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Estimation of the Accuracy of a Control System with a Fuzzy PID Controller
Based on the Approximation of the Static Characteristic of the Controller

Abstract

The problem of estimating the accuracy of an automatic control system with a fuzzy PID controller is solved. To describe a fuzzy
controller, its static characteristic is used, which is approximated by two piecewise-linear and one piecewise-constant sections. This
approach makes it possible to study the system as a linear one at each section of the approximated characteristic, and accordingly
develop the calculation methods known in control engineering, taking into account the features of the system under consideration. In
the article, to calculate the error in the steady state, the theorem on the final value of the original is used. For two different types of
second-order control objects — static and astatic — on the basis of this theorem, analytical expressions are obtained that relate the
accuracy of the control system with the values of the target and disturbance with a different structure of the controller (P-, PI-, PD-).
When conducting experimental studies, the fuzzy PID controller was compared with a linear one tuned by the method of the maximum
stability. Research results show that a fuzzy controller ensures the accuracy of the control system is not worse than a linear one, while
increasing the dynamics of the system. The analytical expressions presented in the article make it possible to assess the accuracy of a
control system with a fuzzy controller and can be used as a technique for adjusting the controller based on the accuracy requirements.
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depnepanbHoe rocygapcTeeHHoe BoaxeTHOe obpasoBaTefnibHOE yupexaeHne BbicLlero obpasoBaHuns
"MUP3OA—Poccuickunin TexHonorn4yeckui yHmeepcutet", Mocksa

OueHKa TOYHOCTU cucTeMbl yripaBreHns ¢ HedyeTkum MNMUL perynatopom
Ha OCHOBEe annpoKCMMaLun CTaTUYECKOM XapaKTePUCTUKU perynaTopa

Pewaemcs 3adaua oyenku mouHoCmMu cucmemsl agmomamuieckoeo ynpaeaenus c Heuemxum ITHJ] pecyasmopom. /s onu-
CaHUsA HevemKo20 pecyAsimopa UCHOAb3YemCsa e20 CMmamu4eckas XapaKkmepucmuka, Komopas annpoKcumupyemcs 08yMsa Ky-
COUHO-AUHEUHBIMU U OOHUM KYCOYHO-NOCMOAHHbIM yuacmkamu. Takoli nodxod no3eoasem Ha Kaxcoom yiacmke annpoxkcumu-
DOBAHHOU XAPAKMePUCMUKU UCCAe008aMb CUCEMY KAK AUHEUHYI0 U COOMBemcmeeHHo pa3eueams uzeecmusie 8 TAY memodu
pacuema c yuemom ocobeHHocmel paccmampueaemMol cucmemsl. B cmamoe 045 pacuema owubKy 6 YCMAaHOBUGUIEMCS PedcUMe
UCNONB3YemMCsl meopemMa 0 KOHeUHOM 3Ha4eHuu opueunana. /lns 08yx pasauvyHulXx munog 00seKmos ynpagieHus mopoeo nopso-
Ka — cmamu4eckoeo U acmamuyecKko20 — Ha 0CHO8e OAHHOU meopembl NOAYHeHbl AHAAUMUYEeCKUe GbIPAdICeHUsl, C853bl8aloujUe
MOYHOCMb CUCMeMbl YNPABGACHUSA CO 3HAYEHUAMU 3A0Al0WUX U 803MYUAIOUUX 8030€liCBULL NPU PA3HOU CIMPYKMYpe pecyiamopa
(11, 11U, I1]7]). IIpu nposedenuu sxcnepumenmanvhuix ucciedosanuii newemxui [THJ] peeyasmop cpasrHueaics ¢ AuHelHbIM,
HACMPOEHHbIM N0 Memody MaKCUManbHoU cmeneHu ycmouuueocmu. Pesyssmameor uccaedosanuii nokasviearom, 4mo Heuemruil
peeyasamop no3eonsem obecnevums MOYHOCMb CUCMEMbl YNPAGACHUS He XYJce, YeM AUHEeUHbIl, NpU 5MOM NOGbICUE OUHAMUKY
cucmemol. [Ipedcmagnennvle 6 cmamove aHAAUMUYECKUE 8bIPAICCHUS NO360ASIOM OUCHUMb MOYHOCMb CUCMEMbl YIPABACHUS C He-
YemKUM pecyasimopom U MO2ym @blCIMYNams 8 Kauecmee MemoouKu HacCmpouKu pe2yasamopa ucxoos u3 mpedboeaHull moyHocmu.

Karueevie caosa: [1H]] pecyramop, Hewemkuii peeyaamop, memoo Ko3@puyueHmos omubox, mouyHOCMy CUCMeMbl YNPA6-
AeHUs, meopema 0 KOHeUHOM 3HAYeHUU
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Introduction

In the past two decades, against the background
of a fairly active use of fuzzy controllers (FCs) in
various models of civil and special-purpose equip-
ment, the number of papers devoted to the dynamics
of automation control system (ACS) with FCs has
increased: the issues of stability and periodic oscilla-
tions are investigated on the basis of the application
of modifications of dV. M. Popov and the second
Lyapunov method, the harmonic balance method,
the phase plane, etc. [1—4, 7]. At the same time, it is
obvious that against the background of these works,
which are important for understanding processes in
fuzzy ACS and solving problems of synthesis of fuzzy
controllers from the standpoint of stability, there has
been a lag in the study of such natural problems for
ACS as the accuracy and quality of transient pro-
cesses. Naturally, the solution of the problems of as-
sessing the quality of transient processes can be rea-
lized indirectly on the basis of the obtained solutions
in the field of stability [4, 5]. However, the problem
of estimating the accuracy remains essentially un-
solved. This article presents the results of studies to
estimate the accuracy of ACS with FC.

Problem formulation of calculating the accuracy
of a fuzzy control system

Fig. 1 shows a block diagram of the ACS un-
der consideration, consisting of a controller with a
transfer function W,,,, a control object (linear part)
described by a transfer function W, g is a target, f
is a disturbance.

Within the framework of this article, the main idea
of which is to study the accuracy in a steady state,
two fundamentally different second-order control
objects are considered — a statsitc one with a trans-

. K .
fer function WSl (s) = co and astatic
et 0 (5) (Tys+1)(Ths +1) l :
with the transfer function W2 (s) = L As
s(Ts+1)

for the controllers, for convenience of comparison
in the basic version, a linear PID controller with
coefficients K,, K;, K, will be used, and a fuzzy PID
will be used as a fuzzy controller [6, 9].

In a system with a linear controller, due to the
principle of superposition, the error in the steady-state
mode is expressed by the sum of errors from the target

Controller

g
™
=

Fig. 1. Block diagram of the considered ACS

Table 1
Components of a system error with a static object
Target Disturbance
Controller | Constant Linear Constant Linear
(g=const) | (g= K,n) | (f=const) | (f= K1)
st
P g | K | o
1+K,K, 1+ K,K,
st
PD g | w [fhe | e
1+ KK, 1+ KoK,
1 1
PI 0 K,—— 0 K,—
S
* KoK K;
Table 2
Components of a system error with a astatic object
Target Disturbance
Controller |  Constant Linear Constant Linear
(g=const) | (g= K1) | (f=const) | (f= Ky)
1 1
P 0 K, —— f— ©
¢ KcaoSth KP
PD 0 K,—L | s L o
‘KoK, | K,
0 1
PI 0 0 K, —
f K,

and disturbance, and the values of errors are deter-
mined on the basis of the well-known method of error
rates. Tables 1 and 2 present expressions for calculating
the terms of the steady-state error in systems with li-
near PID controllers and two types of control objects.

A fuzzy PID controller can be constructed accor-
ding to any of the known methods of fuzzy inference
(Mamdani, Sugeno, Larsen, Tsukamoto) [6]. But at
the same time, if we use the traditional (recommen-
ded in many literary sources) approach to construc-
ting a fuzzy model of a controller with a uniform dis-
tribution of membership functions (MF), then there
will be no fundamental difference between linear
and fuzzy controllers. Specific nonlinear properties
of FC are manifested if we move away from uni-
form distribution, moving apart from the center the
membership function of input and output terms [5].
In this case, the static characteristic of the FC takes
the form of curve 1 in Fig. 2. This characteristic
allows us to understand the specifics and prospects
of the formation of nonlinear control actions in the
FC, but does not simplify the procedure for further
research. To solve this problem, an approach based
on the approximation of the static characteristic of
the FC in the form of two piecewise linear sections
and one piecewise constant section turns out to be
quite effective (Fig. 2, curve 2). This approach makes
it possible to study the system as a linear one at each
section of the approximated characteristic, and ac-
cordingly develop the calculation methods known in
control engineering, taking into account the features
of the system under consideration.
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----- Linear controller
—Fuzzy controller 1
= ~Fuzzy controller 2

Fig. 2. Static characteristic of FC

Naturally, the parameters of the approximated
characteristic: a, b, ¢ and d are completely deter-
mined by the initial parameters of the FC (type,
number and location of input and output mem-
bership functions, the rule base, etc.), but (unlike
them) are understandable for specialist in control
engineering and quite constructive for solving prob-
lems of estimating the accuracy and quality of ACS.

Indeed, when determining the parameters of the
static characteristics of the FC, the engineer needs to
find a compromise between the quality indicators of
the ACS. Changes in the gains in different s;’:ctiz)ns
c-a)
just like the boundaries of these sections, are re-
flected in the change in both the accuracy and the
dynamics of the system. As an example, in Fig. 3
shows the static characteristics of two fuzzy con-
trollers (FC1 and FC2) with different arrangement
of the membership functions of the input terms, as
well as the characteristic (transfer coefficient) of the
linear controller K,,;, which is optimal in terms
of stability. Fig. 3, b shows transient processes in a
static system with appropriate controllers. It can be
seen from the figure that an increase in the gain K|
(during the transition from FC2 to FCI) leads to an
increase in the accuracy of the control system (in
comparison with a linear controller). Achieving the
same accuracy in a system with a linear control-
ler is possible by increasing the gain, which does
not meet the requirements for the maximum stabi-
lity. In turn, the FC is devoid of this drawback and
makes it possible to increase the speed of the ACS
at the same time ensuring the specified accuracy.

The advantages shown in the given example of
using the FC together with the proposed approach
to the analysis based on the approximated charac-
teristic create the prerequisites for the study of this
type of controllers both from the standpoint of as-
sessing the dynamics and control accuracy. In this
article, the emphasis is placed on the problem of as-
sessing the accuracy of an ACS with an FC and the
development of convenient analytical relationships
suitable both for calculating the steady-state error
and for synthesizing a FC for a given accuracy.

of the static characteristic (Kl =—,K, =
a

Fig. 3. Static characteristics of FC (a) and transient processes in a system with a static object (b)

Calculation of the steady-state error
in a fuzzy control system

In linear systems, the transition to the limit on the
error transfer function (final value theorem) is used to
calculate the error in the steady state. In an ACS with
FC, due to the nonlinearity of the static character-
istic, such a calculation should be carried out taking
into account the location of the operating point cor-
responding to the steady state, on the FC characteris-
tic, for each approximated section, with respect to the
range of values of target and disturbance. Analytical
expressions for piecewise linear sections of the trans-
formation u(e) of the FC can be written in the form

u=K,(e—e,)+u,,
un

u —
_ +1
Kn _”—,

e e

n+l — ©n

where (u,;e,) and (u,,;e,,;) — are the left and

right boundaries of the area under consideration.

For the considered version of the approximated
static characteristic, taking into account the intro-
duced designations, the input-output function of
the FC has the form (Fig. 2)

d, e>c,

K,(e-a)+b, a<e<c,
Kie,
K,(e-a)+b, -c<e<-a,
d,

where K| :2, K, =
a

c—a

Using the example of a system with a static object
and a fuzzy P-controller, we will show the sequence
for calculating the accuracy of the ACS. Based on
the structural scheme, an expression for the control
signal has the form

u(e) =

—a<e<a,

e<-c¢,
d -

u(s) = g(s) 1 113(sths ),
4 £(s) _e(T1s+1[3(stT2s+l)'
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Substituting the corresponding value u(s)=/L{u(e)}
for each section of the approximated static characteris-
tic, we obtain the transfer function of the error from the
target and disturbance. The steady state error value is
determined from the original final value theorem:

e(t) = lim{g(’) s(Tis +1)(Tos +1)

5200 s (Tis+1)(Tos +1)+ KK,
S0 K _
s (Tis+1)(Tys+1)+ K K}

1 K
Y f1+K;’K1’

(1)

+
1+ K,,K, "

e(t)=1im{g(t) T Tps+l)
s50| s (Tis+1)(Tos +1)+ K, K
S(@)

K )
s (Tis+1)(Tys +1)+ K, K
45 Kcsé(Kza—b) _

s (Tys+1)(Tys + 1)+ K, K5 |

1 K +Kj£([(2a—b)

= +
g1+Kcs(§K2 f1+KcséK2 1+ KK,

-

It is easy to see that the error in the steady-state
mode according to expression (1) is fully consistent
with Table 1, since it (expression) corresponds to
the position of the operating point of the system
in the section of the "small" gain of the FC K.
A further increase in g and f shifts the operating
point to the section of the "large" gain K, and the
error is determined from expression (2). It is impor-
tant here to estimate the domain of definition of ex-
pressions (1) and (2), which can be easily obtained
by substituting the upper boundary of the sections
of "small" and "large" gains of the FC, i.e. e(f) = a
for the first expression and e(f) = ¢ for the second.
Carrying out elementary transformations, we obtain
the domain of definition for the expression (1)

a

£ + f <

K K
co co

and domain for expression (2)

a < 8 < €
kg kg kg

On the ACS model with the parameters 7; = 0.1,

T, = 0.5, KJ! =2, we compare the accuracy of the
system with the FC and the linear P-controller,
which provides the maximum stability, when wor-
king out the reference action. Based on the parame-
ters of the system, the value of the gain of the linear
controller K,,;,, = 0.4 [8]. Initially, the requirements
for ensuring the error in the steady-state mode were
set before the ACS with FC, no more than in the

+b

+d.

ACS with a linear controller. For this, at the stage of
determining the parameters of the static characteris-
tic of the FC, the value of the "small" gain is taken
equal to the gain of the linear controller K| = K, 4,
and the boundaries of the piecewise linear sections of
the characteristic are selected based on the require-
ments for ensuring a monotonic process [10]. In this
case, the static characteristic of the FC has the following
parameters: a = 0.75, b=03,c=12,d =1, K, = 04,
K, = 1.56. In Fig. 4 shows a comparison of transient
processes when a single step reference action (g = 1)
is applied to the input of the system with zero distur-
bing action (f= 0) (Fig. 4, a) and /= 0.3 (Fig. 4, b).
From Fig. 4, a it can be seen that when working
out a single reference action, both controllers pro-
vide the same accuracy
1 K

e(t) = + =
® g1+KCSO’K1 f1+1(cs£1(1

1 2
. +O.
1+2-04 1+2-04

§ . 4
st st

=0.56,

since + b (the domain of expression (1)

at f= O)wand the operating point lies in the region
of the "small" gain of the FC.
The disturbance shifts the operating point to the

section of the "large" gain (%*bg Kg +f J,

st

co co
respectively, for the ACS with HP, the error in the
steady state is determined from expression (2) and
equals 0.81, which is less than the error in an ACS

= -Linear controller
\ —Fuzzy controller

0 0.2 04 0.6 0.8 1

X - = Linear controller|
*L — Fuzzy controller |

Fig. 4. Comparison of transient processes in ACS with a static
object with a linear and fuzzy controller
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with a linear controller (the Table 3
error in such a system is Error components for ACS with FC and static object
0.89A) (Fig.b4, b). ¢ th c Target Disturbance
s can be seen from the on- .
ven mple. the use of | troller Constant | Linear | Constant | Linear | Common term Conditions
given example, ¢ use o (g = const) | (g= K,t) | (f= const) | (f= Kg)
a fuzzy controller not only
increases the accuracy of g— L K 0 st st
g+ K. <a’+b’K
the control system, but also o 1+ KoK 1+ KK “ “
E%c}uczs tl)le regulation time o ;oK K2 (Kga? ~b7)| a? + b7K2 <
lg P} a). 1 + st K P st
X . 1+K'K? SKP < < ePrdPKS
Analyzing  expression w2 _ " el _ I+ Keo K §+/Ke, <crdKe,
(2), one can notice that it 1 K
N g——— co 0 st < qP p st
contains three terms: errors 1+ KoK f1+Kj;K{’ g+ Ko <al+bike
. PD
from the target and distur: | - K ( Kla? - bp) 2P s PR <
bance, as well as a common 8K f—e A co )
term, which is determined TRl 1+ Koo K3 L+ KGKY | <g+fKe <c’+d"Ke
by the parameters of the 0 P 0 1 0 )
FC and the control object. SKIK] Kkt fedt <a
Taking this into account, by PI | |
analogy with Tables 1 and 2 0 K yerd 0 Ky 0 Jedt <c'
for linear systems, we will co 2
compile tables of error terms Table 4
for static and astatic ACS Error components for ACS with FC and astatic object
with different structures, — Distarh
taking into account the fea- | cop- aTee [Stuance B
tures of the nonlinear static | woller| Constant | Linear | Constant | Linear Common term Conditions
characteristics of the con- (g = const) | (g= Kf) | (f=consD) | (f= Kif)
troller (Tables 3 and 4). In 0 X, 11 s 0 K, 1 <
the tables, the superscripts K&K} K/ K
for a, b, ¢, d, K, and K, de- P | ) W .
note the FC control chan- 0 KgW fﬁ a’ ~ X7 bP <K, ——+f<d’
nel to which the indicated 2 2 _ 2 €0
— BrO- 1 1 1
parameters rela_te (p — pro 0 Ky 0 ot [ B
portional, i — integral, d — D K K| K| L
differential) (K7, K|, K{ | ) Iy , | ,
and K{, K3, K§ are the 0 Kerwrrrl 57 T |P Koyt /<4
. co 2 2 2 co
gains K; and K, of the pro-
porthnal, integral and dif- 0 0 0 fL,- 0 fedt <a'
ferential channels, respec- PI K,
tively). 0 0 0 P 0 A
_ 1
In Tables 3 and 4, a dash Ikl fedt <c
indicates the degenerate
operating conditions of the control system, in which | and = 0.7 (Fig. 5, b)). Since the principle of super-

there is no steady state of operation.

Consider a control system with an astatic object
with parameters 7= 0.1, K%' = 2. Let us compare
the accuracy of the ACS with a linear P-controller
tuned, as in the case of a static system using the
method of maximum stability (K,,,, = 1.25), with a
fuzzy P-controller. The static characteristic of a
fuzzy controller, synthesized according to the same
algorithm as the FC for a static system, taking into
account the astatism of the control object, has the
following parameters: a = 0.2, b = 0.25, ¢ = 1.2,
d=2, K, =125, K, = 1.75. Fig. 5 shows a com-
parison of transient processes in an ACS with an
optimal in terms of stability of a linear controller
and FC under the simultaneous action of g(¥) and
disturbance of various amplitudes (f= 0.2 (Fig. 5, a)

position in fuzzy ACS is inapplicable, the error in
the steady state, as noted above, is determined by
the position of the operating point on the static
characteristic u(e). In Fig. 5, a, the disturbance does
not exceed the parameter b of the static characte-
ristic of the FC (0.2 < 0.25), and the operating point
is located in the region of a small gain K, which is
reflected in the same accuracy of both systems.

102
n=rt 202 _ 416
=S r12s

1

As the disturbance increases (f= 0.7) (Fig. 5, b),
the operating point shifts to a section of large gain
K,, due to which the error in the steady state in a
system with an FC
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p
e(t):anLa‘” —b—:0i+0.2—@:0.46.
K7 K? 175 1.75
becomes less than in an ACS with a linear controller
1 0.7
1) = =——=0.56.

‘=S =115

As can be seen, the use of a fuzzy P-controller
into a system with an astatic object provided a de-
crease in the error from the disturbing effect and an
increase in the system’s performance. Thus, in the
future, such an FC can be considered as an alterna-
tive to increasing the order of astatism (introducing
a PI controller) to improve the accuracy of the ACS
under the action of external disturbances.

At the same time, if the introduction of a PI con-
troller is inevitable for one reason or another, then the
version of a fuzzy PI controller seems to be preferable.
Fig. 6 shows the transient processes in an astatic sys-
tem with a linear PI controller tuned to the maximum

“ [ = -Linear controller
0.8 | = Fuzzy controller |

| = -Linear controller |
| — Fuzzy controller |

o

Fig. 5. Comparison of transient processes in an automatic control
system with an astatic object with a linear and fuzzy controller

“— -Linear PI controller
—Fuzzy PI controller

Fig. 6. Transient processes in a system with a linear PI and fuzzy
PI controller

of stability and a fuzzy PI controller when the sys-
tem is exposed to a constant disturbance. It is obvious
that a system with a fuzzy PI controller has a shorter
regulation time, while the transient process in an ACS
with a linear controller is highly prolonged, especially
near the equilibrium position of the system.

Conclusion

The paper presents the results of research on as-
sessing the accuracy of control systems with a fuzzy
controller, which is described by a nonlinear static
characteristic. It is shown in the work that it is more
convenient to estimate the accuracy if the static
characteristic of the controller is approximated by
selecting two sections on it with the gains K| and K,.
The results of experimental studies of ACS with sta-
tic and astatic objects of the 2nd order show that the
FC provides accuracy no worse than a linear con-
troller, while increasing the dynamics of the system.
The proposed analytical ratios make it possible to
estimate the accuracy of the ACS with an ACS in the
range of setting and disturbing influences, and can
also be used as a method for synthesizing the param-
eters of the FC to ensure a given control accuracy.
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