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MockoBCkuin rocygapCTBEHHbIN TEXHUYEeCKnn yHnsepcuteT um. H. 3. baymaHa,
MAO PKK "OHeprus" um. C. . Koponesa, r. Kopones MO

MHBapuaHTHOCTb ynpaBrieHusi 60KOBbIM ABW)XeHMeM BepToneTa
no yrny KpeHa. AHanMTU4YEeCKUN CUHTE3

s auneapu3z08anHOl Moderu Hemeepmo2o nopsao0Ka U30AUPOBAHHO20 GOK06020 08UNCEHUS 00HOBUHMOB020 6epmoiema
Kak MIMO-cucmembl, codepaucaueii 06a 6xo00a, AHAAUMUYECKU CUHME3UPOBAHO YNPABAEHUEe, KOMOpoe 0becneuugaem uHeapu-
AHMHOCMb OBUIICEHUS NO YAy KPeHA NPU HAAUYUU 803MYUleHULl 6 KAHAAAX YNPABAeHUs, A MaKice mpebyemoe pasmeu,enue no-
AKCO8 3AMKHYMOU CUCMeMbl, 3A0aAHHbIX AH00bIMU KOHKDEMHbIMU 3HAYEHUAMU U3 oonacmu ux ycmouuusocmu. I100xo0 k cum-
me3y UHBAPUAHMHO20 YNPABACHUS 3AKANUACMCS 8 NOUCKe MAMPULbl KOIPDuUUUeHm08 00pamHol c8s13U AUHEUHOU cucmeMmsl,
Komopas y0081emeopsaem YCA08UAM UHEAPUAHMHOCMU, NPEOCMABASIOUWUM COO0L cUCmeMy CMeneHHbIX MAMPUUHbIX YPAGHe-
HUU onpedeieHHOU KOHCMpPYKyuu. B ocnose cunmesa aesxcum npumeHeHue meopem, 0CHOBAHHbIX HA UCHOAb308AHUU YCAOBUSL
PecyAapuU3ayUU MAmpU4HO20 YPAGHEHUs U YCAOBUL UHBADUAHMHOCMU NPU B03MYUEHUSX 8 KAHAAAX YNPAGAeHUs, d MAKice
meopem, NO360AAIOUUX C UCNOAbIOBAHUECM OPULUHANbHOU 0eKOMNO3UYUU 00seKxma ynpasienus pasmeuams noaroca MUMO-
cucmemsl. Tlod peeyaspuzayueli MamMpu4Ho20 YpagHeHUs NOHUMAEMCs peulerle 3a0ayu ooecne1eruss 3a0aHH020 MHOJCeCmea
CUH2YASAPHBIX 3HAYeHUL Y 00pawaeMoli cummempuuHol keadpamuou mampuysl. Uneapuanmuocmos MIMO-cucmemst paccma-
mpugaemcs no OMHOWEHUIO K HeUu3MepsieMblM 803MYUeHUAM 6 KaHaiax ynpaeienus. Hcnoav3oeanue makozo nooxooa K CuH-
me3y UHBAPUAHMHO20 YRPABACHUS NO360AUA0 NOAYHUMb AHAAUMUYECKOe PeuleHue, KOmopoe 00aadaem YHUBEPCAAbHOCIbIO U
Modcem Oblmb NPUMEHEHO HA PA3AUMHBLX PedCUMAX N0Aema 00HOBUHMOBHIX 6ePMOACMO8, UMEIOWUX PA3AUYHble OUHAMUYEeCKUe
ceoticmea. Ilokazanvl pe3yabmambl YUCAEHHO20 CUHME3a G0K08020 08UMNCEHUS 00HOBUHMOB020 8ePMOAEMA C UCHOAb30BAHUEM
NOAYHEHHBIX 3AKOHO8 UHBAPUAHMHO20 YNPABACHUS, NOOmEepicdaruue 00CMO8ePHOCMb AHAAUMUYECKUX 8bIPANCEHUU.

Karwwueewvie caosa: uneapuanmuocms, 603myuwenus 6 kanasax ynpaeienus, MUMO-cucmema, dekomnozuyus, pasmeuje-
Hue NoaCo8, AHANUMUYECKUU cunmes, 60K080e d8uliceHUe 00HOBUHMO0B020 Gepmoaema, NOAHCA OUHAMUUECKOU CUCmeMbl

Bsenenne
ll aII//Zz a;’Zx aIO/)Zy agvz b;: b;zp ’
CoBpeMEHHOE pPa3BUTHE METONOB WMHBAPUAHT- Ve a9 g™ 0 v ,
Horo ympasieHus [l—3], ynpaBieHUs JMHEWHHBI- 4= o, Yo, Yo, B- bmi bwi
MM CHCTEMaMM Ha OCHOBE TOYHOIO PasMEIICHMUSI % a® 4™ 0 ’ pic plom ’
nomtocoB (pole placement, eigenvalue assignment, @y Oy Oy o, oy
modal control) [4—9] no3BONSIET OCYLIECTBISTD 0 1 a> 0 0 0

3G (GEKTUBHBIA CHHTE3 3aKOHOB CTAa0MIIM3allvH,
B TOM YMKCJIe aHAJUTUYECKW, TUHAMUUYECKUX CH-
CTEM C MHOTMMHU BXOAaMM M MHOTMMU BbIXOIaMU
(MIMO-cuctem) He TOJBKO IO KaxKJI0My U3 MOAX0-

Y

a BCKTOPbI COCTOAHHMA M yHNpaBJICHHUA, COOTBCT-
CTBCHHO, paBHBbI

JIOB B OTIEIBHOCTHM, HO M KOMILJIEKCHO, KOTa 00e- AV,

CIICUYMBACTCS KaK MHBAPUMAHTHOCTD 10 OTHOIICHUIO x = Ao, "= Au,

K KaKOMY-TU00 BO3MYILIEHHIO, TaK U 3aJaHHOE pa3- Ao, ’ Aty )
MeIlIeHUe TI00COB. B maHHOI cTaThe MpUMEHEHUE Ay

TaKoro IMoaxoia B BapMaHTe aHAJIUTUUYECKOTO CUH-
Te3a pacCMaTPUBAETCS TTO OTHOIIIEHHUIO K OOKOBOMY
JIBUKEHUIO OMHOBMHTOBOTO BeprojieTa (OB).

ITocTanoBka 3agaum

OB kak 00beKT ynpaBjiaeHus OyaeM paccMaTpu-
BaTh B (popme Koilim B BUAE B3aMMOCBSI3aHHOIO

rae AV — oTkJIoHeHUe GOKOBOIl CKOPOCTH; Aw, —

OTKJIOHEHHE YIJIOBOM CKOPOCTH KPEHA; A®, — OT-

KJIOHEHUE YTJIOBOI CKOPOCTH PhICKaHMSI; Ay — OT-

KJIOHEHME yTIJla KpPeHa; Au, — yroj OTKJIOHEHUs

KOHYyCa HeCyIIero BUHTA B TOIEPEUHOM HaIlpaB-

JIEHMU U Auy, — LIAT PYJEBOTO BUHTA.
[TapameTpbl Momenn

OOKOBOTO IBUXEHUS (KpeH—pBICKaHbe). B hopme 5 a® a® at d a® a™ g%
"pxon—coctostiue”" OB nmeer Bun [1, 2] Ve BV BV TV Poy oy Toy Yoy
. o Oy Oy ply plUpy Uy plps plz plps
X(1) = Ax(1) + Bu(r), (1) ayrs g’y ay”s byt by byt b, by by
rIe MaTpUllbl KYCOYHO-TIOCTOSTHHBIX KO3(huIIn- SBIISIIOTCS KO3 GUIIMEeHTaMU  JMHeapu3aluu
€HTOB paBHBI [1, 2, 9—12].
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Hnst yHudukamMyu 3anucy ypaBHeHU B Jajb-
HEUIIMX UCCIEA0OBAHUSX BBEAEM Clleaytole 000-
3HAUCHUS:

_ 4 — 4@ — g% —ql
app =ay’, A =ay*, a3 =4y, diy =ay,

_ v _ 40 —_ 4%

ay, = a@i, ayy =4, dy3=4,’,
a =a’c, ay, =a®, as =a”, a;=a’
31 o,° 32 o)’ 33 ®,° 43 v

u u u u
biy = by, by = by, by =b,:, by =b,,
u u
by = by, by = b,
torma OB Kak OOBEKT yNpaBieHUs B Pa3BepHY-
TOM BUJIE 3AIMILIETCS CJAEAYIOIUM 00pa3oM:

AV, ajy a4z a |(AV
Ab, | |y axn a3 0 || Ao, .
Ao, | |a3 an a3 0 |l Ao,
A ) Lo 1 a0 ) ay o
by by,
by, by [A”zJ
by by |\Athpy )
0 0

Honara;{, 4YTO BCE€ KOMIIOHCHTBI BEKTOpa CO-
CTOSIHUS TOJTHOCTbIO HaOJ10gaeMble, CUHTE3UPY-
€M YIIpaBJIEHWE, NHBAPUAHTHOE MO KPEHY K BO3-
MYLUICHUSAM B KaHaJaX YIIpaBJI€CHUS C 3aJaHHBIM
pa3MelleHeM MOJII0COB, KOTOphle B aHaJUTUYE-
CKOM BHJIe 3alulleM O0OOILIEHHO B BUIE

)

(3mech M maliee 3aJaHHBIC TTOIIOCA MOTYT IIPUHU-
MaTh JII00ble 3HAYeHUSsI, ONpeaeasieMble TEeMU WU
WHBIMUA TaKTUKO-TEXHUYSCKUMU TPEOOBAHUSIMM).

Marpuna C, ompeneisioniass KOHTPOJIUpYe-
MYIO KOOpAWHATY IJIs Halllel 3aJauu, MMeeT BUJI

C=(0 0 0 1), “)

a YCJIOBHE MHBAPYMAHTHOCTHU BBIXOMA Y TMHAMUYECKON
MIMO-cucrems! (2), 3agaHHOI B IIPOCTPAHCTBE CO-
CTOSTHUU OTHOCUTEHO BXOIHOTO BO3MYILIEHUST W,

x(t) = Ax(t) + B (u(t) + w(1)),

u(t) = Fx(1),

y(1) = Cx(1),
rae y — BeKTOp BbIxona; F'— MaTpuua Ko3gphu-
LIMEHTOB OOpaTHOI CBSI3U, B COOTBETCTBUM C pa-
ootoii [3] uMeeT BMJ CUCTEMBI CTEIEHHBLIX Ma-
TPUYHBIX YPaBHEHM I
CB=0;
C(A+BF)B=0;
C(A+ BF)’B=0;
C(A+ BF)’B =0;
C(A+ BF)*B=0.

eig(A.) =1{s; s, 3 54}

©)

(6)

Ins obecnieueHust ycioBuii (6) TpeOyeTcs Haii-
TU TaKylo Marpuiy F, 4To BBINOJHSIOTCS BCe pa-
BEHCTBA M3 CHCTeMBbl ypaBHeHU (6), dyHKIIHMO-
HaJIbHO 3aBUCSIIME OT 3TON MaTPUIIBI.

AHaIMTHYECKHii CHHTE3 HHBAPUAHTHOIO YIpaBJICHUA

B paGore mpennaraercs pelieHue chopmyiu-
pPOBAHHOI 3alauy Ha OCHOBE ITOAXOAa, M3JIOXKCH-
Horo B pabote [3]. B o61ieM ciaydae BMECTO CUCTe-
MHI (4) paccmoTpuM MIMO-cucremy Buaa

x(t) = Ax(t) + BFx(t) + LB"x(¢) + Bw(?),
y(t) = Cx(1),
rae L — MaTpuua HabaoaaTe sl COCTOSIHUS, U,
B COOTBETCTBUU ¢ paboToii [3], Marpulla MHbBEK-
uuu Mopca.
Torma cipaBensimBa clieayiolnast Teopema [3].
Teopema. s cuctemnl (5), Tae UMEIOT MECTO
paBeHcTBa CB = ()

(7)

L=B"s,-AB'T; (8)
A=3yB* —B*(A+ (B, - AB"")B")  (9)
BBIMTOJIHAIOTCA YCJIOBUA MHBAPUAaHTHOCTH
C(A+ LB" + BF)B =0;
A+ LB" + BF)’B =0;
C(A+ + BF) 0; 10)

C(A+LB" + BF)’B =0
C(A+LB" + BF)*B=0.

[Ipu 5TOM BBEIIONHSIETCA BKIIOUEHME OJISI MHO-
KECTB COOCTBEHHBIX 3HAUEHU M (TIOJIOCOB)

eig(A+ LB + BF) > eig(Z). (11)

3nech ¥, — MaTpula, onpeaesonias coOCTBEH-
HbIe 3HaUeHU S (M10JII0Ca) 3aMKHYTOI cUcTeMbl [3].

VYcnoBue (9) MOXHO Ha3BaTh CIIEKTPAIbHBIM YC-
JIOBUEM, TTOCKOJIBKY OHO OIpeAesieT CIIeKTpalbHbIE
CBOICTBa 3aMKHYTOM cucTteMbl. Ha ¢urypupyro-
1yt B cooTHoleHusax (7), (8) marpuuy %, MOryT
HaKJaAblBaTbCsl pa3M4yHbIe YCIOBUS B 3aBUCH-
MOCTU OT JOMNOJHUTEIbHBIX TpeboBaHuil. Hampu-
Mep, 3TO MOXET ObIThb TpeOOBaHMUE YCTOMYMBOCTH,
YCTOMUYMBOCTH C 3aJaHHBIM 3aIlacoM U Jp.

C yuetoM (1), (4) npoBepuM BLINIOJIHEHME MEp-
Boro yciaosus (6): CB = 0.

OtMeTuM, 4To 1JIA (6) TaKXKe CrpaBeaIUBbl He-
paBeHCTBa

CAB #0,CA*B =0, CA’B =0, CA*B 0.
BoruuciauMm gajnee mceBIooOpaTHYIO MaTpULly
11 12 13
bt b2 b} 0

21 22 23
b2 b2 b2 0

+

b
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Ac Mpu yCJIOBUUM HEPABCHCTBA HYJIIO

Ay = (bi1b3, + biib3y — 2by1by2by by —
=2by1by3b5,b5, + b122b221 + b122b321 + b221b322 -

= 2by1byyb31b5; + b22b321)a

KOMITIOHEHTHI IICEBI00OPATHOM MaTPHUIIBLI OIIpeIe-
JISIIOTCSI BRIPAKEHUSIMU

bzlal = (b11b222 = byyby by, + b11b322 = biabs1b3y)/ Ay
by? = (byibiy = byibysbyy + by b3y — bysbsibsy)Ay;
b}J3 = (b31b122 = by 1b3ybyy + b31b222 = by1b33b35) /Ay
b2 = (byab3y — by1baybyy + byabdy — by ybsybsy) /Ay
b2 = (byybiy — biyby by + byyb3) — byibybs ) /Ay
by* = (bsabfy = byabyibyy +b3yb3y = basbsiby)A,.

C yuerom MHOXecTBa (3) Ha3HaUYUM MaTPUILY
3aJJaHHOTO Pa3MEelIeHUs TOJICOB X, B CIEAYIO-

1IeM IIPOCTOM (AuaroHaJbHOM) BHJE:

zy = diag(s;, ;).

p P P p
b1 = anbfy — aisbfs - aybf

P p p p
biys1 = axnbfy - axbfy - aybf;

_pp p ) ) p p
kyy = b3\sy + b3, (byy(a1bf) + apabfy +ap3bfy — bfys, ) -
)4 )4 )4 )4
—ayy +byy(ay by + aabyy + apsbyy —byysy)) +
p p p p p
+ by (by1(ayibf| + aybfy + arsbly - bfys)) —ay +

p P P _p
+ byy(ay,b5) + aybyy 23053 —4 537)) +
p p p P _pp
+ b3 (byy(a3b{| + asbfy + assbfy - bfys)) -

)4 J4 )4 )4 .

— a3y + byy(as b3 + asyby, + assbyy — byss,));

'y p p p p p

kyy = b3ysy + b3\ (by1(ay1bf) + ay2b{y + aysbfs — bfys)) —

p P p p

= ayy +byy(ay1b3) + appbys + aysbyy — b3)s;y)) +

)4 )4 12 )4 )4
+ b3, (by(aybf] + ayb,” + aysbfy —biys; ) —ay, +

p p p p
+ byy(ay,b3) + axbsy + aysbis — byss,)) +
p p p p p
+ b35(by (as,bf| + asbfs + assbfs —bfs)) -
p p p p
asy + byy(as by + asbs) + assbyy — biss,)).

Hcnonb3yss cooTHomeHue (8), HalgeM majee
MaTpuly nHbeKuuu Mopca [3]:

p p p p
b5y —ainbyy —arshys —ayby

p p D p
b3Sy = axbyy —axsbyy —ar by

L= 13)
B cooTrBeTcTBUM C BBIpa- » » p » P P P |
XeHueM (9) BBIYMCTMM Ma- bf3s) —aybf, —azsbfs —asbfy  byys, —ayby, —aysbyy —azbg)
o P P P P
TpULy OOpPaTHOM CBSI3U =bly — ay3bf; -bl, — a0l
kiy kiy kizo ki ! B
F= ' 12) pe3ysibraTe MaTpulia 3aMKHYTOIO YIIpaBJie-
kyi kyy ka3 ko | Huem OB A, = A+ LB" + BF mnpuHumaer cieny-
3n1ech | IOLIUI BUI:
|
|
Y b2 (b b7 b7 b2 — bP l aj, ap ajz agp
11 = 0181 + b (b1 (a6, + apybf; + ay3bf5 - bys,) - : . aS as af
_ P P _pP | |41 axn 4y a4y
ayy + byy(ay1b3) + aybg; + ap3hys - bsy)) + i A= s g gt gt P (14)
p p p P p
+ by (b1 (axby) + axbiy + aysbfy —=bfys)) —ay + 332 M3 T4
C C C
+ byy(ay b8 + aybl, + aysbdy —blhs,)) + ! ag agp a0
|
)4 )4 )4 P _pp _ rae
+ b{3(by1(a31bf) + asyb; + azsbfy —biysy) —az; + | .
+ biy(az bl + azbl, + azsbly — blis,)); | apy = ayy + by kyy + bigkyy -
! p P P _pp
| — by(a;bf, + a,bh, + a;5bE; — bls, ) —
koo = bls +bp(b (a b2 +a bl +a bp_bps)_ | 11\¥11711 12712 13713 11°1
12 = 01281 + 011 (014@y1Ory + A13015 + a13013 = D135 ! b (ay b, +apbl +a bl — bls,):
» » Y | 01204 1Dyy + 4130y + A13053 = D7153)5
—ayy + byy(ay b3y + ab, + ay3b3s - bjisy)) + ! c bk v bk
aj, = a;, + + -
+ bfy(by1 (a3, + anbfs + axsbfs — brs)) —ay, + | 12 = T2 TR 2R
» » » » | — by (aybf, + a,bf, + a,3bf; — bls, ) —
+ byy(ay b, + aysbdy + aryibls — bhsy)) + ! 21811017 + a120p5 + dy3bi3 = Oy
! p p D D .
p p p p_pp | — by, (ay (b3 + ay,by, + a;3b45 — bYs
+ bf3(by (a3 by + asybf; + assbfy - bfss;) - | 22(anb3y + diaby; + ay3byy = b5152);
I ? p p . ' ¢ _
— ayy + byy(a3,b5) + azby, + azsbyy — b33sy)); ! a3 = ayz + by ks + byykys -
|
_ P P P _phPe )_
ki3 = blis; + bl (b3 (ay bf) + apbly + a3bF — blis; ) — | byy(ay,bf) + arybi; + aysbi; - bysy)
p p p p ! .
— ay3 + byy(ay,b3) + aypbg, +ay3b55 — by)s,)) + : = byy(ay,b3) + a3b3) + ay3b3y — bjisy);
P p p P _hPo ) I
+ by (b31(ay1bf| + anbiy + aysbiy = biysi) - ar + ! ayy = ayg + by kg + byokyg;
+ b3y(ay1b3) + aybs, + aysbgs — b3rs,)) + | 4 = ot boikes + bk
p p D P P | 21 — “21 21711 22721 —
+ b3(b3 (a31bf} + asbf; + azsbfs - bfzs;) - : 5 po bo Y
— a33 + byy(a3 b8 + a3by, + az3bly — blis,)); : — byy(aybf) + aynbf; + aybfs —bfys) -
. I p P p JRY
kiy = —apbfy; ! = by(ayby) + ayby, + aysbys — biys,);
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C
a3y = ayy +by1kyy + byyksyy —
p
—bfys;) -
)4 p )4
= byy(ay,b3) + aybsy; +aysbsy — b

p p p
= by (ay b} + aybfy + axbf;
P .
3252);

c
ay3 = Ays + by kg3 + bykys —

= by (aybf) + aynbf, + aysbfy — bhs,) -
= b3y(ay b3, + aybd) +abiy - bi)s,);
a3y = byikiy + byrkyy;
a3y = asy + by kyy + byrkyy —
= by(a31bf) + azbf, + az3bf - biys, ) -
— biy(az b3 + azbf, +az3bfy - bssy);

as, = az + by kiy + byskyy —
blys) -
= byy(azb3) + azbyy + azsbgy - biys,);
asy = azy + by ki3 + bykys -
blys) -

b}ss,);

p p p
= by (as,bf| + asbfs + azsbfy -

= by (a3 bfy + aybf; + as3bf; -
= byy(ay b3y + asbi, +azby; -

a3y = byikyiy + bykoy;

agy = =by (b, + ay3bfy) — b1y (b3, + ay3bg3);
agy = 1=y (b3 +ay3bfy) — by (bf; + agsbfy);
agy = aq3 = by  (bf; + ag3bfy) — b3y (b3, + aysbgy).

ITpoBepka ycinoBuit MHBApUAHTHOCTH (8) MOKa3bI-
BaeT, YTO OHU AEUCTBUTEIBHO BBINOJHSIOTCS. Ilpu
3TOM COOCTBEHHBIE 3HAUYEHUSI MaTpuubl A, He co-
OTBETCTBYIOT TpeOOBaHUIO 3aJAHHOIO pa3MEILEHUS
nojirocoB (3). st paspellieHrs JaHHOUM TIpoOJIeMBbl
CKOpPPEKTUpPYEM MOJYYEHHYIO MaTpUlly MHBEKIIUU
Mopca. JIs1 3TuX Liesieid BOCIIONIb3yeMCsl IEKOMIIO31-
LIMOHHBIM METOIOM MOJAJIbHOTO CMHTE3a, KOTOPhIA
paHee MHOTOKpPaTHO IIPUMEHSIJICSI aBTOpaMu IJIsl pe-
LIEHNS pa3JIMYHbBIX 3a1a4 cuHTe3a [13—16].

C ydeToM COOTHOLIEHUI pa3MepHOCTEN BeK-
TOpa COCTOSIHMS (YEThIpE) M BEKTOpa YIIpaBiie-
HUS (OBa) OpU NEKOMIO3UIIMMU pacCcMaTpUBaeMOi
MIMO-cuctemsl OyayT MMeTh MECTO TOJBLKO JIBa
YPOBHS JEKOMITO3UIIMU: HYJIEBOM U TIepBBINA. 3a-
JaauM COOCTBEHHBbIE 3HAYEHMS IO YPOBHSIM Jie-
KOMITO3UIIMM B BUIE CKaJsIpOB (CKAJSIPHBIX Ma-
TpUL) CAEAYIOLIEero BUaa:

Z] = S3, 22 = S4.

151 mepBOro ypoBHSI AEKOMIIO3MLIMMA HEO0XO-
JUMbIe MAaTpULbI AJIS1 pacuyeTa KOppeKLU MU MaTpu-
Lbl MHBbEKLIMK Mopca onpeaensiioTcs CaeayIoum-
MU BhIpaxeHussMu [13]:

A, = (Cx)'A.Cx; C, = CAAg, (15)

rne Cx — IpaBblil AeNUTENb HYIs (AHHYJISATOD)
Matpullbl C. AHaJIUTUYECKUE 3HAUYCHMS yKa3aH-
HBIX B popMynax (15) mMarpull UMEIOT BU

0 0 -1 ¢ ¢ ¢
Lo o ayy 43 —ap
CL _ A=\ a a —as. |:
R 0 1 O 5 cl 33 33 C3l >
00 0 4y —d4;3 4y

c c c
Cor = (a42 43 —a41).
[Ipu 5TOM CKOppeKTUpOBaHHAS MaTpULa MHBEK-
M Mopca MoXeT OBITh BBIYMCIICHA TT0 (DOpMyIaM

L=C3,-AC; (16)
C™ =C"=Cx(C{s, — A,CP), 17)

IJIe IOMMMO IIPUBEASHHBIX paHee MaTpuil U3 ¢op-
Myl (15) purypupyet rceBmooopaTHass MaTpuiia

c2 c2
a, /(a5 +ag + ag3

c2 c2
as; /(041 +a4 +4y;3

c2 c2
041/(041 T a4y +ag3
B pesynbrare Beruncienuii cornacHo (16), (17),
MpU YCJIOBUU, UTO

Ci -

1 c c ,C c C
Iy = —(a31a4, + ayag, + ay3a4; -
c c2
— agysy)/ (a5 + 4§ + a53);

—(a5,a4, + anag, +as;a5; -
- agzsy)/(agi +ags +ag3);
I3y = (af\a§, + afya§, + ajass -
- 02134)/(02% + 0522 + aﬁ )
nMeeM

C_=(1311 Iy -y 1)T§

alc2llll —ajy + afﬂ%l - alcllBll + 131153
7= 0521111 —aj + 053151 —0511311 + 111153 (18)
a3c21111 —as, + a§31211 —03611311 + 15133
S3 + 0521111 - 0511311 + ‘123151

OkoHuyaTenbHO MaTpuua 3aMKHyToir MIMO-
CHUCTEMBI, BBIYMCIIEHHAs 1O popmyiie

Ac=A, +LC,

¢ yuetoM (16) IpuMeT BUL

ap a, aj alc21111 + alc3l%1 - alc11311 + /311S3

A - ay ay axy 0521111 + 053151 —0511311 + 1111S3 .(19)
as; ay as a§21111 + 0303151 - a§11311 + 15133
ag Ay A Syt 0221111 - 0211311 + 0231%1
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Ilpw oToM  coberhemiiic ~0,0001197  —0,0000008278 —0,00001823 —3,76857
SHAYCHUA MaTpPUIIbI OKa3bI-

satotes pasHbivi satanke | 4_po3| 0-000024149  ~0,0019583  0,0012295 0,003086

-0,0000192  0,0000325  -0,0010413 0,078637 |’

eig(de) = {s1, 5, 53 54}, ~0,00000018586 -0,000000007 —0,00000018 —0,01188

T. €. TIORJIEMEHTHO COBMAJA0T ¢ MHOXeCcTBOM (3).
OxoHyaTebHast MPOBEPKA YCJIOBUI MHBApUAHT-
HoctH (8) mist ciaydast A, = Ac TakXe NMOATBEPXK-
JaeT noJjiyueHue TpebyeMoro pesyjbrara.

Pe 3yJbTAThl YHCJICHHBIX HUCCJIeIOBAHUMA

Bocmonb3yemMcss  CleayIOIIUMH  YHUCIOBBIMU
3HAYCHUSIMU MaTpUll KO3(PPUIIUEHTOB:

~0,1520  0,4226  0,9063 0,0960
| ~18,6430 ~1,0600 -1,6000 0
~1,7570 -0,1530 -0,1360 0 |
0 1 -0,4663 0
~0,0320 —0,0010
5| 18740 -8,9660
~1,4600 0,3040
0 0

Hasnaumwm mnositoca 3aMKHYTOI CUCTEMBI B CO-
oTBeTCTBUU C (3) B BUIE

eig(4,)={-1,-2,-5 -7} 20)

HMcnonb3ysa ananutudyeckue Boipaxenue (10) u
(11), nonyyum

F=(—1,5663 0,7870  0,0060 0,0013)
~1,7500 -0,1628 —0,0915 —0,0003)’
0,6156 —0,0842
~1,3066 0,3716
“1 0,5394 -0,2671|
~0,2837 -0,2837

I1pu aTOM MaTpuiia 3aMKHYTOM cucteMbl (12) paBHa

-0,1197 -0,0008 -0,0182 0,0960
4 - 0,0241 -1,9583 11,2295 -0,0001
¢ 1-0,0192 0,0325 -1,0413 -0,0020 |

0,0089 -0,0000 -0,0002 0

ITpoBepka coOMIOACHUSI YCIOBUI MHBapU-
anTHOCTH (10) maeT MOJIOXMTEIbHBIN pPe3yJIbTarT,
a COOCTBEHHBIE 3HAUYCHUSI PaBHEI

eig(A4.) = {-1, -2, -0,1261, 0,0068},

YTO HE COOTBETCTBYET ycaoBUIo (20).

Koppexkuust nabekuuu Mopca, OCyIIeCTBICH-
Hasl 110 OMMCAaHHOM BhIIIE METOAUKE HA OCHOBAaHUU
npumeHeHus BbipaxeHus (18), ¢ yuerom s; = —35,
s4 = —7 maer

YTO COOTBETCTBYET COOCTBEHHBIM 3HaUueHUsM (18)
U YCJIOBUSIM MHBApUaHTHOCTHU (8).

3akioyeHue

Ut muHeapu30BaHHOM MOJENW M30JIMPOBAHHO-
ro GOKOBOro JABMXKEHUSI OMHOBUHTOBOI'O BEPTOJETA,
paccMmarpuBaeMoii kak MIMO-cucrema, ITONTydYeHBI
aHAJIMTUYECKME BBIPAXXCHUSI 3aKOHOB CTaOMJIM3a-
LMK, obecrnedyrBarolle YCIOBUSI WHBAPUAHTHOCTU
0 yIIy KpeHa Ipy BO3MYILLEHUSIX B KaHaax yrpaB-
JIEHWS W 3aIaHHOE pa3MeEIeHUe MOJI0CcoB. IIpuBene-
HBbI pe3yJIbTaThl YMCJAECHHOTO pellieH s 3aJa41 YIIpaB-
JieHust 60KOBBIM aBIKeHMeM OB ¢ ucrnonb3oBaHreM
MOJYYEHHBIX aHAJIUTUYECKUX COOTHOLLICHUA.
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Abstract

For the linearized fourth-order model of the isolated lateral motion of a single-rotor helicopter as a MIMO system containing
two inputs, the control is analytically synthesized, which ensures the invariance of the roll angle motion in the presence of distur-
bances in the control channels, as well as the required placement of the poles of the closed-loop system, given any specific values
from the area of their stability. The approach to the synthesis of invariant control consists in finding a matrix of feedback coefficients
of a linear system that satisfies the invariance conditions, which are a system of power matrix equations of a certain design. The
synthesis is based on the application of theorems based on the use of the regularization condition of the matrix equation and the
invariance conditions under disturbances in the control channels, as well as theorems that make it possible to place the poles of the
MIMO system using the original decomposition of the control object. Regularization of a matrix equation is understood as a solution
to the problem of providing a given set of singular values for an inverted symmetric square matrix. The invariance of the MIMO
system is considered with respect to unmeasured disturbances in the control channels. The use of such an approach to the synthesis
of invariant control made it possible to obtain an analytical solution that is versatile and can be applied in various flight modes of
single-rotor helicopters with different dynamic properties. The results of the numerical synthesis of the lateral motion of a single-
rotor helicopter using the obtained laws of invariant control, which confirm the reliability of the analytical expressions, are shown.

Keywords: invariance, disturbances in control channels, MIMO system, decomposition, pole placement, analytical

synthesis, side motion of a single-rotor helicopter, poles of a dynamic system
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