHO-KBAaApaTUYHON 3ada4n.

TIlocTanoBka 3amaun

3agaya aCUMOTOTUYECKON JEKOMIO3ULIMU PELIAETCS
3/1€Ch JJIsI YIIPaBIsIeMO CUCTEMBI C OBICTPBIMU U Me/I-
JICHHBIMM JBUXKEHMSIMU, OMMUCHIBAEMOI C MOMOIIIbIO
JIMHEWHBIX U depeHINATbHBIX YPaBHEHUHN ¢ MaJTbIM
rnapaMeTpoM IpPU YacTu MPOU3BOIHBIX:

dy = Ay + Ayz+ Biu, )= =y0;

dt
o _ (1)
dt

Asy+ Agz+ By, =g =72,

rae A > 0 — manblii mapameTp. B 3TUX ypaBHEHUSIX y —
"MeajieHHas" mepeMeHHasl, 7 — "ObicTpasa”. B camom
neie, ipu A — 0 mpou3BoaHast GyHKIIUM Z OyAeT 00JIb-
woit: dz/dt = (1/M)F(y, z, u, t) = O(1/)) (BHE A-OK-
PECTHOCTH TeX ToYeK (Da30BOrO MPOCTPAHCTBA, B KO-
TOpbIX A3y + Az + Bou = 0). 3HauuT, nepemMeHHas g
HU3MEHSIETCSI OBICTPO.

VpaBHenus (1) 3amaHbl Ha (PUKCUPOBAHHOM OTPE3KE
Bpemenu 0 < 1< 15y e E”, z € E", x = colly, 7] €
e E"t ™M _ gexrop cocrosiHust; u € E” — BEKTOp yIpas-
nenust. Matpuust 4; = A(¢) (i = 1,4) u B; = Bi(1)
(/= 1, 2) npexnonaraiorcst HenpepbBHbIME Ha [0, 77].

IMTapamerp A B ypaBHeHUsIX BuAa (1) mpuHSITO Ha3bI-
BaTb CUHTYJISIDHBIM, a COllepKallluii ero wieH Adz/df —
CUHTYJIIPHBIM Bo3MmyllieHueM [2]. JlaHHoe omnpenene-
HHE CBSI3aHO C TeM, YTO, XOTS STOT WieH W SIBIISICTCS
MaJIbIM B OTIPEIeJIEHHOM CMbICJI€, OH BbI3bIBAET CYLIE-
CTBEHHOE M3MEHEHUE pelleHNS.

JIst cMHTYJISIpHO BO3MYILIEHHOM cucTeMbl (1) pac-
cMaTpMBaeTcsl 3alaya HaxoXIEeHWS ONTUMAaJTbHOTO
yrnpaBieHus u = u(t), CBOIOAIIEr0 K MUHUMYMY KBall-
PATUYHBINA (PYHKITMOHAT

Tu(t)] = (XTFX)|, _ fy +

f
L@ 00

0| [0y 050

rne X = Hx — BwIxopm cuctemsl, H = [Hy H,] — no-
CTOsIHHAsI MaTpuLa ¢ 6;10kamMu pasmepom H, — g X n,
H, — g X m; F — nocTosiHHas MOJOXUTEILHO OIpe-
0, 0
neneHHas matpuua g X g (F> 0); Q= P22 e-
T
0, 05

+ u"R(H)u | dt, 2)

otpuuatebHO (Q(7) > 0), R — monoxurensHo (R(7) > 0)
orpeneyieHHbIe Ha [0, t7] MmaTpuLbL; 0y — (n X n)-mep-
HbIt, O3 — (m X m)-MepHBbII OJOKH.

OnTtuManbHoOe ynpasiaeHue u = u(t) njs 3agaum (1),
(2) cyuiecTByeT U UMeeT U3BECTHBIN BUA [3]:

u=—R1B"Kx, (3)

rne K= K(t) — (n + m) X (n + m) — mMarpuua, sB-
JISIIOIIASICS pellieHneM MaTpuyHoro nuddepeHinaib-
HOTO ypaBHeHMSsI PYKKaTy ¢ ycj0BMeM Ha ITpaBOM KOHIIE:

OB = KA~ AK+ KSK= 0, Ko,y =0 (4)
A A B o i
snecn=| "' "7 p=| 1| s=pRET=
lag a4, 7B,
s, s
=| 2,8 =BR B, S =BRB,
ROHP RN

S3= B,R'B|, ® = H'FH.
I1pu GiouyHOM 3amucu
K, AK o, O
K= 1 2 o= 1 %2 ’
T T

&)

ypaBHeHME (4) mpeoOpa3yeTcsl K TpeM YpaBHEHUSIM C
YCJIOBUSIMU Ha TIPaBOM KOHIIE:

dKl _ T T T

+ KiS1K + KIS K, + K S, K + KS3K, — 0
dK,

= _K1A2 - K2A4 - XAll- K2 - A§ K3 +
dt (6)
+ AK S| K, + K1S2K3 + }\,Kzsg K + K253K3 — 0y
dK,
dt
+ Xng S1K + XK; S2K3 +1K3 S; K+ K3S3K3 - Q3;

= 0Ky Ay — My Ky — K3Ay — Ay K3 +

= %cpz, Koy, = %q>3. (7)

CucreMa MaTpuuHbIX TUdhdepeHIIMaTbHBIX YpaBHe-
HUit (6) ¢ ycnoBusMu (7) SIBISIETCS CUHTYJISIPHO BO3MY-
LIEHHOM mpu MayioM A. Ee pellleHue onpenessieT mat-
pully 0OpaTHOI CBSI3U B (DOPMYIIE ONITUMATBLHOTO pery-
Jstopa (3). Mbl BUAMM, YTO PETYISITOp 00IadaeT TEM Ke
CBOICTBOM pPa3HOTEMITOBOCTH, YTO W OOBEKT yIIpaBlie-
Hus (1). B caydae perynsitopa, ogHako, pa3HOTEMIIO-
BOCTb CTAHOBUTCSI HanboJjiee MPoOIeMHbBIM CBOMCTBOM:

1) MatpuuHble ypaBHeHUs (6) WMEIOT TOPSIOK,
MHOTOKPAaTHO TIPEBOCXOMSIIININ TOPSIOK MCXOTHBIX
BEKTOPHBIX YpaBHEeHUI oobekTa (1);

Kllr: tf = (Dla K2|t=tf
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2) undpoBas peaausalns MaTPUYHOTO PEryJsiTopa
¢ OBICTPO U MEIJIEHHO M3MEHSIOIUMMUCS KOo3Dduiim-
€HTaMM B peajbHOM BpEeMEHM TpeOyeT 3HAUMTEIbHbBIX
3aTpaT BPEMEHU U pecypcoB OOPTOBOro KOMIbIOTEpa
BBHUIy HEOOXOIUMOCTH YaCTON OUCKPETU3ALNA MHOTO-
KOMITOHEHTHBIX IPOIIECCOB IT0 BpEeMEHU M3-3a HaJI-
YUsl OBICTPBIX COCTABJISIIONIMX B 3aKOHE YIIPaBJICHMS;

3) KoHeuHble (pu ¢ = f;) ycnosust (7) cuctemsi (6)
HEOorpaHWYEeHHO Bo3pacTaloT npu A — 0. D10 co3maer
JIOITOJTHUATEJIbHBIE TPYAHOCTH YACIEHHOIO MUHTETPUPO-
BaHUST CUCTEMBI (6).

Ocobennoctr 3amaun (6), (7) 3aTpymaHSIOT MOCTPOe-
HUe TepMUHaibHOro peryisitopa B (popme (3). IToaTomy
1esiecoo0pasHa ero JEKOMITO3UIINSI U aCUMITTOTUIECKOe
yIpolieHne. B maHHOI cTaThe CTPOMTCS aCHMMIITOTHYE-
cKkoe paznoxeHue mMatpullbl Pukkaru K (5) o creneHsM
MaJIoro TapaMeTpa A, KOTOpOe IOCjIe TTOICTAHOBKM B
dopmyiy (3) maeT aCUMIITOTUYECKOE TIPUOIKEHE BCe-
IO PEryJsiTopa M yCTpaHsIeT TepeurCIeHHbIE TPYAHOCTH.

AHaJlorMyHas 3ajaya BIepBbie ObLIa pacCMOTpEeHa
B paboTax [4, 5], HO JJ19 4aCcTHOTO cJiydast MaTpuLibl @,
MPU KOTOPOM KOHEuHbIe yciaoBusl (7) ObUIM OorpaHu-
YEHHBIMU MO MapamMeTpy A. Mbl paccMaTprBaeM 3a1aqy
MPU MPOU3BOJBHBIX, B TOM UYMCJIE HEOrpaHWUYEHHbIX
ycaoBusx (7) mpu A — 0. ACUMITTOTHKA pellIeHUs ypaB-
HeHuit (6) ¢ HeOrpaHMYEHHO OOJBIITMME YCIOBUSIMU (7)
nojiyyeHa B pabore [6]. OmHako B 3Toif paborte pac-
CMOTPEH PEryJIsiTOp COCTOSTHUS, COOTBETCTBYIOLINM €11~
HUYHOU MaTpulle H = Iu, 3HaUUT, MOJOXUTEIbHO OIl-
peneneHHol TepMUHAIBLHON Matpule ® = H'FH. Hamu
paccMmarpuBaeTcsl OOIIMiA Cilydail perysitopa BbIXoja,
MPU KOTOPOM Matpuiia ® MOXeT ObITh HEOTPULIATEILHO
orpeaesieHHoM, a H, COOTBETCTBEHHO, MPSIMOYTOJIbHOM.
Hnst aToro ciyyas BbIpakeHMS U3 paboThl [6] mist
TIPEACTABICHUS PETyISITOpa HeIIPUTOMHBI.

Komno3unuoHHoe npeacTasieHne MaTpunbl PukkaTu

Kaxk u B pa6ore [6], marpuiia K He MOXeT OBITh pa3-
JIOXXKeHAa B aCUMIITOTUYECKUH psiI IO cTereHsaM A. J1ist
MMOCTPOCHUSI €€ ACHUMITOTMKM HaMM HCIIOJIb3YeTCs
CcIIelIMabHas MyJIBTUIDTUKATUBHAS TEKOMITO3UIINST STOM
MaTpHIIbl Ha TpU 0oJiee TPOCThIe MATPULIBI. DTO MpPeI-
crapieHue K ciayXuT oOOOIlEHUEM COOTBETCTBYIOLIEIO
MpeAcTaBlIeHrs U3 paboThl [6] Ha ciydail peryastopa
BbIXOJAa, M OHO MMeeT BUI [7]

K=P+ W'M~+ F Y tw, (8)

rae Matpuiel P— (n+m) X (n+m), W— g x (n+ m)
u M — g %X g onpenensitorcss U3 ypaBHeHU

9L = —pa— AP+ PSP—Q, Pl,_, =0;

dt
AW _ e, o
o WA= SP), W|,_, = H,
dM _ _
o = —WS(OWT M|, =0.

P, AP,

bnoxu matpuner P: P = , P —n xn,

T
APy A Ps
P; — m X m, ynoBneTBOpsIOT ypaBHeHUSIM BuUAa (6),
HO C HYJIEBBIMU KOHEUHBIMU YCIOBUSIMU

Pl't:tfzo’ P2|t:tf =0, P3|l‘:tf=0’

a s 61okoB W= [W), AW,], W, —q > n, W,— q > m,
Y MaTpulbl M MMEIOT MECTO yPaBHEHUS

aw.

7?2 = —Wy (A — S|P — $,P)) —

— WAy — S, P, — S3Py), I/Vy|[=;f = H);

e =28 Py — SoPy) — ®
— WA 1Py — 5P

— WAy =18 Py = S3P3), W, = A H;

dM _ _ T T
= WSy~ WS, W

T 2 T _
— WS Wy, = WSsW M|,_, =0 (10)

ACHMITOTHKA KOMIIOHEHT MaTpHIbI Pukkaru

ITycTh Teneps:

I. Bce matpuunl A4; = A;(f) (i = 1,4), B; = Bi(1)
(j =1,2), 0=0(t), R=R(¢t) p + 2 pa3a HenIpepbIBHO
auddepeHupyemsl Ha [0, ] (p — HekoTopoe Haty-
panbHoe uucio: p =0, 1, 2, ...);

II. TTapa matpun (A4, By) O TEPMUHOJOTUU pa-
6ot [4, 5] ympaBisiema B MOTPAaHUYHOM CJio€, T. €.

rank| By, 4By, ..., Ay~ Byl = m wa [0, 1;

III. TTapa matpuir (44, C) HabmonaemMa B MOrPaHUYHOM
cnoe [4,5], 1. e. rank[Cy, A;Cy, ..., (Ay)" " 1C.1= m na

[0, tﬂ, rae C, = Cu(f) — pelleHue ypaBHEHUSI C, C.= 0s.

Ecim Q3 = 03(¢) = 0 uim By = B,(¢) = 0, TO BMecTO
ycnoBuii 11 u 111 Hy>kHO mOTpebGoBaTh, YTOOLI MaTpHULIA
Ay(?) GbL1a rypBuueBoit Ha [0, 7], T. e. umena cobcer-
BEHHbIE YKCIa C OTPULIATEIbHBIMU JCUCTBUTEIBHBIMU
JactsamMu 1ipu Beex £ e [0, 7.

Onupasce Ha ycinoBus I—II1 u pe3yabraThl pabOThI
[7], 3ammIeM acCUMITOTHUKY pelllcHWI ypaBHEHWU (6)
[t ciydad P; v ypasHenuit (9), (10) g W, ., M. Ona

V.2
UMCEET BUA CJICAYIOLIUX PA3JIOXKEHUM I10 CTENEHSIM A:

Bt = 3 aMPalr) + P (= T.3); (1)
k=0
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~ p
W, (6,0 = 3 WM W) + W (0)];
k=0

(12)
~ p
W (62 = T WA + 3 W) + TRV
k=0
Mt 1) = f WK My(r) + T M()], (13)

k=-1
rae © = (f — fy)/A — TaK Ha3bIBAEMOE PACTSHYTOE, UK
"oBICTpOE”, BpeMs, a GYHKIIUM OT [ ¥ T — KO3(pDUIIm-
€HThI paznoxeHuit Py (t), I P(t), Wy, (1), Ty Wy A1),
I W(t), My(t), TT; M(t) — ONIPENENAIOTCS HUKE KaK
pelIeHus COOTBETCTBYIOLIMX YPABHEHUA.

Beipaxkenust (11)—(13) saBasiioTcs aCUMITTOTUYECKH -
MU TIpUOIDKeHUsIMU Matputl Py, W), ., M. Oumbku mpu-
OJIVKEHWIA COCTABISIIOT BEIMYMHY TTopsiaka AP+ 1 o(l),
rae |O(1)|| < ¢ mis Becex MOCTAaTOYHO MAallbIX A M BCEX
t € [0, #d, ¢ > 0 — Hekoropast moctostHHas [7]. Iorpa-
HuyHble GhyHKuMK Buaa I f(x) (i= 1,3; k=0, 1, ..., p)
MaXKOpHUPYIOTCSI yOBIBAIOILMMU SKCIIOHEHTaMHU [7]:

I/ (0)|| < cexp(kr), 1 <0,

rae k > 0 — HekoTopasi KOHCTaHTA.

s nojydeHUs: Koa(pPUIIMEHTOB pa3ioXeHU
(11)—(13) wucrnonwp3yeTrcss U3BECTHbIA ajroputMm [2].
OH 3akJutouaercs B moacraHoBke (11) B ypaBHeHus (6),
3armcanHble i P;, a (12), (13) — B (9), (10) B7MecTO P,
W) » M 1 B IpupaBHMBaHNM KOI(DOPULMEHTOB MpPH
OIMHAKOBBIX CTEIEHSIX A B 00EMX YaCTAX YpaBHECHUI.
ITpu 3TOM OTAEABHO MPUPABHUBAIOTCS KOAPOHULIMEHTHI,
3aBUCSILIME OT £, M OTAEJbHO — 3aBUCSIIUE OT T. DTO U
AT ypaBHEHUS MJISI ONpeAesieHUus: Ko3(pOuLUueHTOoB.
B yactHOCTH, B Hy/JIeBOM MpPUOIMKEHUM 3TU ypaBHe-
HUS UMeIOT BUA [7]

dP,, T
7 = Podir = Ay Pro = Pyody —

— A3y Pyy + P1oSi P + PioSyPyy + PySy Pro +

+ PyS3Pyy — Q1, Pro(ty) =0,

0= —Pio(4y — SyP3) — Py(Ay — S3P30) — A3 P3g — Oy,

0 = —Pyody — Ay P3o + P3S3P3 — 03,
dt
+ TP, * 530 * To P3, Tp Pr(0) = —Pa(1p),

_ T
—_H()Pz'a40_ 0(30 'HOP3+

MoPs _ 110Py - ag — aly TPy +
pa 0P3* ag0 — 0y TIP3
+ TP * 530 * o P3, Tp P3(0) = —P3p(1p),
MLy 1, Pyasg — 530+ TIoPy) —
e 1P3(ago — 530 TpP3

— (agp — 830 * HoP3) T Py + T11 Fp3(1),

T T
I Fp3(t) = —TIg Py *apg = oy *TlpPy — TpP3 " ayp —
- (Xz] 'HOP3 + H()P; 'S20'HOP3 + HOP3' S;O 'H0P2 +
+ o Py 531+ TIP3, T11P3(0) = —P3(1p),

npu 31oM P3(#y) ompenensietcs: U3 anrebpanyeckoro
ypaBHEHUS

P31(Ag — $3P3) + (Ay — P3pS83) Py = Fp3 (1) — 7
Trac

Fps1(1) = —Pyody — Ay Py + PyyS$HPsg + P3ySyPay — 43;

dWyO _ T

7ol —Wio(A; — S1P1p — $2Py) —
— W43 — S, Pig — S3Py);
Wio(t) = H, — TIg W,(0);
0= —Wyo(4dy — $r1P39) — Wp(Ay — S3P3);
MW _ Wlouo — S30* TTpP3), T W.(0) = H.;
dt —1 " \%*40 30 0£3), L1-1 W, 2
driy W,

Jo = T Wiloso = s30° My Py ) = T fs(c),

0

T Wy(0) = [ Mg fiy(0)dos;

dn, w,
dt

— Mg WLaag = s30 * Mg P3) + T Fy(1);

= —TgWy(azg = 20 TlpP3) —

o Fyt) = —TI W, [ogg — (539 *TlpPy + s31 - TIpP3 +
T 530 1 P3)] + (Q) + Q) * TTpP3;
Ty WA0) = —=Wy(tp);
M_(t) = M_(tp) = —T1_ 1 M(0);
M,

— T T
— = = WigSi Wy —Wie$ Wiy =

— WoSH Wyy — WaSs Wi,
My(1p) = —TIipM(0);

dH_IM T
- = I W, 53011 VVz = Iy fu(x),
0
- M) = IH—lfM(G)dGs
dH()M T T
7 = W Sy (O = o) T W =

— T W, 531(x) * T W, = Tpfy(o),

S = [Wo(tp) + TigW)lsyo + [Wo(tp) + Tl W, ]s30,
0
MyM(0) = [ Moyfy(c)do.

—00
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3mech

. 1
sio = Si(t) (i = 1,3), 531 = s31(0) = 85 (1) - =,

ago = (4 = SiPig = Sy Py, - ”
oz = (A = SrPsolly = »
030 = (A3 = 85 Pio = $3Py)l; - -
ago = (A = S3P30)l, - »
agr = ag(t) = (A" = S — S Py, _ T
= (83 Py + S3P3))l, - ”

Quy = Wyo(tp) - Sa(tp), Q9 = Wo(tp) - S3(1p),
a Boipaxenust Buga ©1) 0603HAYAIOT TIEpBYIO MPOM3-
BOJHYIO (DyHKLIMU O = @ (¥) 110 BpEMEHU: o) = de/dt.
Teopema 00 acCHMIITOTHYECKOM Pa3JI0OKeHHH

C noMouIpto KOMNO3ULIMOHHOM (hopMyibl (8) mosy-
YUM aCUMIITOTUKY BCell MaTpulibl K U 3aTeM aCUMIITO-
TUKY camoro peryJsitopa (3). Bocrosbzyemcs 1151 3Toro
0JIOYHBIM TIpeCTaBRIeHEM (5), TIe B COOTBETCTBUU C (8)

Ky =P+ Wy(M+ FhHy 1w,
Ky=Py+ WM+ FH tw; (14)
Ky=Py+ 2w M+ F ) lw,

CocTaBUM aCUMITTOTUYECKU TTPUOJIKEHHYIO MaT-
puny Pukkatu no dopmyine (8):

K=P+ W' M+ FHYlw, (15)

7 TIpUMEM [IJIST Hee aHaJIOTMYHYIO K (5) CTPYKTypy

_ |k, K
K=| _ 7, (16)
Ky 0K,
rIe
Ky =P+ W, (M + F ) 'W,;
Ky =Py + Wy(M+ FH)'w,; (17)

S -
Ky =Py + AW (M +F ) 'W,.

IMpusnekast oueHku (11)—(13) u cTpykTypHl (5) U
(16), MOXHO HOKa3aTh CICAYIOLIYIO TEOPEMY, YCUIM-
BaIOIIYI0 COOTBETCTBYIOIIYIO TEOpPEMY M3 paboTHI [6].

Teopema. I1pu BuinonHeHnn yciaosuii [—IIT xom-
MOHEHTHl MaTpullbl K (Z, A.) SIBJISIIOTCSI p-MU aCUMIITO-
TUYECKUMU TIPUOTMKECHUSIMH [UIST COOTBETCTBYIOLIMX

KoMnoHeHT K(#, ) npu A — 0, paBHOMEPHbIMU Ha OT-
pe3ke 0 < 7 < If, @ UMEHHO:

K(t,\) = K,(t, M) + rg(t, ) (i = 1,3),  (18)

[I€ OCTAaTKU TPUONVXKEHUHN rg;(f, A) TONUYMHAIOTCS
OLIEHKAM

lrgi(t, MIF = 2PHLO(D),
lrki(t, M| = er_KIO(l) + Kp-HO(l) (i=2,3) (19

npu A — 0 paBHomepHo Ha [0, 7, 1. e. [O(1)] < ¢ w1a
Vit e [0, t] u VL € (0, Rol, tme ¢ > 0 m &g > 0 — He-
KOTODBIE TIOCTOSIHHBIE.

Jloka3zaTeabCTBO TeopeMbl

OLIEeHUM TOYHOCTh ACUMITTOTUYECKUX MPUOIMXKe-
Hutii (18). [11st 3TOro BocnoJibdyeMcs MpeACTaBIeHUSIMU

K=P+ WM+ FYlw=p+V:
K=P+WM+FYlw=p+V,
e V=W M+ F Y 'w: vV =w"M+FHw.
Hug Vu V npuMmeM GiodHble pa3OoueHUsI

A v, Y,
T ’ T 17 ’
AV, AV, AV, AV,
e V) = WyT(M+ FY W, vy= WyT(M+ Fhlw;
— T 1\—1 U = T A7 N—1q7 -
Vi=aW M+ F Y W vi=wi (M +F YW,
7 — /Y ( NF W=l .- 17 = w (s =1 11/
Vo= W (M+F Y TW vy =w (M+FH 1w,
BBC,H,CM OCTAaTKM1 aCUMIITOTUYECKUX pa3no>1<eﬂm?1
I'PZP_ﬁ,I’WZ W - VT/,I’MzM_M
U UX OJIOYHBIE npeacTaBICHUS:

| Poary [ PRy
'p= T =T ~| ’
APy APy |AP) APy

rw =W, AW = [W, AW,]=lry Myl
e = M — M,
rae coryacHo (11)—(13)
re=2*o1), i=1.3;
Py, = M T1O(D);
ry =2r1oq),

ary= V- V npeaCTOUT OLUCHUTD.

B pabore [7] mokazaHo, uro maTpuua [M(t, )+ F ]]_l
CYILIIECTBYeT M PaBHOMEPHO OrpaHWYeHa MpU BCeX
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t € [0, 7l mwA > 0. B oTHOLIEHNN MaTPHUIIBI [M(l, A) T+ p3 = rTW(M + Fh~l
+ F_l]_1 TO Xe€ camoe BepHoO Ipu Bcex ¢ € [0, tf] u
A € (0, 2¢], Toe Ay AOCTAaTOYHO MAJIO.

Janee 3anmiineM Ipu JOCTATOYHO MaJIbIX A

_ ﬂ”[OT(l) omw*lo() rom) =

A0"(1)

M+ F Y 1=(M+Fl+ny'=
= [+ r M+ F Y+ FhHh'l=
= (M + FY '+ ry00)) =
= (M + F Y71+ 0(1)r,0(1)

2] 00y nom)]
20(1) 220(1)

(3mech Takke 6JOKM MaTPULBl p3 CHMMETPUYHBI.)
OTcloa HaxoAuM

U, 3HAYWUT, ry=p1+pyt p; +p3 =

(M + F—l)—l — (M + F—l)—l — Kr
= 0(1)ry,0(1) = ¥ T 10o(1). = xl)“[ O(1) e 0(1)+x0(1)] .
(Y

KT KT 2
OO6paTUMCs K OCTaTKy Fy. 3alUIIEM €r0 B BUIE O(1)+2.0(1) e O(1)+2r"0O(1)

rp= V- Vv = WM + F_l)_lW— OKoOHYaTEeTbHO UMEEM

Yz

= WM+ F "W =p1 +py+ py + ps,

= WM+ F Y 1=+ Fhy hw; 2N AN A xV3 erVz Ay

py = ry(M+ F YT Wi p3 = ry(M + F ™! rie

Haiinem i =10, rpy = eTo(1) + A2 T1o(),
whrtloy w. PaHee MBI moTy4Ymin
3aecb O(l) — g X g cUMMeTpuUYHasi MaTpUla;
- - L o 5 _ |1 Ap
W =W, M, — qx (n+ m)varpuua. [Tostomy rp=P— P = . ,
¢ yuetoMm (12) Arpy  Arps

rpi= o), i=1,3.

CyMmmupysi, IpUXOAUM K 3aKJIOUEHUIO O PaBHO-
MepHocTH Ha [0, 7 Tpy 10CTaTOYHO MaJIbIX A OCTaTKa

L . N
Y W,0(HW, 1W,0()W,

=T 4 2 5,1 =
AW0() W, 1>W0(1)W,

IJIs1 Bceil MaTpulbl K:
ey o(1) e“"O(1)+210(1) |, N N B
=K—K=P—-P+V—-V-=
eXTO(1)+2.0(1) €T O(1)+220(1) 'K -
(roe Bce MaTpUYHBIE OJIOKU CUMMETPUYHBI). o 'kl Aol
AHAJIOTUYHO MUMEeM =rpTry= T )
Mgy AFgs

pr=ryM+ FH) Ty =

ri =770,

= wp+1| O(l) 7 7] =
* {wm} O, 2 Wel rra. 3 = WeK0(1) + 2710(1),

~ ~ YTO U TpeOOBaJIOCh JOKA3ATh.

] oW, 1LO(HW,

A0(1) Wy KZ o(1) Wz PaBHOoMepHbIH acCHUMIITOTHYECKUIA PEryJsiTop

C yuetom (3) u (15) NpuXoaUM K aCUMITOTUYECKOMY

|
|
|
|
[
|
|
[
|
|
[
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[
|
|
[
|
~ ~ ~ |
pr=WIM+FH =M+ FHiw=" | ryy = We0(1) + 27 T 20(1).
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
[
|
|
[
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
|
| peryadaTopy
|
|
|

— 0+l [ o(1) e‘“0(1)+x0(1)] ,

0(1) e o1y +2.20(1) i=-R'B"Kx. (20)
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Credcmeue. VI3 TeOpeMEI ClIeIyeT, YTO aCUMIITOTH -
yeckuii perynstop (20) Cy>kKuT paBHOMEPHbIM aCUMIITO-
TUYECKUM NpUOIMKEHUEM TOYHOro peryisropa (3),
bopMupysT yIIpaBIsieMyl0 TPaeKTOPUIO C TOYHOCTHIO
10 O™ 1y anst Beex ¢ Ha [0, 1.
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Asymptotic Expansion of the Terminal Control Law
of the Output of Two-Tame-Scale Systems
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Research objective. The research objective is development of asymptotic methods for synthesis of the terminal control laws
for the two-tame-scale plants. A two-tame-scale property is typical for he moving objects — aircraft, ships, etc. All of them
are characterized by fast rotational and slow translational motions. In power electric drives the mechanical motions of the ar-
mature are slow, and the electric transients in circuits are fast. This circumstance hinders formation of the control laws because
of the necessity for a frequent time discretization of the transients and performance operations on the ill-conditioned matrices.
It is also known under the name of a system rigidity. In case of a terminal control it manifests itself most dramatically due
to the non-stationary nature of the process of bringing an object to a predetermined position within a finite period of time. The
paper proposes an asymptotic approach to the development of the terminal control law for the two-tame-scale plants. It allows us
to decompose the control process into the fast and slow components, which are calculated separately in two time scales, followed
by their arrangement in a holistic solution. This simplifies a dynamic representation of the controller and accelerates the nu-
merical procedure for initiation of the control actions. Formulation of the problem. In the article the problem of an asymptotic
decomposition for a controlled system is solved with fast and slow motions described by means of the linear differential equa-
tions with a small parameter at some derivatives. Terminal control is achieved by minimizing the corresponding quadratic quality
functional defined on a finite time interval. Such a statement leads to a singularly perturbed optimal control problem which
can be solved in the form of synthesis, and an asymptotic behavior of the control by the method of a boundary layer can be
achieved. Research results. As a result of the research, the asymptotic behavior of the terminal control law is built within small
singular parameters, uniform on the interval of the control time. The problem is solved for the general case of the output con-
trol,which distinguishes the obtained results from the well-known works, devoted exclusively to the state control problems. For
this purpose, a special multiplicative decomposition of the control feedback loop matrix into three more simple matrices is used.
Improved estimates of the asymptotic expansion remainder, more accurate than the existing estimates,are proved. Conclusion.
Application of the developed asymptotic behavior based on its precision estimates allows us to build effective laws for a terminal
control of the two-tame-scale plants. The proposed approach solves the problem of the rigidity, simplifies the terminal control
laws, and makes their accuracy close to the optimal laws of the terminal control.

Keywords: terminal control, dynamic object, two-tame scale dynamics, asymptotic approximation, small singular parameter
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